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Astronomy. — ‘“Jnvestiyalion of the errors of the tables of the moon 
of Hansen—NeEwcoms for the years 1895—1902”. By Dr. E. F. 

VAN DE SANDE BAKHUIJZEN. 

(Communicated in the meeting of June 27, 1903). 

1. Introduction. 

1. In the years 1901—1902 Mr. C. SANpers has made a longitude 

determination on the West-coast of Africa by means of the moon. 

The investigation described in the following pages was undertaken in 

order to furnish him with accurate data for the moon’s places. 

Especially with regard to the systematic errors which affect all 

the observations of the moon’s limbs, it is desirable to use for this 

purpose not only a few observations made in the neighbourhood of 

the days for which the places of the moon are required, but to 

make a more extensive investigation of the errors of the tables. 

There was still another reason for doing so. For when I first 

undertook the work, for which the observations at Greenwich had to 

form the basis, I could dispose only of those up to the year 1899, 

so that a direct determination of the required corrections was entirely 

impossible. 

So at first I employed only the observations of the years 1895 

1899, but later I was able to extend my investigation also over the 

3 following years. For this I am indebted to the courtesy of Mr. CuristiE, 

who sent me a complete copy of the observations of the moon made 

at Greenwich during the years 1900—1902 and who thus enabled me 

to render my results much more reliable. In the same letter, however, 

Mr. Caristié told me that a similar investigation for a similar pur- 

pose had been undertaken at Greenwich *) and at first this made 

me doubt whether in this circumstance it would not be better to 

stop my work. But as my calculations for the period 1895—1899 

were rather far advanced, I ultimately resolved to continue them. 

I considered that perhaps in this case it might be useful when two 

independent investigations should confirm each other. 

2. It is well-known that the motion of the moon offers many 

unsolved problems. Quite recently NewcoMB in a paper read at the 

March-meeting of the English Royal Astronomical Society *), (when I 

had already begun my work), once more clearly pointed out the 

deficiencies of the theory which chiefly his investigations had brought 

to light. Let us shortly recapitulate those investigations. 

1) Comp. Report of the Astronomer Royal.... read 1903 June 6, p. 9. 

2) Monthl. Not. R. Astr. Soc. Vol. 63, p. 316. 



In 1876 NewcomB published a comparison of the observations of 

the moon from 1862—1874 with the tables of HaNseN *) and showed 

the existence of slowly increasing errors in the tabular mean longitude. 

On the other hand, after having applied theoretical corrections to 

the coefficients of some of HANsEN’s inequalities of short period, he 

found a hitherto unsuspected inequality in the true longitude of the 

form asin(g-+ N), where g represents the mean anomaly and NV 
an angle increasing by about 20° per annum. The long period errors 

were further investigated by Newcome in his Researches *), which 

appeared in 1878. After an elaborate investigation of all the obser- 

vations before 1750, he embodied the errors found in an empirical 

formula, which apparently satisfied all the available observations. 

In the same year he published his “Corrections to Hansen’s tables 
of the moon’, where tables were given for the application of the 

long period corrections according to the empirical formula alluded to 

above and for the correction of a term of the true longitude accidentally 

introduced into the tables with a wrong sign. For the time being he 

did not consider it advisable to apply other corrections. These 

“Corrections” have since been introduced into all the lunar ephemerides. 
For the empirical term of long period no theoretical basis has 

been found until now. As for the term depending on g + JN, 

Nuison’s and Hrr’s investigations have shown that it may be the 

“Jovian Bvection”. 

IT. Investigation of the errors of longitude. ] : 1G | 

3. In my investigation I followed the same method as Nrewcomp 

in his paper of 1876, that is to say, instead of the errors of longitude 

and latitude I used those of right ascension and declination. Although 

in this way the calculations become somewhat more intricate, it offers 

the great advantage that the errors of observation, the systematic 

and the chance errors, in the two coordinates do not become intermixed. 

Thus in investigating the errors of longitude, I started from the 

differences Ae, which, in accordance with Newcoms I take in the 

sense: Computation—Observation. 

4. In the first place I had to investigate the systematic errors 

in the observed transits of the two limbs, but, as it is well-known, 

the values found for them depend to a high degree on the value 

adopted for the parallactic inequality. This renders an independent 

determination of the two very difficult, as, for instance, it may be 

1) S. Newcoms, Investigation of corrections to Hansen’s tables of the moon with 
tables for their application. Washington 1876. 

2) S. Newcomp, Researches on the motion of the moon. Washington 1878. 

25% 
| 



seen from an examinination of Newcoms’s elaborate investigation, 

laid down in his “Astronomical constants” p. 148—151. 

Therefore I thought it best to leave out an independent determination 

of the coefficient of the parallactic inequality. For in the first place 

the investigations of the last years have yielded a value of the solar 

parallax that must be pretty accurate and,in the second place the 
direct determinations of the parallactie inequality that are entirely 

or partly free from the disadvantage mentioned, namely those of 

BATTERMANN ') from occultations observed at Berlin and those of 

Franz?) from transit observations of the crater MöstinG A made at 

Königsberg, give results which agree satisfactorily with the most 

probable value of the solar parallax. 
Whilst as this most probable value we may consider 7 = 8".796, 

the investigations of BATTERMANN and Franz yield: 

BATTERMANN 1884—85 2a = 8".794 

7 1894—96 8. 775 

FRANZ 1892 84740) 

On the other hand NerewcomB derived from the transit observations 

of the limbs by eliminating as far as possible the systematic errors: 

Newcoms 1862—94 a = 8.802. 

I have adopted z —= 8".796, hence as the correction of the value 

used ultimately by Hansen in the Tables de la Lune: da = — 0".120, 
whence as correction of the coefficient of the principal term of 

the parallactic inequality in the mean longitude: 

J§ P=—— 1410 KX dx=-+ 1".69 

and P= —124".01 

The correction of the value adopted by Newcoms becomes: 
6 P= + 0.73. 

5. I now proceeded as follows. The residuals 4 a@ for each year 

were arranged according to the observed limb and the true age 

of the moon expressed in days. In this way each year yielded 

25 groups of residuals and for each of them the mean value was 

derived. 

1) H. Barrermany, Beobachtungs-Ergebnisse der Sternwarte zu Berlin No. 5. 

Berlin 1891. 
H. Barrermann, Beobachtungs-Ergebnisse der Sternwarte zu Berlin No. 11. 

Berlin 1902. 
2) Astron. Nachr. Bd. 136. p. 354. 

3) 1 had overlooked the discussion by Franz of the observations of Mostine 

A made at Gortincen 1891—93 (Astron. Nachr. Vol. 144 p. 177). The com- 

bined result from KöntesBERG and Göttingen is: t=8".805. (Added 1903 Dec.) 
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These annual means for each day of the moon’s age had then to 

be corrected 1st for the correction of the parallactic inequality, 2rd for 

the small theoretical corrections derived by NrewcomB on p. 10 of 

his “J/nvestigation”. However, for these annual means some of the 

latter might be neglected and besides I might identify annual means 

of Aa with those of the residuals in mean longitude and also 

annual means of the true age with those of the mean age, the 

argument D.') 
For the years 1895 97 I had at my disposal not only the results 

of the transit observations, but also those obtained with the altazimuth. 

As however in this case the advantage of also using observations 

made at small elongations is more than balanced by the difficulty 

of determining their systematic errors, I have ultimately only used 

the transit observations *). 

From these corrected means, which are not given here, I further 

derived mean vaiues for each year for each of the two limbs. They 

were obtained by combining with equal weights the results for each 

day of the age of the moon. However, for reasons to be given 

hereafter, the values for the ages of 4 and 26 days were ultimately 

rejected altogether. 

In this way I found: 

ea cake Week eee 

1895 | — 05062 | — os072 | — oto | — 0-067 
1896 | — 0431 | — 0.044 | + 0.087 | — 0.088 
1997 | — 0.134 | — 0.196 | + 0.008 | — 0.130 
1898 | — 0.177 | — 0.104 | +0073 | — 0.140 
1899 | —0:195 | — 0.070 | + 0.055 | — 0,098 
1900 | —0.4151 | — 0.404 | + 0.047 | — 0.498 
1901 | —0.144 | — 0.091 | 40.053 | — 0.418 
1902 | — 0.189 | — 0.193 | +0.066 | — 0.156 

Mean + 0s047 

1) The corrections actually applied were the annual means for each value of D 
of the values of Newcoms’s Table VII, after they had been corrected for the adopted 

value of the principal term of the parallactic inequality. 
2) At first I had also used the altazimuth observations and from results obtained 

on the same day with both instruments I had derived for Az ,—Aep for obser- 

vations of the 1st limb + 0:.126, and for those of the 2nd limb —0Os.122, 
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3y subtracting these annual means for each limb as they are 

given in the second and third columns of the table above from the 

means for the same limb for each day of the moon’s age I obtained 

for each year a set of about 25 residuals and finally I combined 

the corresponding residuals of the 8 years with their respective 

weights. 

These mean residuals follow here: 

Limb I Limb II 

EAT md: - 

Age ae he Weight Age | OA 2 Weight 

4 ee 0s121 12 14 | Te Ae 

Ne DEDAN 2B 15 | = 0 | 33 

ON load 36 16 4 093 61 

7 — .036 41 17 + .030 49 

8 + .022 50 18 — .009 Do 

9 ae e007 AG 19 + 048 45 

10 =) AND 43 20 te 34 

11 tene OAN 50 21 | + 005 3 

Ay SER PER 9 | + .013 37 

TEEN EO Sonat) ko 23 | 4 017 38 

14 + .007 49 24 015 ei 

15 „000 27 25 + .008 19 

6 | +4 .196 8 

If we assume the adopted values for the inequalities depending 

on D to be correct, the two preceding tables show us the effect 

of the systematic errors of the observations. At a first glance at the 

second table we perceive that the right ascensions observed at the 

age of 4 and 26 days show abnormally great discordances, whieh 

both agree in sign with those which would result if the observers 

estimated the moon’s diameter to be smaller when observed at 

daylight. 

If we except these two groups, the observations of the 2rd limb 

no longer show any regular increase, whilst the results for the 

1st limb between the ages of 5 and 8 days still seem to vary somewhat 

regularly. However, after due consideration of the case, I have ulti- 

mately assumed the personal error to be constant for the first limb 
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between the age of 5 and 15 days and for the second limb between 

those of 14 and 25 days and I simply rejected the observations at 

the age of 4 and 26 days which are few in number. Perhaps it 

would have been better to apply a special correction at least to the 

results at the age of 5 days. 

As stated above, the values in the 2"¢ and 3rd columns of the first 

table are those found after the rejection of the two extreme groups, 

and from them I derived further the differences II—I aud the values 

of */, (I + II). The II represent the differences between the personal 

errors for the two limbs. In the first three years these differences show 

considerable variations, but for the last five years there is a good 
agreement. However, as at first I only discussed the period 1895—1899 

I adopted a mean value of II—I for these years and another for the 

following three, and for the corrections to be applied to the obser- 

vations of the first and the second limbs to reduce them to the mean 

of the two I assumed for 1895—1899 + 05.02, for 1900—1903 

+ 05.03. 

For a closer investigation of the personal errors it would be 

necessary to discuss separately the results of the different observers. 

6. After having applied the corrections for personal error we 

must now compute for the separate observations the corrections to be 

applied to the mean longitude: in the first place those resulting from 

the corrections of the parallactic inequality of the annual equation, 

of the variation and of the evection — the last three as derived 

by NewcomB — and secondly the long period corrections. From the 

corrections of the mean longitude we must then derive those of 
the right ascensions. 

The corrections of the first kind (comp. NewcomB Jnvest. p. 10 and 

37 and BATTERMANN N°. 5 p. 21) are, using HANsEN’s notations: 

nd z= + 1."69 sin D + 0.16 sin (D — g) — 0."24 sin (D + q') 

+ 0."09 sin g' — 0."33 sin 2 D — 0.21 sin (2 D — g). 

For the application of these corrections I have calculated 2 tables, 

partly arranged as NewcomB’s Table VII and VIII. 

For the long period corrections I first tried to derive accurate 

values from the whole available material. 

For although the empirical correction derived by Newcoms in his 

Researches, has reduced the differences from the observations to a 

much smaller amount, there still remain unaccounted for discre- 

pancies. This has been shown by Tisserand in his very lucid 

account of the questions involved here “Sur l'état actuel de la théorie 

de la lune” in the 3rd volume of his Mécanique Céleste. He also 

showed there that we cannot improve the agreement by altering the 



period of the empirical term which Newcoms fixed on 273 years. 
Hoping to find some indication about the empirical law which would 

represent the outstanding differences, I put together for the whole 

period 1847-1902 the values of the mean annual errors in longitude 

or in R. A. according to the observations at Greenwich. Those as 

far as 1882') were borrowed from Sronu’s papers in the Month. 
Not., applying to his results Nrwcoms’s corrections, while those 

for the subsequent years were taken from the Annual Reports of 

the Astronomical Society. To all these results the small corrections 

were applied for the reduction of the observations to the same standard 

time-star catalogue. As such I adopted the 2nd 10 year Catalogue. 

I added to the Greenwich results: for the years 1862— 1874 

Newcome’s results which partly depend on the Washington observa- 

tions, for the years 1880—1892 the results of the observations at 

Oxford as given by Stone, applying to both Nrwcoms’s corrections 

and for the years 1895—1902 the results derived from the Green- 

wich observations by myself (5 (1+ ID in the first table of section 

5). From a comparison of the results of different observatories for 

the same year we may infer that they are tolerably accurate. The 

differences between my results and those computed at Greenwich 

range from 0."00 to 0."36. 

I do not, however, give these annual mean errors here, as I did 

not succeed in deriving anything from them with certainty. By 

assuming the existence of a new inequality with a period of about 

50 years with maxima about 1862 and 1887 and a coefficient of 

about 3” we should attain a somewhat better, but even then not 

an absolute agreement. 

So the only thing I could do to obtain the mean corrections 

required for my purpose, was to represent the annual mean errors 

from 1886—1902 by a smooth curve. The following values were 

derived from it. 

1895.0 dA= + 0'58 

1896.0 1.06 

1897.0 1.44 

1898.0 1.72 

1899.0 1.95 

1900.0 2.09 

1901.0 2.21 

1902.0 2.28 

1903.0 2.30 

1) For the years 1847—1861 the new reduction of the Greenwich observations 
of the moon (Monthl. Not. Vol. 50) was used. 
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Obviously the last values cannot be very certain. 
_ After thus having formed the total corrections to be applied to 

the mean longitude, they have been reduced to corrections of the 

right ascensions. For this reduction I could use the values / and 

(v. a) given by NewcomB in his Table IX and XI. The very small 

reduction from orbit longitude to ecliptic longitude could be neglected. 

(Comp. also /nvestigation p. 12 and 14). 
7. The 4 « corrected in this way were now used to derive from 

them the corrections of the true longitude, which depend on the 

sine and cosine of the mean anomaly. In his /nvestigation p. 16 

Newcoms has shown that for this purpose we may use instead of 

the residuals of true longitude those of right ascension and although 

the error of the longitude of the node which is assumed to be 

small has increased since 1868, his conclusion still holds. 

For each year the A « were arranged in 18 groups according to 

the values of the mean anomaly, the first group containing those 

between g = O° and 20°, the second those between g = 20° and 

40° ete. Then the sums and the means for each group were formed 

and were regarded as corresponding to g = 10°, yg = 30° ete. just 

as had been done by Nrwcoms. 

If we represent the corrections which are to be applied to the 

true longitude of Hansen by 

dl = —hsing — keosg 

we obtain for each year 18 equations of the form 

cthsng+kesg=r 

where c is the outstanding mean error of longitude, whilst for h 

and # the signs are in accordance with Nrwcoms. 

The equations were solved for each year by least squares with 

due regard to the weights of 7, which were assumed to be pro- 

portional to the number of observations used. 

So I obtained the following values of h and k: 

h k 

1895.5 +0"29 + 0"44 

1896.5 +0.66 + 1.16 
Peete MEN Br 
TOE Ber OOST YE 2200 
18995, — 07987 + 2.83 
TOO bev — le 66e 2 
PGI 1e 46. JE 0052 
HOR ber tats A0: 01 

It is obvious that these coefficients cannot result from errors in the 
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excentricity and the longitude of the perigee only, and their periodic 
character fully confirms the existence of the inequality discovered 
by NewcoMs. 

At a closer inspection, however, it appears that NewcomB’s formula 

does not represent satisfactorily my A and #, and this need not 

astonish us if we consider the great extrapolation involved in the 

application of Newcoms’s formula to my results. 

8. To correct Nuwcoms’s formula by successive approximations 

I have proceeded in the following way : 

By comparing the / and / now obtained with those in the table in 

Investigation p.28, it may be easily seen that the period of the argu- 

ment WV, on which / and / depend through the formulae 4 = h,,—asin N 
and 4 =k, + «cos N, must be greater than 16°/, years — the period 

assumed by NewcomB — and cannot differ much from 18 years. 

This corresponds to an annual variation of 20° and it will be con- 

venient to adopt this value as a first approximation. 

The special aim of my first operation was to find reliable values for 

the constant parts of the coefficients, 4, and k,. I tried to attain this 

by calculating values of 4 and # for each year of the 18 vear-eyecle 

by means of the results of Newcoms’s two series and of those found 

for 1895—1902. 

Assuming the argument for 1862.0 + n >< 18 to be O, I derived 

normal values for the arguments 0.5, 1.5 ete. to 17.5, assigning 

the weights 1, 3 and 2 to the results of the 3 series. I had no 

value for the argument 14.5 and therefore had to form it by 

interpolation. 

In this way I found: 

Arg h k Arg. h k 

0.5 | +03 | + 4158 95 | +41 | — one 

1.5 | —0.7%6 | + 2.90 40.5 | 4797 — 0.45 

2:5 1E nld 15) bes + 0.09 

3.5 4 OO alee AD 19, 5, end E07 

zoal Deet Pata 3 13-5 |E go + 1.94 

Ey — 0.79 — 0.68 14.5 + 0.80 + 0.84 

Ge Oe 15.5 | +099 + 0.44 

nn Fr De Hiv d Gs 16.5 | - 0.66 + 1.16 



From these values formulae were derived, which after a trans- 

formation in order to bring the zero-epoch on 1868.5 become: 

h—= + 0".45 — 1.30 sin [167°.1 + 20° ¢—1868.5)] 
hk = + 0".26 + 17.46 cos [149°.3 + 20° (t—1868.5)]. 

If we assume that the amplitude and the argument of the two 

periodic terms must be equal, the formulae become : 

h—= + 0".45 — 1".37 sin [157.7 + 20° (t—1868.5) | 

kk = + 0".26 + 1".87 cos [157°.7 + 20° (t—1868.5)]. 

The object of the second operation was to derive from the obser- 

vations 1895—1902 the most reliable value of N for the middle- 

epoch, assuming its annual variation to be 20°. Starting from the 

8 x 18 values of 7 and assuming as known only the values of c, 

(as found from the solution of the equations for each year) and those 

of fh, and ke, (as found above), I first subtracted the c from the 
and then freed the latter from the influence of /. and &;,. 

The residuals must then be of the form: 

r =— asin N sing + acos N cos g = a cos (g + No +t X 20°) 

and now it is clear that the 8 >< 18 residuals correspond with only 

18 different values of the argument MN, + g +420’. Consequently 

these residuals could be combined in 18 values, for instance the 

r for g=10° in 1895 could be combined with that for g= 350° in 
1896, with that for ¢ = 330° in 1897 etc. 

Having due regard to the weights, the following mean values of 

r’ were derived. The arguments g hold for 1898 i.e. for 1898.5. 
g 7 g r g 7 

10° + 1”61 130° — 1"32 250° + 0°13 

30 + 1.68 150 — 1.29 270 + 0.04 

50 + 0.65 170 — 1.31 290 + 0.62 

70 + 0.28 190 — 1.05 310 + 1.27 

90 — 1.12 210 — 1.09 330 -+ 1.66 

110 — 1.17 230 — 0.77 350 + 1.48 

These values are represented by the formula: 

— 0".42 sin g + 1".51 cos g = + 1".57 cos (g + 15°.5). 
and 15°.5 will be a pretty accurate normal value of N for 1898.5. 

For the derivation of a similar normal value from each of the two 

series of Nrewcoms | chose a less direct but simpler method. In each 

series I reduced the N derived from each year to a mean epoch by 
means of the annual variation 20° and then combined them with the 

weights as given by Nrwcomp'). I did not however use the N of 

1) Applying the same method to the observations 1895—1902 I should have 

found for Ny 16°.9 instead of 15°.5, 
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Newcoms, but the slightly modified values, which were obtained by 

taking 4, = + 0".45 and 4, = + 0".26. 

The three normal values obtained thus were: 

1852.6 N = 2007 Weight 1 0. — 6. — 90 

1868.5 161-9 *) 3 + 4.6 

1898.5 15.5 2 — 2.3 

and from them I derived a corrected formula for N; I found: 

N = 157°.3 + 19°.35 (t — 1868.5) 

or taking the mean year as zero-epoch 

N = 302°.4 + 19°.35 (¢ — 1876.0). 

The outstanding differences Obs.—Comp. are given above. 

If I had assigned equal weights to the three normal values, I 

should have found for the annual motion 19°.45, while by excluding 

the first I should have found 19°.12, both differing only slightly from 

the most probable value. 

At first when Nrwcoms’s value for the annual variation of MN 

appeared to be too large I had thought tbat the true value might 

be equal to the theoretical annual variation of the argument of the 

Jovian Evection, i.e. 20°.65. It appears, however, that even the latter 

is too large to satisfy the observations. 

To judge in how far this is the case a comparison is given below 

of the values of AN for each year as directly derived from obser- 
vations, first with my formula, secondly with the formula we obtain 

if we assume the same value of MN for 1876.0, but take as annual 

variation 20°.65. The two sets of differences are given under the 

headings No—Nc and No—N,. 

Epoch }] eight No—Ne Nig NE 

1847.8 if 7, La) 

48.9 3 ahr 4+ 46 
50.1 3 ERN 451056 
51.2 3 0199 IE) 
52.4 4 ee) seed 
Day 2 — 30 — 14 

54.6 5) aah — +) 

55.8 0.5 A 488 
56.9 3 ey AED 
58.1 1 a 404 dd 

1) With Neweoms's values of N we should have found 200.°5 and 161.°7. 



Epoch Weight No—No No—N,z 

1862.5 eo — 18 0 

Gan 5 — 25 — 5 

64.5 5 — 19 — 4 

65:5 4 se + 21 

66.5 2 — 19 — il 

675 4 — 24 — 13 

68.5 4 Nene 4 29 
69.5 5 BE, TE 
70.5 5 de 20 ON 
fas 3 + 28 + 34 

Te 4 + 22 + 27 

Ren 4 + 12 + 15 

74.5 4 Sk) en 19 

1895.5 0.5 + 82 + 57 

96.5 2 bees eG 
SMe — a — 31 

98.5 4 ae ea) eS) 

OD 6 — 2 — 40 

1900.5 4 + 12 EAE) 

O1.5 4 BEG ee 
02:5 4 + 4 = 

That the differences, even those with the formula that is made to 

represent the observations as well as possible, are not altogether 

accidental, may be seen from the great number of permanencies of 

sign. Yet [ hold that we are entitled to the conclusion that an annual 

variation of .V of 19°.35 better represents reality than one of 20°.65. 

Having thus derived a formula for NV representing as well as 
possible the results at my disposal, I had still to correct the adopted 

values of the coefficient « and of kh. and #,. 

To this end I compared the observed values of 4 and & with the 

formulae 

h = + 0".45 — 1'.50 sin [302°.4 + 19°.35 (¢ — 1876.0) | 

k = + 0°.26 + 17.50 cos [802°.4 + 19°.35 (t — 1876.0) | 

and formed the outstanding residuals Obs.—Comp. These residuals 

which for shoriness are not given here, were divided into 4 groups 

according to the 4 quadrants of MN, and for each of these groups 
mean values were formed which follow here: 
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Sh dk: 

I — 0"08 + 0"41 

II + 0.26 == 192 

Il EE a 

IV 0:62 ii 

Hence: 

BAN ee A 

fe ED 

da = — O0"36 according to the A 

=== = 0.25 a 7 ss k 

Mean value of da =, —— 0.05 

The two values for « obtained in this way do not agree satis- 

factorily. The mean value a—= 1.45, however, differs little from that 

deduced above by assuming the annual variation of .V to be 20°. 

The values of 4. and #- remain also more or less uncertain. The 

dh and df: show a systematic character even to a higher degree than 

the J .V, but I did not succeed in finding the real law of the discor- 

dances. If, for instance, we assume that /, and 4%, vary proportion- 

ally with the time, the agreement does not improve. 

As the most probable results of my investigation I adopt: 

h = + 0".31 — 1".45 sin [302°.4 + 197.35 (¢ — 1876.0) | 

hk = + 0".24 + 17.45 cos [302°.4 + 19°.35 (¢ — 1876.0) | 

Thence follow as corrections of the eccentricity and of the longitude 

of the perigee : 

dere eb 

ERE 0.12 

Sx = + 2.2 

while an eventual correction of the motion of the perigee remains 

entirely uncertain. 

The correction of the true longitude of the moon thus becomes: 

J / = — 0".31 sin gy — 0".24 cos g + 

+ 1".45 sin |g + 212°.4 + 19°.35 (¢ — 1876.0) ). 

With this formula we may compare the two results, which 

BATTERMANN derived from his occultations and which hold for about 

1885.0 and 1896.0. 

BATTERMANN found for the total corrections depending on yg (comp. 

nes oop. Sten. dd py 52), 

1885.0 d/=—1"14 sin g + 2".67 cos g 

1896.0 » =— 0".90 sin g —1".35 cos g 
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while from my formula would follow: 

1885.0 d/= + 0".99 sin y + 0.41 cos y 

18960 4 = —1".05 sin g — 1".49 cos g 

Thus we find a very good agreement for 1896.0, but the results 

for 1885.0’ cannot at all be brought to harmonize. It would be very 

interesting to investigate also the meridian observations of the years 
about 1885. 

The annual variation found for N agrees in absolute value almost 

exactly with that of the longitude of the node and we might put 

for the argument of the inequality: g — 9 + 216°. It is probable, 

however, that we have only to do here with a casual agreement. 

The theoretical value of the ‘Jovian Evection” is according to 

the most accurate calculation by Hir : 

dl—= + 0".90 sin [g + 238° + 20°.65 (¢ — 1876.0)]. 

For 1856 the theoretical argument and that of the empirical term 

are in good agreement, but in the following years they are more 

and more discordant. 

9. It only remains now to put together the final results for the 

mean corrections of the longitude, as they were derived from the 

solution of the equations for each year. 

In the following table the column headed d 2 contains the residual 

corrections found after the corrections derived from my curve had 
been applied, while the column headed d2y contains the total cor- 

rections to be applied to the longitude of HANsEN-NEwcoMs. 

d 2 dy 

1895.5 — 0"07 450175 
96.5 — 0.05 eld 
97.5 + 0.36 + 1.95 

98.5 + 0.22 + 2.05 

99.5 —0.48 + 1.53 

1900.5 — 0.27 + 1.88 

01.5 — 0.46 + 1.79 

02.5 +016 + 2.46 

The mean value of the dà amounts to —0."07, which might be 

applied as a constant correction to the results according to my curve. 

These resuits of the transit observations, which contain the unknown 

personal errors in observing the moon’s limbs may be compared with 

those of Barrermann and also with those derived by Franz from the 

observations of the crater Mésting A. We then find that the results 

found by them for the mean longitude for 1885.0, 1896.0 and 
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1892.5 after being reduced on the system of the 2nd 10 year cata- 

logue are greater by + 0."6, + 0.1 and + 0."5 respectively than 

those of the transit observations at Greenwich *). 

As to the occultations, it is proved by H. G. v. p. SANDE Bak- 

HUYZEN *) that values for the moon’s longitude derived from them will 

generally be too small and therefore it is probable that the moon’s 

longitude according to the observations at Greenwich is still in need 

of a positive correction. 

HI. = Lnvestigation of the errors of the latitude. 

10. My investigation of the errors of the moon’s latitude was 

based on that of the errors in declination. 

First I tried to determine the constant errors in the observations of the 

moon’s declination and to this end I utilized the observations from 

1895 to 1899. From the differences A d= Comp.—Obs. I derived 

mean values for each of the two limbs for each month of the year 

and from them annual means were derived by taking the mean of 

the monthly means without regard to their weights. 

In this way I obtained the results given in the following table. 

The 2°¢ and 3rd columns contain the annual means for the north 

limb and the south limb, the 4% the means of the two, the 5 their 

differences i.e. the errors of the moon’s diameter, while the 6% con- 

tains this same error derived only from simultaneous observations 

of the two limbs near full moon. 

North | South | — NS | (V—S)y 

i | 

1895 — 0115 +. 0"55 4+ 0290 | — 070 — 0/65 

(896) Ne NO | 032 | 4034 | 4049 

1897 eea O00 | ~ 0.43 | —084 | — 1.57 

1298 | 19.08) “ile 24008 2), ata Ke. 0078 

1809 | 4035 Sjee dope | SEM AN 

Mean | — 009 | 40708 | oto: | —ou7 | — ome 

1) If we combine Franz’s result from his Königsberg observations with that 

which he derived from those at Göttingen, which had been overlooked by me, the 

last difference, instead of +-0."5, becomes +0."3 (Added 1903 Dec.) 

2) H. G. v. p. Sanpe Baknuyzen: The relation between the brightness of a 

luminous point and the moments at which we observe its sudden appearance or 
disappearance. Proc. Acad. Amst. 4. 465. 
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Although the differences between the results of the separate years 

seem to be real, I have applied only to the Ad derived from obser- 

vations of the north and the south limb the constant corrections 

+ 0".1 and — 0"1. 

For the observations of 1900—1902 I did not know which 

limb was observed. While, however, in the preceding years the 

constant errors appeared to be small and in the mean for the two 

limbs were found to be 0”.0, I thought myself justified in neglecting 

them altogether for 1900—1902. 

11. In the second place the 4d had to be corrected for the errors 

of longitude. 

We find to a sufficient degree of approximation (comp. also /nvesti- 

gation p. 31—82")) that the derivative of the declination relatively 

to the mean longitude is: 

ld 
B —= a (Ll + ¢ — e cos 22) cos 2 + b cos (2 — 0) : 

+t 2 ae cos (22 —— mr) -b arb é COs (22 — JE — A) 

where a= sme = 0.398 

b = cose sm? == 0.083 

n= L sin} ES BED, 

For our purpose we may neglect the 3¢ and the 4 terms; their 

short periods permit of their influence being regarded as fortuitous. 

Also the 24 term has provisionally been neglected, as its influence *), 

may easily be accounted for afterwards. 

So there only remains the {st term, which has been tabulated by 

Newcoms in his Table XI, and [ multiplied it by the total errors 

of the mean longitude. The errors of the true longitude depending 

on g, give rise in dd only to terms of very short and of very long 

period which could be neglected as being without influence on the 

results to be derived. 

‘ 412. The Ad corrected in this way were arranged for each year 

into 18 groups according to the values of the argument of the 

latitude wv, in the same way as it was done for the Aa according 

to the values of g, and then the sums and the means for each group 

were formed. | fg 

I do not give here these annual means, but only the general means 

derived from the total sums. 

1) In the formula on p.32 3eK and 3e H ought to be 2e K and Ze H. 

*) This term is the influence of the error in longitude on the latitude and 

consequently directly influences the determination of the longitude of the node, 

but not that of the inclination. 

26 
Proceedings Royal Acad. Amsterdam. Vol. VI. 
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u Ld u Ad 

10° + 0"67 190° — 0"93 

30 +. 0.70 210 — 0.57 

50 + 1.14 230 — 0.42 

70 +. 0.75 250 — 0.06 

90 + 0.81 270 0.00 

110 — 0.11 290 + 0.39 

130 001 310 + 0.58 

150 IE! 330 + 1.05 

170 Ed 350 + 0.81 
Each of the mean residuals gives an equation of condition : 

LA d = — 0.96 sin (A— 4) di + 0.96 cos (A0) id 

where di and d@ represent the corrections to the inclination and 

the longitude of the node. As the Ad may still contain an outstanding 

constant error, the equations were actually put in the form : 

LA d=a- bsin(4A—8O) + e cos (A—8). 

These equations were solved substituting in them, Lt the mean 

results of the years 1895—1898, 2d those of 1899—1902, 3¢ those 

of the 8 years combined (in all cases the mean results as derived 

from the total sums). 

In this way we obtained : 

b E c corrected 

1895—1898  —O0"25 + 111 + 1"23 

18991902 + 0.62 2S ).68>> Tape OTS 

1895—1902 +018 + 0"86 + 1700 

The last column contains the values of ¢ corrected for the influence 

dd 
of the 2d term of ae The corrections actually applied are its 

products with the mean corrections of the longitude. 

The two partial results do not agree very well, especially those 

for B, or for the correction of the inclination, and if we compare the 

corresponding values of 4 d from the two four-yeargroups, systematic 

differences between the two sets are clearly shown. Considering 

however my results in connection with those of Newcoms there 

seems to be as yet no sufficient ground to assume a periodic part 

in the coefficients 4 and c. 
From the 8 years combined we derive : 

du = — OAS 

(SG — + 17.04 

d6 => +11".5 
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13. Finally we may combine our results with those of Newcoms 

and also with those derived by FRawz. *) 

For the correction of.the inclination we find : 

Newcoms 1868 d21—=—0"15 weight 3 

FRANZ 1892 + 0.37 1 

Baku. 1899 ie 3 

Mean result gOS 

The correction of the inclination is thus found to be small. 

For the correction of the longitude of the node we find : 

Nrwcoms 1868 d6¢6—-+ 4"5 weight 3 
FRANZ 1892 + 7.4 1 

BAKH. 1899 + 11.5 5) 

Mean result 1885 d@=+7"9. 

As NewcomB found for 1710 ¢6@—-—16" (Researches p. 273), 

we obtain : 

Correction of the centennial motion = + 14". 

Physics. — “On the critical imixing-point of two liquids’. By 

J. P. Kuenen. (Communicated by Professor vAN DER WAALS 

in the meeting of October 31, 1903). 

A critical mixing-point of two liquids is in general a point where 

two coexisting liquids become identical in every respect: it corresponds 

to a plaitpoint or critical point of the two-liquid plait on VAN DER 

Waars’s w-surface or of its projection in the volume-composition 

diagram, the socalled saturationcurve for the two liquid phases ; the 

term is used more especially to denote the condition, where the 

liquids are at the same time in equilibrium with their saturated 

vapour. In the v—« diagram this condition corresponds to the point 

of contact between the two-liquid curve in its eritical point with the 

vapour-liquid curve: in this condition a change of temperature will 

either make the critical point appear outside or disappear inside the 
vapour-liquid curve. The contact sometimes takes place on the inside 

of the latter curve and the two-liquid curve then lies entirely in the 

metastable and unstable parts of the diagram, or it lies outside in 

the stable part of the figure. In other cases it is the vapour curve 

the critical point of which comes into contact with a two-liquid curve, 

but whatever the case may be, the geometrical conditions are the 

') The combined results of Franz from the observations at Königsberg and at 

Géttingen have been considered in my second paper. (Added Dec. 1903). 

26% 
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same and the conclusions to be derived from these must hold good 

in general. — 

For the sake of clearness we will consider a special case, viz.. 

that in which the liquid curve falls outside the vapour curve and 

the contact takes place in the critical point of the former. As the 

saturation curves contract on heating, the two curves will in this 

‘ase separate when the temperature is raised above the critical 

temperature ; on the other hand the liquid curve begins to intersect 

the vapour curve when the temperature is lowered. The relative 

position of the curves here assumed is very common: it was discovered 

for the first time by van DER Lem for mixtures of phenol and water’). 

When the liquid curve intersects the vapour-liquid curve an equili- 

brium between a vapour phase and two liquid phases is possible, 

but vaN DER Waats’) has shown how this equilibrium may be 

ignored and a continuous vapour-liquid curve traced out through 

the metastable and unstable parts of the diagram: along this curve 

the liquid phase passes twice through the spinodal curve of the 

two-liquid curve and at the same moments the vapour branch of 

the curve forms cusps; the vapour pressure considered as a function 

of the composition of the liquid passes at the same time through a 

maximum or minimum; the thermodynamical condition in these 
2 

points is (53) — 0, where § is the thermodynamical potential. 
av } ) 

In many cases the further complication arises that there is a 

condition, where the compositions of the liquid and the vapour, 

x, and z,, are the same and where therefore the pressure is again 

a maximum or minimum: if this point falls, as it often does, between 
Dad 

the two points where Bn — 0, it can only be a minimum and both 
we 

the other points are then maxima; the composition of the vapour 

in the three-phase equilibrium then lies between the compositions 
of the liquids and the three-phase pressure is higher than the pressure 

of neighbouring mixtures on both sides. This is the case which was 

assumed by vaN DER Lee in drawing his diagrams for phenol and 

water, but from subsequent measurements by SCHREINKMAKERS*) it 

appears that for these mixtures the maximum where x, = 2, lies 

outside the three-phase triangle in the v—v diagram. 

As the temperature approaches the critical point, where the two 

1) Van ver Lex, Dissertatie, Amsterdam 1898. Zeitschr. Physik. Chemie 33 p. 622. 

2) Van per Waats, Continuität Il, p. 18, fig. 3. 

3) SCHREINEMAKERS, Zeitschr. Physik. Chemie, 35, p. 461, 
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saturation curves separate, the two liquid phases approach each other 

and finally coincide in the critical point: what becomes of the 

minimum (@, ==) during this change, if we suppose such a point 

to lie inside the three-phase triangle? The simplest supposition which 

we can make is that up to the last moment the minimum remains 

between the two maxima and thus a fortiori between the coexisting 

liquids; on that supposition the various points would all coincide 

in the eritical point and unite into one maximum; in the critical 

point we should then have the condition 2, == «,, i.e. the liquid in 

the eritical point would have the same composition as the vapour 

with which it is in equilibrium. This assumption was made as almost 

self-evident by myself') as well as by van per Len’), but on fuller 

consideration it now appears to me to be incorrect; VAN DER LEE?) 

tried to prove its correctness by the aid of the thermodynamical 

relations for binary mixtures, but we shall show that the proof was 

not valid. 
_ The equation to be used is the following : 

dp a,—a, (07S, 
ae he 

aur, CERA UE 

d? 

introducing into this the condition —— — 0, which defines the spino- 
On,? 

dal curve and thus holds a fortiori in the critical point, we obtain 

dp ] 
the equation En =— 0: but it does not follow from this that the vapour 

ak, 

pressure has a maximum value; for it may be proved that not only 
2 d a 

the first differential coefficient En but also the second ; disappears. 
v Av 

1 

2 

1 

2 dp dp 
from —— we find: Calculating the value of 

U, \ 
a 3 

ad, 

far Beede 0GN 1 (da, 1 0°76, 1 dn, ) 0°5, 
== -—{ —— ; — ——— (w,-2,)| —— }; 

dz,* Ont da \0n,? pe Var de, O07) Var de, rit ANDER p 

but in the point of contact of the two curves we have not only 
0°76, d 075 ) 
ae | 0, but at the same time — —s 0, because the spinodal 
0x, p da dw, 

curve of the two-liquid curve touches the connodal curve of the 

vapour-liquid curve in the critical point of contact; thus as none of 

1) Kuenen en Rosson, Phil. Mag. (5) 48 p. 184, fig. 2. 

2) Van DER Les, |. c. p. 69. 

3) Van per Lee, |. c. p. 74. 
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the coefficients in the above expression become infinite, all the terms 
9 

vanish and —, — 0. In the critical point the pressure is in general 
Oz 

not a maximum, but the vapour branch of the saturation curve in 

the p—w diagram ({== constant) has a point of inflexion with a 

tangent parallel to the z-axis. 

In a special case vAN DER Lee's conclusion drawn from the equa- 

tion becomes valid, viz. when in the critical point the condition 

“,=«, is fulfilled; for in that case the next differential coefficient 
dp dp d*p ey 3 
— becomes 0, as well as —— and ——. After substitution of the 

de, de, dz,” 

ne 0°S, di O5 
general conditions | -—, ] —0 and — | —— | —0 the expression for 

02, p dz \0n, p 

dp 
is reduced to: 

( U, 

dp 2,—a, d? (3) 
Ae camer ane EEN WE dx, Dine Selina obras p 

and this expression is equal to O, if re, — «,, but not otherwise. 

Without using the equations the same conclusions may be drawn 

geometrically from the properties of the saturation curve in the 

p—« diagram; if there are only one minimum and one maximum 

in the p—a, curve, three points of intersection coincide in the critical 

point and consequently there is a point of inflexion, if on the other 

hand there is a minimum as well as two maxima, four points of 

intersection coincide in the eritieal point and there will be a maximum 

of the second order. 

The whole argument thus turns on the question, whether it is 

legitimate to assume as self-evident, that the point, where 7, = 2, 
9 

remains between the two points, where ( ) == 0% that thismie 
P Ox? 

not the case follows from the fact that the condition #, =, is 

totally independent of the condition of critical contact between the 

two saturation curves: in fact there are cases, such as those referred 

to above, where the point «,— 2, lies at a far distance from the 

critical point, and others where there is no maximum or minimum 

at all, either outside or inside the three-phase triangle, such as for 

mixtures of ethane with the lower alcohol’). The question therefore 

arises and has to be answered: how does the point where x, 
which is known in many cases to be inside the two other maximum 

— ? 
Wo 

1) Kuenen en Rosson, Phil. Mag. (5) 48, p. 192, foll. 
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points at some distance from the critical temperature, appear outside 

in the realisable part of the diagram before the critical point is 

reached ? The answer to this question is the following: the minimum 

(v7, =2a,) approaches one of the maxima (| =) == Q)and at a 
P 

dp: 

; Saat 5 : ; , _ dp 
given temperature coincides with it; from the expressions for ae and 

av 
1 

——, or by geometry, it follows that both coefficients vanish in this 
a 

point and that the p—, curve has a point of inflexion with a tangent 

parallel to the z-axis. Immediately afterwards the two points in 

question have passed each other and have exchanged their character, 

; dS, 
2 

C v, 

1. e. the point, where ( ) = 0, is now a minimum’) and the 

other point, where 2,=«#,, is a maximum: the latter point lies 

at first in the metastable part of the diagram between the minimum 

and one of the liquids of the three-phase equilibrium ; a further 

change of temperature makes it coincide with this liquid and ultimately 

brings it outside into the stable part of the figure. The maximum 

and minimum in the non-stable part approach each other and finally 

coincide, as explained before. 

For the sake of clearness we will once more go through the 

various changes as deduced above in the opposite order, i.e. while 

the temperature falls towards and passes through the eritical point. 

Above the critical mixing-point there is a separate two-liquid curve 

turning its critical point towards the vapour-liquid curve: in the 

latter we assume a well defined maximum (2, =«,). When the 

temperature falls the two curves approach and at a given moment 

come into contact; this contact takes place in the critical point of 

the liquid curve, but in general at a smaller or larger distance 

from the maximum on the vapour-liquid curve : doubtless the distance 

may in some cases be small, but that does not affect the general 

argument; on further lowering of the temperature the maximum 

is in many cases taken up inside the three-phase equilibrium and 

so disappears from the realisable portion of the diagram; it passes 

successively the connodal and the spinodal curves and lies then 

ultimately in the non-stable region, where it is found at low temperatures. 

It was mentioned in the beginning that similar changes occur in 

other cases, e.g. when the two-liquid curve lies inside the vapour- 

2) Compare the figure for sulphurous acid and water, van DER WAALS, Conti- 

nuität II, p. 18, fig. 3. 



liquid eurve at first and then appears outside, either on the tempe- 
rature being raised, as is the case with mixtures of triethylamine 

and water’), or on lowering the temperature, as with propane and 

methylaleohol *); if in those cases a maximum vapour pressure exists, 

this maximum may disappear in a manner similar to the one 

sketched above. 
The ahove conclusions may be summarised as follows: 

The critical mixing-point of two liquids does not coimcide with a 

point of maximum vapour pressure, if such a point exists; but the 
latter point may sooner or later at some distance from the critical 

point be enclosed inside the three-phase equilibrium; in the critical 

point the liquid branch of the saturation curve in the p—«# diagram 

has a point of inflexion with a tangent parallel to the z-axis. 

University College, Dundee. 

Physiology. — “Something concerning the growth of the lateral 

areas of the trunkdermatomata on the caudal portion of the 

upper extremity.” By Prof. C. Winkier from researches made 

in connection with Dr. G. van RIJNBERK. 

(Communicated in the meeting of November 28, 1903). 

A methodical treatment of the dermatomata of the upper extremity 

offers very considerable. difficulties, which have been confronted for 

the first time by the eminent labour of SHERRINGTON, though to our 

belief he has not wholly succeeded in conquering them. 
The first difficulty we encounter, when essaying their physiological 

elaboration, is a technical one. The upper extremity transforms by 

its growth the dermatomata (of neck and trunk) situated above 

and beneath it. Owing to this transformation their extension-areas 

overlap one another mutually in a very peculiar manner, and only 

by means of cutting through numerous — sometimes from 7 to 9— 

adjacent posterior roots, it becomes possible to isolate them completely. 

The operation therefore presents greater difficulties, its duration is 

prolonged, its dangers are increased, partly because of the near 

vicinity of the medulla oblongata, partly because of the presence of the 
large perimedullar venous blood-reservoirs (air-embolus, hemorrhage). 

The experimental definition of the extension of a root-area on the 

extremity, already more complicated than it is on the trunk, because 

1) Kuenen, Phil. Mag. (6) 6, p. 637—653. 
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of the mutual removal of the neighbouring dermatomata, will be 

exposed moreover, in consequence of the more important operation, 

to a greater variability of shape, and we must be prepared to obtain 

only caricatures of its real shape. 

In order however to undertake a just evaluation of these carica- 

tures, it is necessary to know beforehand the variations in shape, 

suffered for the same reasons by the trunkdermatomata. A knowledge 

of the significance of the dorsal, lateral and ventral portions of the 

dermatoma, of their maxima and of their different reactions on a 

more or less serious trauma, is needed to enable us to understand 

the caricatures, obtained on the extremities. Even the technical 

mastership of SHERRINGTON has not wholly succeeded, we believe, 

in interpretating them truly. 

The second difficulty, the perfect control of which we owe to 

SHERRINGTON, is found in the individual variations, presented by the 

animals experimented upon. On all dogs it is not always the same 

dermatomata that participate in the covering of the extremity. In 

most cases it will be the 5t—11" posterior roots that participate 

in the innervation of this extremity, yet it may sometimes occur 

that the 4*—10 (in cases of so-called pre-fixion), or also the 

6'h__13th (in eases of post-fixion) take their place. For this reason 

we cannot always be sure of the equivalence of two roots situated 

at the same height. The 9 root e.g. may (in cases of pre-fixion) 

take up the part generally performed by the 10%, or (in cases of 

post-fixion) that generally performed by the 8" etc. 

Even if one is prepared by a previous knowledge of the trunk- 

dermatomata for a true interpretation of the caricatures, and knows 

the dangers arising from pre- and post-fixion, it will still be necessary, 

as it has been done by SHERRINGTON, to describe the consequences 

of every separate isolation in the same manner, in order to retain 

one identical point of view for all of them. 

In order to find this point of view, we have thought it convenient 

to adopt for the extremities mid-dorsal and mid-ventral lines, in the 

same way as had been done already by Bork and SHERRINGTON; 

moreover we made use of a simple artifice. 

As soon as a dermatoma has been isolated on an animal, employed for 

our experiments, and the boundaries of the insensible zones have been 

defined on the skin, the animal is photographed in different attitudes. 

When by these preliminaries*ive have obtained the photos necessary 
for controlling the experiment, the animal is killed, and the skin 

with the designs upon it, after having been prepared further in a 
definite methodical manner, is tanned and stretched, in order that it 
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may be compared with other similar skins, on which are designed 

likewise the boundaries of the isolated dermatomata. 

This is done in the following manner. On the skin of the corpse 

the mid-ventral line of the trunk is drawn, and upon this line is 

designed on the sternum a point C, situated between the affixture of 

the 2d and 3% rib. 
Beginning from this point, we next design, on the ventral side of 

the maximum abducted foreleg turned towards us, a line in the longi- 

tudinal axis, passing through the plica cubiti cranially of the epicon- 

dylus medialis humeri straight through the plant of the hand, towards 

the middle of the plant of the third finger. 

This having been done on both sides, the stripping off of the skin 

may begin. 
In the first place a circular incision, beginning above the third 

neck-vertebra is made around the neck, perpendicularly upon the 

longitudinal axis of the animal. 

Next a similar circular incision is made around the trunk over 

the 17 vertebra. 
Thirdly these two circular incisions are united by a skin-incision 

in the mid-ventral line. 

Fourthly olecranon and epicondylus humeri medialis are marked 

on the skin by means of a striking colour. 

Fifthly an incision is made on the extremity along the ventral line, 

continued through the plant of the third finger. That half of this 

latter situated next to the thumb, is stripped off, the web between 

the 34 and the 2d finger is split open between fore- and back-side; 

next the plant of the 2¢ finger is stripped off, the web between the 

2d finger and the thumb is split, and the plant of the thumb is loosened. 

The same operation is then performed for the finger-plants and 

webs of the ulnar fingers. 

Finally the skin on the back-side of the fingers is loosened, the 

end-phalanges of each finger being cut one by one, in such a way 

that the nails remain affixed to the skin of the back-side. Both hands 

being thus stripped off, the animal is flayed further. 

The piece of skin, obtained in this manner, with the boundary- 

lines designed upon it, is next stretched, tanned and dried. After- 

wards the insensible areas are coloured white by means of oil-paint 

and then varnished, and under control of the originally obtained 

photos such a piece of skin may be compared with other similar ones. 

These skins are read in the following manner (fig. 1.5): AA’ is the 

cranial boundary (the incision around the neck), BB' the caudal boundary 

(the incision around the trunk). Of course the point C recurs four 



( 395 ) 

times on the boundary-line, as C, CC’, C", C"". To the left and to 

the right C"A and C"A' are the mid-ventral lines of the neck, 

CB and C'S those of the trunk. COLD corresponds to the line 

drawn on the extremity, whilst the skin of the fingers, beginning to 

count from cranial to caudal part, is placed as follows: half of the 

plant of the 3¢ finger, the plant of the 2/ finger, that of the thumb, 

the back-(nail)side of thumb, 2d, 3d, 4! and 5 finger, the plant of 

the 5% and 4% finger and the other half of the plant of the 34 

finger. Two white spots indicate the position of the olecranon and that 

of the epicondylus humeri medialis. 

The 11th dermatoma. 

On October 3rd 1902, on a strong foxdog, designed as dog VI, by means 

of an incision in the skin to the left of the mid-dorsal line (in order to 
spare the dorsal nerve-branches of the neck to the right), the spinal column 
is discovered from the 4th—14th processus spinosus, and the arches of the 
6th — 14th vertebra are opened. Autopsy on October 8th confirms afterwards 
that to the right the 7, 8th, gth, 10th, 12th, 13th and 14th pair of spinal roots 
have been cut through, and that to the left the 11 root is cut through. 
„Reproductions on a reduced scale (fig. I) of the outlines of the photos 

and skin, represent the results of the determination of sensibility for maxi- 
mum stimuli, performed on the 5, 6th and 7! of October. On the right 
part of the body a sensible area is found, bounded cranially by an insensible 
zone, interrupted in its ventral, caudally by an insensible zone, interrupted 
in its lateral part (see fig. I, 1 and 2 and the right side of 5). 

a. The dorsal portion of the cranial insensible zone is bounded cranially 
by a boundary-line, starting perpendicularly from the mid-dorsal line atthe 
7h vertebra, reaching after 10 c.m. the spina scapulae 3 c.m. below the 
acromion, then turning first in a cranial, afterwards again in a caudal 
direction, and continuing on the upper-arm towards the epicondylus humeri 
lateralis (the leg being stretched) (see fig. I, 1). Nearly 5 c.m. before reaching 
this latter, it takes a bend, slowly continuing in a caudal direction towards 
the epicondylus humeri medialis, which it does not reach either (see fig. I, 2). 
It then turns towards the mid-ventral line, approaching it to a distance 
of 6 cm., enters profoundly into the axilla, and bends, continually deviating 
in a caudal direction, into the caudal boundary line of the insensible dorsal 

part. This caudal boundary line, directed towards the olecranon, parallel 
with the plica axillaris posterior (see fig. I, 2), forms an angle of 90° with 

itself before reaching the olecranon, continues in caudal direction, reaches 

the dorsal side of the upperarm, turns again rectangularly, and continues, 

with the exception of a caudally directed curve, straight unto the mid- 

dorsal line, which is reached at the 9 vertebra (see fig. I, 1 and 5). 

b. The ventral part of the cranial insensible zone is found as a triangularly 

shaped area, commencing at the third rib, 5 c.m. below the manubrium 

sterni. 

c. The dorsal part of the caudal insensible zone is shaped like a sugar- 

loaf (see fig. I, 1 and 5). The cranial boundary-line has its origin between 
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the 10th and 11t) vertebrae, the caudal one at the 13 vertebra against the 

mid-dorsal line (fig. I, 1 and 5). 

d The ventral part of the caudal zone is shaped like a rectangular 

triangle, having its hypothenuse along the plica axillaris posterior, and 

forming an outward curve in the direction of this latter (see fig. I, 2, 1 and 5). 

To the left are found two insensible spots. One of these, opposite the 

sensible ventral portion to the right, is elliptic and advances obliquely 

towards the axilla (see fig. I, 2 and 3). The other, likewise elliptic, has its 

longitudinal axis almost perpendicular to that of the first, this latter 

being confluent with the plica axillaris posterior (see fig. I, 3, 4 and 5 to 

the left). 

Fig. IL. {LB root. 

Dog VI. 11* root isolated to the right by 

cutting through the 7%, 8t, gth, 10th, 12%, 13 and 14% 

roots, and cut through to the left. 

The 10th dermatoma. 

On September 19th 1902 on a strong male dog, designed as dog IV, by a 

similar operation as on dog VI, the 6%, 7%, 8th, gth, 11th, 12th and 13 pair 

of roots to the right is cut through. To the left the 10™ is cut through. 

Autopsy on September 24th confirms this having been performed. A repro- 

duction of the results found on Sept. 22th is given in fig. II. 
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To the right is found an interrupted sensible area, encompassed between 

two insensible zones. 

a. The cranial insensible zone is bounded cranially by a line, leaving the 

mid-dorsal line at the 6» vertebra (see fig. II, 1), continuing in the direction 

of the acromion, and then, avoiding this and the caput humeri, taking a 

bend towards the mid-ventral line. It approaches this latter until a distance 

of 11, cm. (see fig. II, 2), continues parallel to it for 4 cm. in a caudal 

direction, Jeaves it again at the third rib, borders cranially the sensible 

ventral triangle of the 10 dermatoma, thus becoming itself the caudal 

boundary line of the cranial insensible zone. As such it recedes to a distance 

of 8 e.m. from the mid-ventral line, circumscribing next caudally the sensible 

triangle, it returns as the cranial boundary line of the caudal (interrupted) 

insensible zone to the mid-ventral line, approaching this to a distance of 1 

c.m., taking again a caudal bend and accompanying it for 3 cm. Next 

starting perpendicularly from the mid-ventral line, it continues along the 

plica axillaris posterior towards the upper-arm, in a cranial direction and 

turns with a sharp curve to the epicondylus medialis. Passing between 

olecranon and epicondylus, it circumscribes the first (see fig. II, 2 and 4), 

turns on the dorsal side of the arm towards the epicondylus lateralis, and 

Fig. IL. 10th root. 

Dog IV. The 10% root isolated to the right by cutting through 

the 6th, 7th, 8th, gth, 11th, 12th and 13th roots, 

cut through to the left, 
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returns, taking a rectangular bend, as the caudal boundary-line of the anterior 

insensible zone, after having made a caudal outward curve at the spina 

scapulae (3 c.m. from the acromion) to the mid-dorsal line between the 

8th and 9th vertebra. 

The caudal insensible zone is interrupted. The dorsal part forms a triangle, 

whose basis begins between the 9 and 10‘ vertebra and ends above the 

13th, (see fig. II, 1). 

To the left are found two insensible spots. One of these, elliptic, opposite 

the sensible area at the mid-ventral line (see fig. II, 2 and 4). The other, 

likewise elliptic, having its longitudinal axis perpendicular to the mid- 

ventral line, and including olecranon and epicondylus humeri. 

The 9th dermatoma. 

On December 5t 1902, by a similar operation as before, on a strong grey 

foxdog, designed as dog IX, to the right the 5th, 6th, 7h, 8th, 10%, 11% and 

12th pair of roots are cut through. To the left the 9% is cut through. Autopsy 

on Dec. 9 confirms this having been performed. On September 5% 1902 

on a strong brown female dog, designed as dog I, fo the right the 8 and 

gth root, to the left the 9 root are cut through. Autopsy again confirms this. 

Fig. II 9th root. 

Dog IX. 9 root isolated to the right by cutting through 

the 5th, 6th, 7th, 8th, 10th, 11%, 12th and 13% root, 

cut through to the left. 
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A reduced reproduction of the photos and of the results of both experiments, 

in as much as they concern the 9th dermatoma, put together on one sheet, 

is given by fig. III (1, 2 and 5 to the right belonging to dog IX; 3, 4 and 

“5 to the left belonging to dog I). ; 

_ Dog IX: To the right the sensible area is encompassed by a large insen- 

sible zone, extending dorsally from the 4 to the 12 vertebra, ventrally 

from 5 c.m. below the manubrium sterni unto the middle of the neck. Its 

caudal boundary-line bends towards the mid ventral line in a forward convex 

arch, crossing first the scapular angle, and then following the plica axillaris 

posterior. 

The description of the boundary-line of the sensible area may begin on 

the m. triceps (see fig. III, 2). From thence it bends on the ventral side of 

the extremity towards the sulcus bicipitalis medialis unto the commencement 

of the axilla, where it takes a turn in opposite direction, continuing caudally 

of the epicondylus medialis humeri, passing on the forearm over the thickest 

part of the flexores and reaching along the ulnar margin of the plant, the 

back of the hand between the 2d and 34 finger. Then it returns between the 

plant and the back of the fingers (the plant of the 34 and 4 finger having 

retained its sensibility, the back of both not), passing between the 4th and 

Fig. IV. 7h and 8) root. 

Dog VIII. The 7 and Stk root isolated to the right 

by cutting through the 4'B, 5th, 6th, gth, 10th, 11th, 

12‘ and 13'}, to the left root 8 has been cut through. 
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5th finger on the back of the hand, and rising straight over the extensors 

of hand and fingers, between olecranon and epicondylus humeri lateralis, 

to the tricepstendon, which is crossed by it. On the foreside of the m. triceps 

it meets again its point of starting (see fig. III, 1). 

Dog I: to the left are found two insensible spots. One of these is a very 

small one against the mid-ventral line at the affixion of the second rib. 

The other, elliptic, having its longitudinal axis in that of the arm, is 

bounded by a line beginning high up in the axilla, continuing in the direction 

of the olecranon and avoiding this, passing on the dorsal surface of the 

extremity. It continues over the sinews of the extensors of hand and fingers 

until 1 ¢.m. before the plant, returns then on the ventral surface, crossing 

there the flexores, and passing beyond the plica cubiti cranially from the 

epicondylus humeri medialis, it takes a bend over the m.biceps. Crossing 

this muscle it reaches again, deviating in a caudal direction, its starting- 

point high up in the axilla. 

The 8th + the 7th dermatoma. 

On October 10% 1902 on a small black female dog, designed as dog VIII, 

are cut through to the right the 4b, 5th, 6th, Oth, 10%, 11 and 12% pair of 

roots. To the left the 8 pair of roots is cut through. Autopsy on Oct. 13% 

verifies this. A reproduction of the result is found in fig. IV. To the right 

is a sensible area, encompassed by a large, continuous insensible zone, 

extending dorsally from the 34 to the 13 vertebra. Ventrally it extends 

from 5 e.m. above the manubrium unto 1 c.m. below it. Somewhere between 

the 24 and 34 rib its ventral boundary-line passes beyond the mid-ventral 

line to the left. The boundary-line of the sensible area begins at 1 c.m. 

caudally of the acromion, goes straight to the epicondylus humeri lateralis, 

and accompanies the ulna unto the fore-plant (see fig. IV, 1 and 3), then 

taking a sudden turn, it makes for the ventral surface of the extremity, 

that is reached halfway the fore-arm, crosses it obliquely through the elbow, 

regains the dorsal side on the upper-arm, and rejoins its starting-point below 

the acromion. 

To the left no insensibility is found on the extremity, with the exception 

of a small insensible spot at the mid-ventral line of the trunk. 

The 9th + the 10th dermatoma. 

On Sept. 22t 1902 on a dark male dog, designed as dog V, are cut through, 

to the right the 4th, 5th, 6th, 7th, Sth, 11th, 12th 13 and 14 pair of room 

To the left the 10% is cut through. 

Autopsy on Sept. 28 confirms this having been performed. A reproduction 

of the results is given by fig. V. 

To the right two insensible zones encompass a sensible area. The cranial 

boundary-line of the cranial zone extends from the 3" vertebra to the mid- 

ventral line 4 ¢.m. above the sternum. The caudal boundary-line of the 

caudal zone extends from the 138'® vertebra to the mid-ventral line, nearly 

perpendicular to the longitudinal axis of the animal. 

The cranial boundary-line of the sensible area starts.from the mid-dorsal 

line at the 8tb vertebra and continues straight towards the epicondylus 
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lateralis humeri, crossing the spina scapulae 3 c.m. below the acromion, 
following on the dorsal surface of the fore-arm the furrow between radius 
and ulna, and passing over the metacarpus of the little finger, between this 
and the 4 finger to the plant. Next it crosses the latter in a cranial 
direction, in such a manner that the plants of the fingers are insensible 
with the exception of the 4 and the 5th, circumscribes the plant of the 
hand and crosses again the hand towards the radial side, goes upward 
again, at first in the direction of the epicondylus humeri medialis, then taking 
a bend in the direction of the plica axillaris ventralis, approaching this 
very closely, and reaching the mid-ventral line, towards which it is directed 
perpendicularly, at the second rib. 

The caudal boundary-line starts from the back at the 10‘) vertebra, con- 

tinuing perpendicularly on the longitudinal axis, crosses the spina scapulae 

and continues parallel with the plica axillaris in a cranial direction until 

very close to the cranial border. Between the two a very narrow sensible 

area remains. It then takes a bend in caudal direction, reaching the mid- 
ventral line at the third rib. 

To the left are two insensible spots. One of these is found opposite the 

2ad and 3t rib at the mid-ventral line. The other, elliptic, is almost identical 

with that found on dog IV. 

Fig. V. 9th and 10 root. 

Dog. V. 9" and 10 root isolated to the right 

by cutting through 4, 5, 6, 7, 8, 11, 12, 13 and 14, 

to the left 10 has been cut through. 

Proceedings Royal Acad. Amsterdam. Vol VI. 
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The Oth + the 6th dermatoma. 

On April 224 1902 on a dog, designed as dog XII the 4), 5th, 7th, 8tb, 

10, 11th and 12tb pair of roots are cut through. Autopsy on April 8" con- 

firms that such has been the case. A reproduction of the results is found 

1m wae.) VL 

To the right begins at the 3 vertebra the cranial boundary-line of an 

insensible zone, at first perpendicular to the mid-dorsal line, then suddenly 

taking a bend in cranial direction (see fig. VI, 1 and 3), and approaching 

the mid-ventral line 4 c.m. above the manubrium. It then turns to continue 

parallel with the mid-ventral line until beyond the manubrium, rising next 

with a steep curve in the direction of the epicondylus humerus medialis, 

and bending back to reach again the sternum caudally of the second rib. 

Fig. VI. 62 and 9 root. 

Dog XII. 6 and 9 root isolated by cutting 

through 4, 5, 7, 8, 10, 11 and 12. 

(The skin is here not quite in accordance with photo 2, the latter having 

been taken on April 5. On April 7% a narrow sensible band had appeared, 

establishing a connection between the sensible ventral triangle and the sen- 
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sible zone on the extremity). The line then continues downward along the 

sternum until beyond the 4t, rib, takes again a turn upward, and bending 

cranially it ends in a point near the extremity of the spina scapulae. 

Caudally there is found no insensible dorsal portion. 

Near to the angulus scapulae, the line turns back again on the dorsal 

surface of the upper-arm, straight in the direction of the olecranon, 2 c.m. 

before reaching this, it takes a bend towards the ventral surface of the upper- 

arm, and crossing this, returns to the ventral portion. It is separated by 

a narrow zone from the sensible ventral triangle. (On the skin it passes 

here into the caudal boundary-line of the sensible ventral triangle), Above 

the latter it takes a turn in dorsal direction, and having reached again the 

dorsal surface on the middle of the upper-arm, it makes straight for the 

back, reaching this at the 6 vertebra. 

Moreover there is found an insensible spot on the lower part of the extremity. 

This has its beginning a little under the epicondylus humeri lateralis, 

it crosses longitudinally, the backside of the fore-arm likewise the hand and 

passes along the ulnar margin on to the plant, crosses along side the plants of 

the fingers which are insensible, and continues, taking a rectangular bend before 

the plant of the 4t finger, straight upward towards the epicondylus lateralis. 

It is allowed to draw a few conclusions from these experiments. 

dst. The caudal portions of those dermatomata, bounding the 

extremity caudally, especially of the 10 and the 11, are pushed 

over the lower situated dermatomata. 

We have observed already previously that, cranially of the 15" 

dermatoma, the cutting through of at least three adjoining roots is 

necessary, in order to obtain insensible dorsal spots. Only when 4 

adjoining roots are cut through, a continuous insensible zone is found 

in that region. This presents a marked difference with the conditions 

existing on the trunk, where for the same purpose, the cutting through 

of two, resp. three roots, suffices. 

This fact is confirmed here. By cutting through the 12", 13% 

and 14th root (fig. I) or the 11, 12 and 13th root (fig. II), anal- 

getic areas are called into existence both dorsally and ventrally, 

but no continuous zones; when cutting through the 10, 11% and 

12% root (fig. VI, the analgetic dorsal area fails even, though the 

10%, 14 and 12t dermatoma possess each of them a _ dorsal 

portion, which it is possible to isolate. 

The significance of this fact is evident. The growth of the extre- 

mity in caudal direction, removes the caudal boundaries of the 10% 

and 11 dermatoma towards the caudal side. In the lateral part the 

10" dermatoma overlaps the 14', the 11" the 15". The dorsal pieces 
of the 10%, 11% and 12‘ dermatoma are lying so near to one 

another or even covering one another, that the unimpaired 6t, 9th 

and 13' are able to provide together for the sensory innervation 

2% i 
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along the back. The ventral pieces are pressed on one another against 

the sternum about the second rib. 

gnd. The ventral and dorsal pieces, pressed on one another, are 

becoming gradually smaller and of less importance. It is only the 

Jateral pieces that are pushing on the extremity. 

In isolating the 11% dermatoma (fig. I. 5) it has been shown that 

the cranial portion of the lateral part of it is stretched on the extremity. 

At the same time its cranio-caudal axis is displaced. On the trunk 

it was parallel to that of the ventral and dorsal pieces, here it 

forms with them an acute resp. an obtuse angle. On the boundaries 

between lateral and ventral part the dermatoma suffers a rather 

deep indentation. 

In isolating the 10 dermatoma (fig. IL, 4) the stretching of the 

cranial lateral portion is even more important, and the difference in 

direction between the cranio-caudal axis of the lateral and that of 

the ventral part has become so great, that here they are already 

placed nearly perpendicularly to one another. 

The indentation here has become so deep, that apparently the 

dermatoma has been split into two parts, the lateral piece being 

torn from the ventral. Apparently only, for most probably this result 

of isolating the 10% dermatoma is but a caricature. For in cases 

where it is isolated together with the 9" (fig. V) or with the 6% 

(fig. VI 3) dermatoma, a narrow sensible zone unites the ventral 

to the lateral area. 

Thus much however is sure: only the lateral part, not the ventral 

part of the 10 dermatoma passes on the extremity. 

Something similar happens for the dorsal pieces of the 10% and 

of the 11% dermatoma. Here we find likewise an indentation, 

though a less profound one, on the boundary of the lateral pieces 

towards their cranial side. 

Yet there exists a great difference between the ventral and the 

dorsal indentations. Because of the fan-shaped extension of the 

displaced eranio-caudal axes of the lateral pieces, there must of 

necessity remain towards the ventral side, between two axes, close 

to the indentation, on the caudal portion of the extremity, a skin-area 

that owes its sensibility to one dermatoma only. Close to the dorsal 

indentation such is not the case. . 

This is shown if the 11% or 10 root are cut through. There are 

always produced two insensible areas, a small ventral area, such as 

we found much larger on the trunk and an area on the caudal 

portion of the extremity, where the lateral pieces of the 12 and 

10% dermatoma no longer overlap the 11, or those of the 11% 
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and 9% no longer the 10% dermatoma (see fig. I and I, left side). 
After cutting through the 9 root (see fig. III to the left) we like- 

wise may observe these two areas; by cutting through the 8 root 

no dateral insensible area is produced, at the utmost a very small 
one at the mid-ventral line. 

The isolation of the 9" dermatoma (see fig. III to the right) 
shows, that the stretching has had a very strong effect on it. Neither 

ventrally nor dorsally it has retained any longer any connection with 

the mid-ventral and mid-dorsal lines, and only by projections shaped 

pointwise the direction of this lost connection is indicated. 

But this does not prove that this sensible area is the whole of the 

dermatoma. Only its lateral portion is isolated there. Dorsal and 

ventral portion have dwindled away to insignificant pieces with 

a minimum sensory value, rapidly falling beneath the threshold. 

Isolation of the 9 dermatoma together with the 10% (see fig. V) 

produces however a very large dorsal area, and by cutting through 

the 9 root a very small ventral spot is still produced. 

Much more probable than that it should pass as a whole on the 

extremity, it is therefore that the 9'* dermatoma, like the 10", sends 

only its lateral part on the caudal half of the extremity, whilst it 

still possesses a very small ventral spot (as may be shown by 

cutting through the root), perhaps even a still less important dorsal 

spot (that may be found by isolating the root together with one of 

the neighbouring ones, the 10 or the 6%), 

But the 7 and eight dermatoma too, that have wholly lost the 

dorsal piece (see fig. IV to the right), send only their lateral pieces 

on the extremity. In cases where one ventral side has been made 
wholly insensible, if the 8 root on the other side is cut through, 

the consequence will even be a small outward curve passing beyond 

the mid-ventral line. But the 7 and the 8» dermatoma overlap 

one another completely. If the 8 root is cut through, there is found 
no lateral insensible area on the hand. 

In short, the innervation of the extremity is provided for exclu- 

sively by the lateral parts of the dermatomata. Their ventral and 

dorsal parts become gradually smaller, and are at last (in as much 

as concerns the 7 and 8") wholly or almost wholly lost. 

Thus it has become possible to survey in a simple form the man- 
„ner in which the extremity makes use of the lateral parts of the 

dermatoma. 

A cone of the extremity growing in caudal direction, a lateral 

growth, meets on its way the lateral parts of the dermatomata (at 
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the very least 4) thickly pressed on one another, and pushes them 
forward in its course. It shoves before it the 7% and 8%, which 

remain situated on its top, overlapping one another for the greater 

part (c.f. fig. II] and fig. VI). This however cannot be done without 

a considerable stretching, especially of the 9 and in a somewhat 
less degree of the 6%. Like the first floral leaves of an opening 

bud, on whose top are lying the 7 and 8, the 9th dermatoma 

remains situated on the caudal, the 6% on the cranial side (see 

fig. VI) to the right. Caudally the 10% and cranially the 5 derma- 
toma are staying behind like the basal floral leaves of this bud. 

The altogether different influence, exerted on the cranial derma- 

tomata by the growth of the extremity in caudal direction, will be 

treated separately afterwards, but only the lateral portions pass on 

the extremity. Neither the conception of SHERRINGTON, representing 

the dermatomata passing as an unbroken whole on the extremity, nor 

that of Bork, representing their latero-ventral parts (the 7 and 8' 
as a whole) moving roundabout an axis like the links of a chain, 

are capable of satisfying us completely, albeit our fundamental thoughts 

are the same, and borrowed from theirs. 

Keeping provisorily to a mechanical conception, we regard the 

ranging of the dermatomata on the extremity as a consequence of 

the stretching of the lateral parts, caused by an impulsive force, 

beginning to act on the middle of the seventh and eight dermatoma, 

and operating from centrum towards periphery in a caudal direction. 

We hold it therefore not impossible that anatomy, in admitting 

or rejecting a homology between the skin-branches of the lateral 

intercostal nerves and those of the plexus bracchialis, may either 

confirm or refute our conclusions. 

Chemistry. — Professor FRANCHIMONT presents to the Library the 
dissertation of Dr. FM. Jancer on: “Crystallographic and 

molecular symmetry of position isomeric benzene derivatives” 

and gives a brief explanation of the same. 

(Communicated in the meeting of November 28, 1903). 

After Mitscneriicn at the beginning of last century had discovered 
isomorphism and Laurent some years later had pointed out certain 

form-analogies in the aromatic substitution-products, there appeared 

in 1870 the masterly researches of GrotH on morphotropy. From 

all this it might be surmised that, as all chemical and physical 

properties of organic compounds depend not only on their compo- 



( 407 ) 

sition, but also on their chemical structure in the broadest sense 

this would also be the case with the crystalline form. Dr. JARGER 

has, however, perceived that the relation between form and struc- 

ture cannot be quite so simple and only stands a chance of being 

discovered by a very delicate investigation of properly chosen series 

of objects and he justifies the choice of the six isomeric tribromo- 

toluenes used in his research: by their high molecular weight and 

the slight difference in chemical properties, so that practically, only 

the relative position of the groups of atoms in the molecule causes 

a difference and because the number of isomers is not too small. 

Dr. JAnerr has prepared these substances, which were only known 

as fine needles, in a form suited to measurement and an accurate 

examination of them showed that four of them belong to the mono- 

clinic, one to the rhombic and one to the tetragonal system. The 

last two are those with the vicinal position of the three bromine 

atoms. Of the first four there are two which exhibit an isomorphism 

bordering on identity and which can form mixed crystals in all 

proportions. 

The densities of the four monoclinic forms do not differ greatly, 

that of the rhombic isomer, however, is smaller and that of the 

tetragonal form still smaller so that a higher symmetry of form is 

accompanied by a lesser density. 

He further determined the fifteen possible melting point lines of 

the binary mixtures of the six isomers and obtained very notable 

results, some of which have already been mentioned by Dr. VAN LAAR 

at the last meeting. 

From the isomorphism bordering on identity of the two monoclinic 

forms we may certainly conclude that there is great similarity in 

the structure of their chemical molecules although these are not 

expressed in our chemical formulae; they are the compounds 1. 2. 

8.5. and 1.2.4.6. if CH, stands on 1. This similarity appears, 

however, if we keep in view the analogy which exists, in a certain 

sense, between the group CH, and a bromine atom, which has 

been noticed in a number of cases and which may be referred to 

a similarity in space relationships, volume perhaps. A conformity 

already pointed out by Grotn in 1870 and which has been since 

observed by many chemists, for instance in cases of so-called sterical 

obstacle. 

The relations found by Dr. Janeur between chemical and erystal- 
lographic symmetry have given rise to a number of problems, which 

he is now engaged in solving, for instance whether the isomorphism 

of the two monoclinic tribromotoluenes remains intact when substi- 
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tuting the other H-atoms by feeble morphotropie groups such as NO, 
In regard to this, he recently informed me that both form a 

dinitroderivative, but with a different melting point and that not 

only the isomorphism is completely preserved, but that even the 

typical twin formation in certain solvents takes place with both in 

exactly the same manner, so that it looks as if one were dealing 

with the same material. 

Chemistry. — “The sublimation lines of binary mixtures’. By Prof. 

H. W. Baxkutts ROOzrBoom. 

(Communicated in the meeting of November 28, 1903). 

From the consideration of the p, f, w-representation of the equi- 

libria for solid, liquid and gaseous phases of binary mixtures given 

by me a short time ago *) it may be deduced in what manner the 

evaporation of the mixtures of two solid substances, or inversely 

their condensation on cooling a mixture of vapours, takes place at 

a constant pressure by a change of temperature. 

It is only necessary to take a f, z-section at constant pressure 

through the figure at such a height, that no other equilibria oecur 

than those between solid and vapour or between solid and solid. 

This is possible as long as we keep below the pressure of the qua- 

druple-point where solid A, solid B, liquid and vapour coexist. 

The adjoined figure then indicates 

the general character of the section, 

in which the vertical axis represents 

a G the temperature and the horizontal 

axis the concentrations of the mixtures. 

F F is then the sublimation tempera- 
ture of the pure substance A, G, that 
of pure B. These temperatures are 

depressed along the lines FE and 
GE until, below the point Z, total 

C Drakon so 
solid A + solid 5 occurs. 

4 cone B Conversely the sublimation com- 

mences at the temperature given by 

the line CED and one of the two solid substances then disappears 
according to the concentration, unless the composition corresponds 

with Z/, in which case they both sublime simultaneously. 

1 These Proc. V, p. 279. 
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If one of them has remained, the further sublimation takes place 
at a constantly increasing temperature until the point of the line 
FE or GE is reached, which corresponds with the original con- 
centration of the mixture. 

The whole figure is quite analogous with that representing the 
solidification or fusion of binary mixtures in which only the two 
components occur as solid phases, 47 /’ and G EF resemble the mel- 
ting point lines, // the eutectic point. 

The analogy also holds good for the initial parts of the sublimation 
lines, for whose direction a formula similar to that for the lowering 
of the melting point may be deduced. 

For the equilibrium of a single solid substance with its vapour 
we have the relation : 

dlp Q 

din. 27: 

which is true for the inerease of the sublimation pressure, when 

Q represents the molecular heat of evaporation of the solid substance. 
If we now assume that a small part of this line is straight and 

that Q is constant, then if the pressure p is diminished By A 9' 001 p 

the sublimation temperature will diminish by 47’, for which we find: 

Q An 
Bs er Bl hat 

Ae ie p 

4 0.02 T? 
PR eee 

Q 

If we now add to the vapour of the solid substance, which has 
at T—AT a pressure p— 0.01 p, 1 mol. °/, of the vapour of a 
second substance, the total pressure again becomes p and 7 — A 7’ 
is therefore, at that pressure, the sublimation temperature of the 

solid substance with 1 mol. °/, of admixture. Consequently A 7’ is 

also the lowering of that sublimation temperature by 1 mol. °/, of 
admixture, 

The formula for the decrease therefore corresponds perfectly with 

that for the molecular lowering of the freezing point, provided that 

we take for Q the molecular heat of sublimation. 

The formula, however, only applies in the case of exceedingly 

small quantities of admixture, as the supposition that the p,f-line for 

the equilibrium of a single solid substance with its vapour is a 
straight one, is incorrect. 

If we take into consideration its curvature, it follows that the 

sublimation lines of each solid substance of the mixture are concave 

to the z-axis. 
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The lower the sublimation temperature of the added substance, 

the further downward the course of the sublimation line of a solid 

substance will extend. if, therefore, gases are used as admixtures 

and in sufficient excess, any solid substance ought, theoretically, to 

volatilise at a very low temperature. | 

Of this circumstance advantage has often been taken in the artifi- 

cial preparation of minerals by sublimation-methods in which gases 

or vapours (NH, C7) have been used as second substance. 

If, however, they exercise a chemical action on the others, the 

sublimation phenomena belong to systems of three or more components. 

The sublimation phenomena may also be accompanied by pheno- 

mena of fusion, as may be deduced from an examination of other 

sections through my three dimensional figure. 

Chemistry. — “A quantitative research concerning Baryer’s Tension 

Theory.” By Prof. A. F. Honteman and Dr. G. L. VOERMAN. 

(Communicated in the meeting of November 28, 1905. 

3anyEr’s tension theory gives an explanation of numerous pheno- 

mena in organic chemistry, but it is, however, almost exclusively 

of a qualitative nature. The preference for ihe formation of cyclic 

compounds with 5 and the instability of cycle systems with a larger 

or smaller number of atoms required by the theory are con- 

firmed in many instances. Meanwhile as far as I am aware, that 

“preference” and that ‘instability’? has never been expressed in 

figures. And so long as this is not the case such expressions remain 

vague, as we do not possess any measure with which we can gauge 

the “preference” for the cycle formation with 5 over one with a 

different number of atoms, and also are not in a position to compare 

the stability of one compound with that of another. 

I, therefore, suggested to Dr. VorrMAN to investigate quantitatively 

the relative stability of the members of a special class of cyclic sys- 

tems, namely the anhydrides of the dibasie acids of the normal satu- 

rated series. They are again converted by the action of water into 

the dibasic acids. The ease with which they re-absorb water. must 

depend on the degree of tension in the ring contained in these 

anhydrides, as the ring opens and the bonds then can retake their 

normal position. The velocity with which these anhydrides are 

converted into the corresponding acids may therefore, be taken as 

the measure of the tension in the ring. 
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Dr. Vorrman has first of all prepared these anhydrides, then dis- 
solved them in a large amount of water and determined the velocity 

of their transformation into acids. 

The anhydrides investigated were those of succinic acid (C,), glutaric 

acid (C,), adipinic acid (C,), pimelic acid (C,), suberie acid (C,), 

azelaic acid (C,) and sebacie acid (C,,). Many of these acids are dif- 

ficult to procure, but Dr. Vorrman has succeeded in greatly impro- 

ving their mode of preparation, for the particulars of which we refer 

to a communication shortly to appear in the Recueil. 

In order to determine the velocity with which these anhydrides 

pass into acids when introduced into water, it was necessary to be 

able to determine at any given moment the quantity of acid which 

had already been formed. This is done by measuring the electric 

conductivity of the solution, taking it for granted that the solution 

of the anhydride does not conduct the current. 
This supposition is first of all justified by the observation that 

the conductive power of the anhydride solution is smaller the sooner 

it is measured after it has been prepared and secondly because the 

acid anhydrides do not belong to the class of electrolytes. In order 

to obtain the concentration of the acid in the solution from its con- 

ductivity it is only necessary to measure the conductivities of solutions 

of the. acids at the temperature employed over the range of con- 

centrations which is considered in the experiments. These measure- 

ments were conducted by Dr. VorrMAN, who generally used the 

acids which were recovered from the anhydrides by the action of 

water in order to work under quite the same conditions as existed 

in his velocity determinations. As might, however, have been expected 

the same values were obtained for the conductivity of the acids 

themselves and those recovered from their anhydrides. 

As the concentration of the acid, after the complete conversion 

of the anhydride, in the velocity measurements did not exceed */,, 

normal, the quantity of water may be taken as constant, so that the 

conversion may be represented by the equation for unimolecular 
reactions. This indeed, gave satisfactory values for the constant 

occurring therein. 

It is, however, only in the case of the anhydrides of succinic and 

glutaric acids that Dr. Vorrman has obtained satisfactory determi- 

pes (¢ in minutes, C= 
t,—t, C, 

nations, at 25°, of the values of AK = 

germ. mol. per Litre). 
He obtained the values 0.1683, and 0.1708 showing that the 

5-ring is somewhat more stable than the 6-ring. In the case of the 
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higher anhydrides we met with an obstacle which prevented accurate 
measurements. This was their small solubility in water. He always 

noticed in their solutions a gradual increase in the electric conductive 

power showing that they first dissolve as such before being con- 

verted into acids, but this increase was too small to allow the velocity 

constant to be caleulated. It is worthy of note that although when 

boiled with water they form only globules which are but slowly 

converted into acids, they are so hygroscopic that they keep but a 

short time unchanged when exposed to the air. This may, perhaps 

be attributed to the fact that water in the liquid condition consists 

mainly of polymeric molecules, whereas in the state of vapour they 

are normal. The anhydrides of glutaric and succinic acid do not 

show this peculiarity. 

But the higher anhydrides also differ in another respect from the 

two first mentioned namely in their molecular complexity. Deter- 

minations of the boiling points of their solutions in acetone show 

that they are much polymerised whilst the anhydrides of succinic 

and glutaric acids behave normally. This, perhaps, explains their 

difficult solubility in water. 

Groningen, Lab. Univers. Nov. 03. 

Astronomy. — ‘“J/nvestigation of the errors of the tables of the 

moon of Hansen—Newcomp wie the years 1895—1902.” By 

Dr. E. F. van DE SANDE BAKHUYZEN. (2°¢ Paper). 

(Communicated in the meeting of September 26 1903). 

14. After my previous paper under this title was read at the 

meeting of the Academy of June 27, 1903, a preliminary communi- 

cation on the investigation undertaken at Greenwich on similar lines 

has also been published. Mr. P. H. Cowerr who was occupied with 

this work gave a summary of his results in “Zhe Observatory” of 

September 1903 in a paper under the title “Analysis of the errors 

of the moon’, which he kindly sent to me in advance of publication. 
Mr. Cowerr. utilized for his investigation the observations of right 

ascension of the period 1883—1898. His method in the main agrees 

with that used by Newcoms in his “Znvestigation”’, which I had also 

followed and our results for the years 1895—98 are substantially 

in accordance. In the second place he compared his empirical results 

with those derived from theory. 
This last part of Cowert’s paper has drawn my attention to the 
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fact that the theoretical formulae which I had used for the same 

comparison were incomplete. For I had not noticed that Rapav in 

his valuable “Recherches concernant les inégalités planctaires du 

mouvement de la lune”), had found that besides the “Jovian Evection”’ 

there exist some other inequalities of a nearly monthly period with 

appreciable coefficients. Nor had I paid attention to the fact that 

according to HiLu’s researches on the inequalities resulting from 

the figure of the earth’), made following DrLaunay’s method, an 

appreciable term of monthly period must be added to those inserted 
into the tables of HANsEN. 

It is this gap of my preceding investigation which I shall here 

try to fill up. But I shall go no farther, for from the beginning 

the aim of my work was limited and there would be still less 

reason to continue it, now that Mr. Cowerr intends to continue his 

work and to extend it also to other periods. 

15. The principal terms of a nearly monthly period which, according 

to Rapav and Hitt, are still to be added to the true longitude from 

Hansen’s tables are: 

ROER Sin (GAL Oe Saye Bi vol Lout yep 
B RES (IE Js He vaer Sly pew gti 
EEE eN (gi Bik = 3 TAL Py) ZA raar, OLD 
= CO Arai EO Gs. rn se SI AD) 

where V, H# and J represent the mean longitude of Venus, the 

Earth and Jupiter. The first three are terms found by Rapav as 

arising from the planets, while the fourth expresses the difference 

between the inequalities arising from the figure of the earth after 

Hint and after HANsEN ®). 

1) Annales de VObservatoire de Paris. Mémoires T. XXI. 

*) G. W. Hitt Determination of the inequalities of the moon’s motion which are 

produced by the figure of the earth. Astron. papers American Ephemeris and 

Naut. Alm. Vol Ill. Part. II. 

35) Comp. also Cowen le. Gower introduces still two other terms, numbered 

by him 2 and 6 (Observ. p. 350). It seems doubtful to me whether their intro- 

duction is sufficiently justified. 

As to 2, we must, if we consider Newcomp’s empirical term of long period as 

an inequality of the mean longitude, like the first Venus-inequality of Hansen, and 
this seems the most plausible, also accept the inequality of short period in the 
true longitude connected with it. 

Cowe.t’s correction 6 results from the rejection of Hansen’s constant term in 

the latitude — 1".00. It seems however that the correction of the tabular latitude 

or declination with + 1".00 is a posteriori not justified. From a comparison of 

the declinations determined at Greenwich in the years 1895—1902 I found as the 

mean difference Obs.—Comp. — 90".17, and after the reduction to Newcoms’s 
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The second term — the Jovian evection, whose coefficient given 

here according to Rapav agrees almost exactly with Hur’s value — 

and the 4th term give rise in the coefficients of sig and cos gq to 
terms of a period of about 18 years (the exact periods are 17.41 

and 18.61 years respectively), while the periods of 21 +3 V—5# 

and of 2~%—3J-+7° amount to 9.74 and 37.25 years respectively, 
i.e. about half and double the length of the former. 

The combined influence of the theoretical terms II and IV therefore 

must be represented approximately by NrewcoMB's and my empirical 

term, for which I found a period of 18.6 years, and the other terms 

can have but little influence on its determination. In one respect, 

however, the method followed in our computations will be erroneous: 

we have wrongly assumed that /’ and #’ have the same argument 

as well as the same coefficient. 

To investigate in how far the different theoretical terms were 

confirmed by the observations I have proceeded as follows. On the 

one hand 1 have tried to find whether the formulae determined 

originally for h and 4, where the equality of argument and coefficient 

was not yet assumed, point to the existence of the term IV. On the 

other hand I have investigated whether the differences found before 

between the observed and the computed / and / point to the existence 

of the terms I and III. For their influencé must be exhibited in 

those differences. 
If we take 1876.0 as zero epoch and assume for the annual 

variation of the argument the value finally found + 19°.35, the 

first formulae derived on p. 379 of my first paper are. 

h = 4+.0".45 — 17.30 sin [317°.1 + 19°.35 @ — 1876.0)] 

kr 026 4. 1.46 icos 1299°.8 + 19°.35 (¢ — 1B 760) | 

If we assume that the variable part of £ must consist in: Is’. a 

term which agrees in argument and coefficient with the variable 

part of 4, and 2rd. a term of the form IV, we find for the latter: 

Fundamental Catalogue this becomes --0".13. Newcomps found (Jnvest. p. 33) for 

1862—73 as mean difference: Declination observed at Greenwich — Tabular Decli- 

nation +-0".36. Constant corrections had already been applied to the observations 

by Newcoms and, if accounting for them [ now reduce the results to Newcoms’s 

F. C., I find Obs.—Comp. = — 0”.08. So the constant correction to be applied 

to the tabular declinations is found to be small for the two periods. (Gomp. also 

below section 18 last part). 

If the observations were reduced with Newcoms’s value of the moon’s parallax, 

the differences Obs.—Comp. would be about + 0".44 and + 0.23 (last part 

added 1908 Dec.) 
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ki = + 1".46 cos [299°.3 + 19°.35 (t — 1876.0)] 
— 1.30 cos [317°.1 + 19°.35 (t — 1876.0)] 

= + 0".46 sin [828° + 19°.35 (¢ — 1876.0)] 

while, according to theory, this ought to be: 

kty = + 0".45 sin [857° + 19°.35 (t — 1876.0)] 

which, considering the great uncertainty in the difference between 

the two empirical terms, is a satisfactory agreement’). 

In the second place we shall try to find whether the differences 

between the observed / and / and those derived from the formulae 

in the {st paper, p. 382 reveal the influence of the terms I and 

HI. Therefore I shall give here those differences, which formerly 

were omitted. They are found in the following table (p. 416) under 

the headings Obs.—Comp. I. The contents of the columns Obs.— 
Comp. II will be explained later. 

The differences Obs — Comp. I will serve in the first place to find 

what the observations teach us about the term I. I have therefore 

arranged them according to the values of the argument 2 24-83 V—5 E, 

and by mutually combining the results of the 3 series, of which 

the means had first been reduced to zero, with the weights 1, 3 

and 2, we obtained the following 10 normal values for AA and Ak. 

Arg | Lh | Ak 

319° ons | +04 

356 ijs =| "50.08 

33 40.299 |. —0.29 

70 | 40.83 | —0.48 

107 40.08 | +0 32 

143 0.4 | 0.11 

180 | +0.04 | —0.18 

217 NEN: 

254 —098 | 40.10 

291 — 0.44 —0.15 

1) The results of p. 382 of the first paper would seem to point to a greater 
difference between the coeflicients of the variable parts of h and k; this would 

improve the agreement between the empirical and the theoretical argument of kyr. 
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1863 

1864. 

1865. 

1866. 

1867. 

1868. 

1869. 

1870. 

Ah Ak 

De | 0201) A {Orem 
| 

4091 | +03 | +097 | +1198 

IDA > 20:84 | S055 je = 0718 

“0.08 | 0.99 | —0.78 | —0.95 

OM | 0.83 | —0.71 | —0.18 

oee Tag ASB |, 078 

OR eee AAI OE 

0.20 | 40.03 | —140 | —0 56 

dg 20. 06 A ee Os 

4041 |. F049 | 44.01 LI 

Arden ber SS ae 

40.68 | 40.79 | —0.10 | —0.47 

40.32 | 40.33 | 40.43 | 10.45 

40.05 | —0.03 | +0.60 | +0.22 

49.09 | —0.07 | 047. | 0.52 

4049 | 40.99 | +057 | 40.27 

ronald rr S26 

Ape | 4083 Oar 0 

zaak WAG 1085 je 

40.77 | 4050 | 40.01 | +00! 

40.51 | 40. | 4059 | +064 

4065 | 4042 | 40.47 | 40.56 

40.01 | —0.01 | 4032 | HOM 

40.16 | —0.05 | 40.98 | 40.35 

—0.96 | —0.55 | —0.91 —0.84 

dn |) 4049 4) On 

40.21 | +051 | +0.08 | —0.09 

+0.64 | +088 | +0.48 | +021 

0.37 | —0.22 | 4.43 | 41.40 

_o77 | 0.73 | 40.07 | —0.98 

9.96 | OM | 0.07 jd 

—0.05 | —0.19 | —0.40 —0.45 

8 

8.9 

— 

or ft 

Or 



(r447>) 

Hence, by solving the 10 equations by least squares, we derive: 

Ah = + 0".02 cos (227 +-3 V—5 1) 

Ab 000808 (Zat 1-3 V5 EZ) 

while according to theory the two coefficients ought to be + 07.68. 
Thus it seems that the term I is not confirmed by the observa- 

tions used here. | shall show later that a somewhat modified com- 

putation leads to the same result. It may be that in the years 

considered here another inequality has neutralized its effect. 

In the second place we shall try to find what may be derived from 

the O—C. [ about the term HIL I have therefore arranged the 

Ah and Af according to the values of 2 a 3 J 4 7° and found the 

following normal values whieh, however, do not cover a full revolu- 

tion of the argument. 

Are. | Aim | Ak 

995° +0734 | 40736 

255 +082 | —0.03 
285 | +040 | 40.99 

315 ~0.02 | 40.20 

Mid +016 +0 .67 

15 0.63 | —0.24 

i) —(). 45 — 0 74 

15 | —0.48 —0.96 

105 10.51 | +0.21 

I have represented these values by the expressions: 

Pah =a +b cos(2x% 38J7+7°) 

Wh = a ben (2 G3 SF +7) 

and by solving the equations by least squares | found: 

(i Oa 

bee UE 

or from the 4h and 4s combined: 

nii bi 

while the theoretical value is — 0.32. 

The empirical determination of these coefficients is still very un- 

certain. In so far as the observations have a conclusive force, we 

may say that they confirm the inequality UI. 

28 
Proceedings Royal Acad. Amsterdam. Vol. VI. 
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The final result of the foregoing investigation is therefore that 

the observations confirm the existence of the inequalities IIIT and IV, 

but that they seem to contradict the existence of the term I. 

16. I then made a new determination of the principal term of 

the empirical inequality, after first having corrected the h and 4% 

for the inequalities HI and IV, for which I accepted the theoretical 

values. 

From the # and & for each year corrected thus, from which 

moreover the constants 4,== + 0".55 and /,= + 0".26 were sub- 

tracted *), I have first derived the values of .V. They follow here: 

| i En 
Le Nad N O20 

| | | 

1847.8 55e | —66° | 1868.5 | 473°} A20 
| | 

1848.9 137 | — 5 || 1869.5 211 +30 

1850.4 155 | —40 || 1870.5 43 | 43 

1851.2 152 | - 35 || 4871.5 |- 245 | +26 

1859.4 | 475 | —35 || 1872.5 262 | +23 

1853.5 | 207 | —24 || 4873.5 273 | +45 

1854.6 | 227 | —25 1874.5 290 | +13 

1855.8 | 314 | 438 | 
| 1895 5 gas ae Sa) 

1856.9 | 320 | +93 | 
| 1896.5 Sr es 

1858.4 AT 48 
| 1897.5 | 343 | —2 
j | 

1862.5 | 35 1 10 1898.5 349 = a4 

1863.5 |. 47 | (48 || 4899:5 | > Bish aK 

1964.5 | 80 | — 4 || 1900.5 83 | 422 

4865.5 | | 122. | 449 1901.5 100 | +49 

1866.5 | 119-| — 4 |; 49025 16 | 446 

1867.5 | 120 | —22 

If to these values we assign the same weights as before, we obtain 

the following normal values: 

1) These values of the constants were found as a first approximation after the 

inequality If had been accounted for. The differences between them and those 

‘which were finally found, + 0".43 and +0”.17 are unimportant in comparison 

with the great systematic discordances which still remain. 
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18526 N= 200°.3  Weight1 O—C—=—13°.7 
1868.5 168.7 3 oO 
1898.5 18.9 2 a a 

whence 

N = 306°.9 + 19°.36 (¢ — 1876.0) 
The annual variation of MN according to the new formula is 

practically equal to the value found before. The values of O—( 

which are joined to those of ‚NV in the table above show, however, 

that the systematic discordances are still great and the outstanding 

errors of the three normal values are even somewhat greater than 

before. 

In the second place I have determined anew the coefficient of 

the inequality. I have not done this by deriving directly values for 

each year from the corrected A and # and then taking the mean 

of the separate values, as by doing so I should have obtained a too 

large coefficient. But I have represented the corrected / and 4 by the 

formulae : 

h = — asin N 

k= + a cos N 

assuming for MN the computed values. 
In this way I derived 

from the 4 a= + 1".23 

from the 4’ =—-+ 1 .34 

from the two combined a=+1 .28. 

Hence the formulae for /’ and 4 become 

hi = — 1".28 sin [307° + 19°.4 (¢ — 1876.0)] 
ki = + 17.28 cos [807° + 19°.4 (t — 1876.0)] 

while from the theoretical term II, the Jovian Evection, there would 

follow : 

hj = — 0".88 sin [829° + 20°.68 (¢ — 1876.0)] 

ky = + 0".88 cos [329° + 20°.68 (t — 1876.0)]. 

There still remains a considerable difference between the empirical 

and the theoretical values; for 1902 the difference between the 

arguments amounts to as much as 57°. Therefore we cannot but 

conclude that still other inequalities join their influence to that of 

the Jovian Evection. 

17. The expressions ‘obtained for 4 and % according to the two 
preceding sections are therefore: 

h=h+h + hu 

k= ke dk + kur + hiv 
28% 
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For A and A we find from the mean of all the observations 

used here: 

he = + 0".48 

Ke 7 

so that the complete formulae become : 

h=-+ 0".43 — 1".28 sin {3807°+ 19°.4(¢— 1876.0)|—0".32 cos (2a—3J+7°) 

k= + 0".17 41.28 cos [307°-+ 19°.4(¢—1876.0)]- 0.32 sin (aar —3JH7°) 
— ("45 sin 0 

or putting for 2 a — 3/47’ and for @ their values and combining 

the terms / and fry which have the same period: 

h = + 0".43—1".28 sin [807° + 19°.4 ¢—1876.0)] 

—0".32 cos [198° — 9°.67 (t— 1876.0)| 

k= + 0".17 + 17.65 cos [297° + 19°.4 (£—1876.0)] 

— 0".32 sin [198° — 9°.67 (t —1876.0)] 

The values derived from these formulae L call Comp. Il and the 

differences between these and the / and / derived directly from the 

observations are shownin the table of page 416 under the headings 

OCH. 
Also the O—C'/7/ still show a distinct systematic character. The 

number of permanencies of sign has but little diminished, vet the 

mean discordance has become somewhat smaller. 

We find: 

Mean discordance from C. | it et O02 in & + 0.68 

= a from C. II iM) coe in ese 10" DE 

while using only the second and third series we should have found : 

Mean discordance from C. | in = Oe in ee OTe 

3 from C. 11 meh S= 0/50) in & + 0.49 

Finally I have employed the differences O—C'/T/ to investigate 

once more whether the observations reveal an mequality with a 

veriod of 9.74 years. Disregarding the less accurate first series, and | : ) te) 5 ? 

using directly the annual results, | found: 

for the term in / + 0".04 cos (2 %7 + 3 V—o EK) 

for the term in & + 0".08 sin(2 a+ 3 V—5 £) | 

As we see the coefficients are again found to be small, while their 

theoretical value amounts to + 07.68. 

18. After the communication of my first paper to the Academy, 

1 have still made some new calculations about the errors of latitude, 

of which the results follow here. 

The computation given on p. 386 of my first paper had shown 

that especially the values of 4 from the equation 
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Ad =a + hsinu He cos u 

as derived separately from the years 1895—98, and from 1899-— 1902 

were not in good agreement, and that between the A d for the same 

value of w from both periods there exist distinct systematic differences. 

Therefore 1 have also solved rigorously the equations for the 

separate years. As the Ad for the period investigated bij Nuwcomp 

are less accurate (therefore Newcoms himself used only the mean 

values for the whole period) I have solved for this period not the 

equations for the separate years but those for groups of 2 or 3 years. 

In this way I obtained the following values of a, 6 and c. To 

the « of 1895 

applied. The values of a derived from the two series are not directly 

1902 the corrections mentioned before have been 

comparable inter se, as the declinations were not reduced to the 

same system ‘). 

a b c 

| | i. ee 
1862-64 | —0M6 | +orex | 40"61 

1865—66 | 40.27 | +0.97 | 0.57 

1867-68 | —0.38 | 10.02 | 40.25 

1869-70 | —038 | +050 | 40.60 

1871-72 | —0.14 | -0.43 | —0.08 

1873-74) 0:32 | 0:65 | 0 39 

1895 +10. 16 —0.76 +0 SI 

1896 —0) 29 0.17 +1.12 

1807 0.97 | =0.07 | 44.41 
1898 +0 08 40 15. | 44-89 

1890 Nn he OTE! SSD 

1900 0.55 +-0.45 0.89 

1901 | 0.51 0.50 0 40 

1902 0.43 E08 | +0.79 

To these results we may add those for 1892 derived by Franz. 

I had at first overlooked the fact that Fraxz had not only discussed 

his own observations of the crater Mösting A, but also the results 

of a similar series of observations made in the same years at 

1) Comp. also the remark at the end of this section. 
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Gottingen’). As the most probable results from the two series he 

found: *) 
Gia AS 

10 =) OT 

JO = + 8.7 

These values correspond to 

a ee en nl 

Considering these results it seems possible that we must assume 

the existence of a periodic term in 6. But for the present we 

cannot go farther and we must await the results of other series of 

observations before we can formulate more definite conclusions. 

[ will now only add the following remark. As within each year 

the observations are fairly regularly distributed over the anomalistic 

revolution, the fact that in the present investigation we have disre- 

garded the corrections of the longitude depending on g cannot have 
had an appreciable influence on the determination of the 4 and e 

from the separate years. On the other hand an apparent periodicity 

in the @ may have arisen from it. 

The corrections of the longitude alluded to are of the form: 

dl =—=ssin (gq + 4) 

where x is a slowly varying angle. The corresponding corrections 

that ought to be applied to the declinations are: 

SS — 0.40 cos l Xs sin(g + 4) 

= 0.20 ssin(2g Ham + y) — 0.20 8 sin (w — y) 

1. e. partly nearly half-monthly terms, partly terms of long period 

which modify the values found for a. 

From the largest term in the correction of the longitude: 

dl=—= + 1.28 sin (g + N — 90°) 

arises a term: 

dd = — 07.26 sin (rt — N+ 90°) 

which term has a period of 17 years. 

Astronomy. — ‘Jnvestiyaton of the errors of the tables of the 

moon of HANSEN—NeEWCOMB wi the years 1895—1902.” By 

Dr. E. F. van pw SANDE BAKHUIJZEN. (Second paper, part II). 

(Communicated in the meeting of November 28, 1905.) 

19. In the preceding considerations I had not taken into account 

the correction which HaANseN’s value for the obliquity of the ecliptic 

may need. Nor had I paid heed to the errors in the observed deeli- 

nations which vary with the declination itself. 

1) Astron. Nachr. Bd. 144, S. 177. 

2) [ adopt the mean of the results found by Franz in two different ways. 



6 495) 

The latter would have required a special investigation of those 

observations, which I did not intend. As to the former point too 

little certainty seemed to exist. For although the obliquity of the 

ecliptic adopted finally by Newcomp has for the 2"4 part of the 

19% century values which are larger by 0".2—0".3 than those 

from Hansen, vet the value derived directly by Newcoms from the 

observations of the sun only agrees well with Hansen for this period. 

We have: 

1860 1900 

2327 23 20 

HANSEN 26"74 803 

NEWCOMB 27.00 8.26 

Nrwcoms Sun 26.81 1.97 

On closer consideration, however, we see that we ought not to use 

the absolutely most probable value of the obliquity, but that it is 

best to adopt for each series of observations of the moon the value 

which is derived from the observations of the sun which have been 

made at the same time and with the same instrument and have been 

reduced in the same way. For it may be easily seen that in this 

way we eliminate for the greater part the errors in the refraction, 

the flexure of the instrument ete. Some systematic errors, namely 

those depending on the conditions of the observations which are 

different for the sun and for the moon will be retained undiminished 

in the results, yet I hold the course proposed here for the best, 

unless elaborate researches on the errors of the observations have been 

made. In this way, at any rate we may get some insight into the 

influence which the values adopted for the reduction elements of the 

observations have on the elements derived for the plane of the 

moon's orbit. 

20. For the periods discussed by Nrwcomp and by myself we 

must therefore find the values of the obliquity of the ecliptic which 

follow directly from the observations as they are given in the Annals 

of Greenwich and of Washington. 
For Greenwich I could use the resulting values given for each 

year in the Greenwich observations and derive from them the correc- 

tions of Hansen’s obliquity. For 1895 1902 these corrections were 

combined into one mean, but the period 1862—1874 was divided 

into two parts: 1862—67 and 1868—74, because in the year 1868 

Stone's refraction constant had come into use, which is smaller by 

about 0.5°/, than that of Besse. There are also differences between 



the values adopted for the flexure of the instrument in the different 

vears, particularly between those before and after the piercing of 

the cube in the autumn of 1865, but these differences are neutralized 

for the greater part by the different values which are adopted for 

the so-called R—D correction, and therefore I thought best not to 

make more subdivisions. In this way I found : 

Greenwich de HANSEN 

1862—1 867 SE dE 

1868—1874 E10 22 

1895— 1902 + 0.31 

For Washington I could only use the values given by NEWCOMB in 

his Astronomical Constants p. 31. I supposed that the values given 

there for de, if again I subtracted from them the reduction to the 

“Pulkowa refraction’, would agree with those which follow imme- 

diately from the results in the Washington observations *). Im this 

way L found: 

Washington de HANSEN 

1862—1874 =) 402. 

Hence the corrections which must be applied to the obliquity of 

the ecliptic according to HANSEN become: 

18621667... deze 00 

1868— 1874 06 19 

1895-1902 ad 

The results of Fraxz cannot be corrected in this way. I assumed 

for them, according to Newcomp’s final formula de = + 0".24. 

We now ean determine directly the influence of these corrections 

on the coefficients of sin a and cos u derived from the observations. 

For we have as a sufficient approximation : 

dd—cosssecd sinlde= 0.96 sin Ll de 

— 0.96 (cos 6 sin u + sin 6 cos u) de 

and the corrections that must be applied to the coefficients 4 and e 

are therefore + 0.96 cos 6 de and + 0.96 sin 6 de respectively. 

Hence we find as the corrected values of b and c: 

1) | could not make out this with certainty from the sneeinct discnssi n m the 

Astr. Const. and, as it is well-known, a more detailed publication of these impor- 

tant researches was frustrated by circumstances. 
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[86264 | 40754 | +044 

1865—66 | +0.08 | 40:51 

1867 — 68 —0.04 +0.25 

1869 —70 | 0) D4 | +052 

1871-72, | —0 15 lS 

1873—74 = 0.72 +0.33 

1892 eee lee 0:00 

1895 —O.47 | -+0.74 

(896 | 40.08 | +0.96 

1897 ie RE: 

(SOE oe erat: 60 

1899 078 = 2079 
| | 

AC | 35 | . 1900 | 0.35 | 0.61 

AMO EO U De 

1902 EO |, 150.638 

If we examine the values of 5, it appears that the periodic 

character which before they seemed to reveal, has become much 

less distinet, while the preceding remarks point to the possibility 

that also the corrected values of / and ¢ may still be affected by sensible 

systematic errors, for instance by an error of Hansrn’s parallax of 

the moon. For the time being there is therefore no sufficient reason 

fo assume the existence of unknown inequalities in the inelination 

and the longitude of the node. 

The mean results for the two elements then become: 

di Om) Weieht 

1268 — 008 +37 3 

1892 0. 28 10.5 | 

4899 (eo + 9.2, 3 

Mean 1855 —0".10 +7".0 
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Hence: 
Correction of the centennial motion of the node + 13" 

Fe -1SON. eS ee ees 2. ae coe ee 

If for the constant of the moon’s parallax we accept, instead of 

Hansen's value, that of Newcomp which is larger by O41, the cor- 

responding variation in the Ad becomes —O"41 sim =z or about: 

— 0.31 + .0"10 sm 7, hence that in the 5 and c respettively: 

+ 0"10 cos 6 and + 0°.10 sin 0. 

We then obtain: 

| ob 29 | Weight 
| | 

1868 — 005 40 3 

1892 +0.21 458 1 

1899 —0 26 8 4 3 

Mean 1885 — 010 + 69 

Hence: 

dT GOO ee 

The influence on the final results therefore is immaterial. 

Astronomy. — ‘‘( ontributions to the determination of geographical 

positions on the West-coast of Africa”. (II). By C. SANDERS. 

(Communicated by Dr. EK. Fy van DE SANDE BAKHUYZEN). 

(Communicated in the meeting of October 31, 1903). 

Il. Determination of the longitude of Chiloango made 

in the years 1901 and 1902. 

1. In a preeeding paper “Contributions to the determination of 

geographical positions on the West-coast of Africa” *) I have given 

some preliminary results obtained for the longitude of Chiloango *). 

After that time until my temporary return to Europe in the autumn 

of 1902 1 have, as far as possible, continued my observations and 

extended them to the 2¢ limb of the moon. Lately I have been 

able to reduce the whole set of observations with all possible accuracy. 

1) Proceedings Acad. Amst. IV, 1901, p. 274. 

2) Owing to an error in the sign, the results given there for March 3 and May | 

were wrong. 
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2. Arrangement of the observations. On this subject 1 have said 

a few words in the paper mentioned. Here L shall consider some 

points more in detail. 

All my observations were made by the method of equal altitudes 

of the moon and a star. Because of the small latitude of my station 

(gy = — 5°12’) I could make the observations in such positions that 

the parallel was at small angles with the vertical circle, i.e. that 

the parallactie angle differed little from 90° or 270°, Hence the angles 

of the moon’s orbit with the vertical circle were not great either 

and therefore the accuracy that can be reached by means of obser- 

vations of the moon was actually attained very nearly, in so far as 

it depends on the geometrical conditions. 

1 used my universal instrument deseribed before, and the obser- 

vations consisted in noting down the moments at which the 

visible limb of the moon and the comparison star attained the same 

altitude. The instants of transit over the horizontal threads were 

determined, first for the one, then for the other object, either com- 

bined with readings of the alidade-level. In this way I have obtained 

24 observations of the 18* limb scattered over 10 nights and 12 

observations of the 2! limb over 3 nights. I regret that it has not 

been possible to add to the last number. 

The instrument has always been used in the same position, telescope 

right. In order to prepare myself for the observations-1 beforehand 

computed for given moments the azimuth and the zenith-distance of 

the moon and the star, while the azimuth of the instrument was 

known by means of the harbour-light *). Each time the level was 

read. just before the transit observations. The reticule has remained 

in the same position since February 1901 *), so that each time the 

transits could be observed over 7 threads. 

The distances between these threads were about 75, 6%, 45, 45, 7s, 

Gs and owing to the rapid succession of the transits and the rather 

small power of the telescope, I did not succeed in estimating further 

than the full beats of the chronometer. In future observations it may 

perhaps be better to sacrifice some transits in order to try to reach 

a higher degree of accuracy in the others. 

Another result of the rapid succession of the separate transits was 

that I was unable to follow the observed object in azimuth during 

its transit over the reticule. Hence in some cases it passed in 

a somewhat oblique direction and while I always took care that the 

1) Comp. Contributions to the determination of geographical positions etc. [. 

p. 3 (276). 
*) Ibid. p. 16 (289). 
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transit over the middle thread should take place very near the middle, 
the transits over the other threads were observed on either side of 

it. It may be easily shown, however, that in the present case no 

appreciable errors can arise from this. 

In the first place we shall show that even the errors in the abso- 

lute zenith distances generally will be small. By the symmetrical 

arrangement of the observations, the influence of an inclination of the 

reticule as a whole will be eliminated from the mean result and 

the influence of the curvature of the parallel of altitude will always 

be small for my observations. At a horizontal distance ¢ from the 

middle of the field the influence of the curvature of the parallel on 

the zenith distance is : 

ze tot. sind. 
») 
a 

Now the proportion of the horizontal to the vertical motion, putting 

for the parallactic angle p, is coly. p, and for a transit over a thread 

at a distance f from the middle thread the correction of the zenith 

distance will be 

z= > a cota” p cotg 2 sin 1" 

while the extreme threads are at distances of about 175 or 250" from 

the middle thread. In one observation, that of L901 Febr. 25, which 

owing to the unfavourable relative positions of the moon and the 

star perhaps had best be excluded, the value of coty. p was 0.68, 

while for the rest its greatest value amounted to 0.94 and it was 

generally much smaller. In the most unfavourable case, therefore, we 

have for the extreme threads ¢ == 170" and Az = 0.08. In all the 

other observations we have always Az < 07.02. 

The influence on the difference between the zenith distances of 

the moon and the star, however, is much smaller still, as the moon 

and the star always differed little in declination and hence at the 

moments of the observations were at about the same parallactie 

angle. The difference between the parallactic angles was, excluding 

the observation of 1901 Febr. 25, for which p—p'=7", in maximo 

3°. So the influence of the curvature of the parallel is almost entirely 

eliminated in the results of the observations. The same is the case 

with the influence of the inelination of the individual threads. 

That L did not follow the star in azimuth has therefore had no 

injurious consequences and no corrections are required. On the other 

hand the consequence may have been that the stability of the instrument 

during each transit was greater. 
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After the first object had been observed, the instrument was 

carefully brought into the azimuth of the second. The difference 

between the level readings in the two positions was always smaller 

than 1 division =5".4 and for 33 of the 36 observations smaller 

than 015. The interval between two corresponding transits of the 

moon and the star was always less than 25 minutes and generally 

much less. 

Finally I remark that, excluding 1901 Febr. 25, the value of the 

parallactic angle during the observations was always enclosed between 

80° and 110° or between 250° and 280°, 

3. Determinations of time. Rates of the chronometer. Except on 2 

nights (L9OL Oct. 6 and 13), when [ observed transits of stars over 

the meridian, the corrections of my chronometer to the mean time 

of Chiloango were always determined by observations of altitude. 

For this | refer to my previous paper (Contributions I p. (276) 3), 

where I have also given the corrections of the chronometer and the 

daily rates for the period 1900 Oct.—1901 July. As, however, | 

have since been able to correct the observed altitudes for the rather 

large division errors and the flexure of my instrument (Comp. Lc. 

p. (285) 12), I once more give in the following table the corrections 

and the rates for the whole period 1901 Jan.—1902 May. The rates 

hold for the interval between the date on the line above and that 

on the same line. In the next column are given the mean tempera- 

tures; those for L902 Jan. 6—Febr. 5 are interpolated values because 

thermometer readings were wanting. (See table p. 480). 

From these data I have derived a formula for the influence of 

the temperature on the rate. As the differences in temperature are 

small I could only determine a linear influence. I found: 

1901 Jan. 18—Apr. 28 + 08.91 + 26°.0 

1902 Febr. 5—May 17 + 1.07 + 25.8 

Mean + 0.99 + 25.9 

1901 June 17—Sept. 10 + 0.19 +4 21.4 

hence: 

Influence of 1° + 05.178 1). 

By, means of this temperature coefficient I have reduced all the 

observed rates to + 24° and these reduced rates are given in the 

1) For this computation too the rate in the interval 1902 April 30— May 12, during 

which the chronometer was transported to Mayili and back, was used erroneously. 

If we exclude it, we find for the second summer-rate + 1s.05 at 26°.0 and for the 

temperature coefficient + 05,171, which differs little from the value found above, 
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last column of the preceding table. There seems to be a slight 

gradual retardation, but for the rest the reduced rates in the main 

agree satisfactorily, while some of the most discordant values belong 

to short intervals. As the lengths of these intervals are very different, 

it would have little sense to derive a value for the mean dis- 

cordance. 

4. The reduction of the observations for longitude. For the 

reduction of my observations L followed the method given by Prof, 
OUDEMANS +). 

I also followed his advice not to reduce the transits to the middle 

thread, but simply to take the mean of the observed times of transit. 

A slight disadvantage of the course followed by me is that, when 

either for the moon or for the star the transit over a thread has 

not been observed, we must also exclude the corresponding transit 

of the other object. This was only the case with the two observa- 

tions of 1901 May 21). 

Having found in this way the times of the passage over the mean 

of the threads we had now first to determine the differences § between 

the observed differences in zenith distance of the moon and the star 

as shown by the level-readings and the values computed for them 

with adopted reduction elements, among which an assumed longitude 

of the station. Secondly the equations of condition were formed, by 

means of which the values of § are connected with the variations of 

the adopted elements. These equations were transformed so as to 

express AL, the variation of the adopted longitude, as a function 

of §, and of the variations of the adopted latitude, of the adopted 

correction of the chronometer, of the times of transit of the moon 

and the star, of the adopted right ascension and declination of the 

two objects and of the adopted values for the parallax and the 

semidiameter of the moon. 

On the one hand this course enabled me to correct the results 

found provisionally as soon as corrected values of the reduction 

elements had been derived; on the other hand the equations showed 

the influence of residual errors in the observed quantities and in the 

reduction elements. 

In the first place IT shall consider the values adopted finally for 

the elements of reduction. I accepted as the latitude of the station 

5? 12'4".0 (Contributions 1 p. (284) 11). The corrections of the 

1) Versl. en Med. Kon. Akad. Amsterdam 6, 1857, p. 25—40. 

*) By using only corresponding transits we also eliminate the influence of the 

refraction. 



chronometer were found by direct interpolation between the observed 

values as given in the table above. As the temperature varied only 

slowly I deemed it unnecessary to account especially for its influence, 

The right ascension and declination of the comparison stars were taken 

from the ephemerides of the nautical almanac which for these years 

are based on Newcome’s Fundamental Catalogue and for my purpose 

could be considered as absolutely correct. This is not the case with 

the right ascension and declination of the moon, as the errors in 

the values computed by means of the tables of HaNsex-NEWCOMB 

may still be quite sensible. 

dspecially with a view to my observations, EB. F. vaN DE SANDE 

BAKHUYZEN has undertaken an investigation of the errors of those 

tables?) and L could avail myself of his results. For the derivation of 

the corrections that must be applied to the moon’s places I, on his 

advice, proceeded as follows. 

Let us first consider the errors of the iongitude. For the constant part 

of the correction of the mean longitude I adopted + 27.20 (Baku. 1 p. 

376 and 383) and to this I added the corrections for the parallactic 

inequality ete. computed from the formula of Baku. Lp. 375. The 

sums of these two corrections were transformed into corrections of 

the true longitude, and | again added to these the corrections for 

the inequality in the true longitude which Newcomp had been the 

first to find and which Bakunuyzen had determined anew from the 

observations. I used therefor the values of the coefficients h and /& 

as given by the formulae in Baku. IL p. 420, but added to either 

of them the constant correction — 0.30, in order better to represent 

the observations (comp. Le. p. 416). These corrections should be 

applied to the orbit longitude, but with sufficient approximation might 

be considered as corrections of the ecliptic longitude. 

As correction of the moon’s latitude L adopted (comp. Baku. I 421), 

AB = — 07.58 sur wt 0.086(A LANE) cos 

where represents the argument of the latitude and 4/ the total 

correction of the longitude, while I assumed for the correction of 

the longitude of the node for 1902 + 12"1. 

From the corrections of the longitude and the latitude formed in this 

way, I derived those of the right ascensions and the declinations by 

means of the tables in Newcomp’s ‘/ivestigation”. Another correction, 

however, had still to be applied to the right ascensions, the reduction 

DE, FP. var pe Sanpe Bakuuyzen, Investigation of the errors of the tables of the 

moon of Hansex-Newcomp in the years 1895—1902. [ and IL, Proc. Acad. Amster- 

dam Dee. 19th 1903. These two papers IT shall quote as Baxn. [ and Baku. ll. 



from the equinox of the LO Year Catalogue, for which the errors of 

the moon had been determined, to that of NuwcomB’s Fundamental 

Catalogue trom which the positions of the stars were taken. I 

adopted for this reduction + Os.054. 

The adopted corrections in 2 and > and those in « and J are 

given in the following table together with the comparison stars used. 

Al iet Ap | Ne | A3 Star 
| 

Oe Mane El ES —0.52 | 0.146 —0.03 | 9 Aquarii 

kaos a Le ie 167 0.42 « Aquarii 

) 95,8 2 80 10.16 NN Sino é Piscium 

Febr. 25.8 SA OF 40.72 340 | HA 56 x Tauri 

March 373 +4.75 +0.65 | Ran —0 90 z Leonis 

May 1.2 IR ED „200 | = 4,69 z Virginis 

> 8.3 | 4440 | +089 | 347 | 40.53 | ¢Geminorum 

» 93.3 | 1485 | 40.7 387 | —0.56 z Cancri 

July” 29,3 44.47 AAD 327 —1.94 « Virginis 

Now 17:3 “9798 es a i Naga (OC 2 Capricorni 

1902 Jan. 24.4 3.54 0.57 | 297 —0.42 2 Cancri 

March 25.3 | 3.12 —0.59 0 |. 8 « Virginis 

April 93.3 | +9.8% (On 294 et x Librae 

For the moon’s parallax I have provisionally adopted HaAnsmn’s 

consiant, while for the computation of the corrections for parallax 

brsseL’s elements of the figure of the earth were used. The correction 

of HAnsen’s constant is still uncertain and at any rate not large. 

It will appear moreover that its influence is eliminated to a great 

extent in the final result because observations have been made 

as well before as after the meridian passage. 

The value for the moon’s diameter corresponding to my mode of 

observation must naturally be derived from my observations them- 

selves by comparing the results for the first and the second limb. 

In the following table I shall give a summary of the results 

obtained. The 2¢ and 34 columns contain the values of & and of 

A L == correction of the assumed longitude — 48™32s.0 each computed 
by means of the moon’s places of the Nautical Almanac, but, with 

the values finally adopted for the other reduction elements. The 

29 
Proceedings Royal Acad. Amsterdam. Vol. VL. 



4'h and 5 columns contain the corrections of 4 L resulting from 

the adopted corrections of the right ascension and the declination of the 

moon, the 6% contains the corrected values of 4 Land the 7™ the mean 

results for 4 from the observations of each day. The last column 

shows the derivatives of the longitude relatively to the corrections 

of the chronometer. The derivatives relatively to the other elements 

are omitted to save room. I| shall only give hereafter their mean 

values for the observations of each limb. (See table p. 435). 

Now the question arises what weights must be assigned to these 

results and how they will be best combined. 

First it must be borne in mind that in 190L January the transits 

were observed over 2 threads only and in all the following obser- 

vations over 7, except in two cases over 6 threads. Therefore we 

have assigned the weight */, to the first mentioned observations. 

Secondly we must pay attention to special unfavourable eireum- 

stanves during the observations, and then we find that for that 

of 1902 Jan. 24 the star was only faintly visible through the 

hazy atmosphere, and that for the first observation of 1902 March 25 

an uncertainty prevails about one of the level-readings. To these 

observations also the weight '/, was assigned *). 

Finally we had to pay heed to unfavourable geometrical conditions 

for some observations, which might highly inerease the influence of 

some reduction elements, and also to special cases of uncertainty 

in one of those elements. I have already mentioned that on 1901 

Febr. 25 the observation had been made with very unfavourable 

relative positions of the moon and the star. The values of the 

parallactic angle were for the moon and the star 124° and 117° 

respectively, while in the other cases the most unfavourable value 

was 108’ and the greatest difference between the values for the 

moon and the star amounted to 3°. We now see that owing to this 

the derivative relatively to the chronometer-correction is exceptionally 

large, while also those relatively to the latitude of the station and 

to the moon’s declination have the largest value here. 

A special uncertainty on certain days can only be expected 

in the chronometer-correction. A measure for this uncertainty is 

given by the interval between the observation of the moon and 

the nearest time-determination, and it appears that this interval 

for almost ail the observations lies between O and 3 days, but 

for 1901 Febr. 25 amounts to 6 and for 1901 March 3 to 12 a 

days. Another time-determination had still been made on Febr. 28 

1) This has been taken into account in the derivation of the mean result for 

March 25 in the table above, 
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but the resulting chronometer-correction: Febr. 28 8.4 4 56m 155.53 

is somewhat uncertain. 

After due consideration of all these circumstances, 1 have entirely 

rejected the observation of Febr. 25; to the 3 observations of 

March 3, however, I have ultimately assigned full weight. For the 

derivatives relatively to the chronometer-correction for March 3 are 

very small and their mean value is only + 0.04, while on the other 

hand the chronometer-correction for March 3 changes only 0526, if the 

time-determination of Febr. 28 is taken into account. 

This being established, we had still to find in what way the 

separate results had to be combined. We had first to investigate 

Whether constant errors had to be feared for the results of the same 

night. On the one hand 1 therefore derived mean results for each 

limb by combining the separate observations with the accepted weights 

and from the discordances found | computed the mean error of a 

result with weight 1. On the other hand [| determined the mean 

error free from the influence of the constant error of the night by 

comparing the separate results with the mean result of the night 

for those nights in which more than 8 observations had been made. 

In this way I found for weight 1, 1. e. for the result of one obser- 

vation without special uncertainty : 

Total mean error Limb 1 E65 

ze = eh ares seu! 

Partial nj NE eee 

Although the last value is very uncertain, there seems to be no 

reason to assume in the results of the final reduction errors that 

remain constant during the same night. Hence in deducing the final 

results we need not ask in which night the observations have been made. 

In this way we shall now derive for each limb the mean value of 

A L and also those of the derivatives of the longitude respec- 

tively to the other variable quantities. Let us put for the varia- 

tions of the latitude of the station, of the chronometer-correction, of 

the chronometer-time of transit of the moon, of its right ascension, of 

its declination, of its parallax and of its semidiameter: 4g, 46, 

At, Aa, Ad, Aw and AR and let AZ, Aa’, and Ad be the cor 

responding quantities for the star. Then we obtain: 

IA L=-— 1s.08 — 0.03 A g — 0.48 A 6 + 28.05 Af 
— 98:53 A tf = 99:05 Ae 322853. at OOP 
+ 0.00 A d' + 0.86 Aa + 2.00 A R.... Weight 19.5 

WAL=+ 03.704 0.01 Ag—O0.71 AG + 28.51 At 
22922 Af Ile ioe ae eh Ub ad 
— 0.06 A d' — 1.72 A w—2.03 Adi. Weight 11 
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The variations AL, 46, At, Af, Se and Ae’ are expressed in 

seconds of time, the other ones in seconds of are, and the deri- 

vatives are formed accordingly. Naturally the terms in A9, At, 

At’, Ae, Aa’, Ad and Ad now can only relate to constant errors 

in these elements. The 4a and AR of the separate equations rigo- 

rously express the variations of the parallax values and semidiameters 

for the actual distances, but might approximately be considered as 

those of a, and #,, the parallax-constant and the semidiameter for 

distance 1 5). 

We now perceive that the influence of an error in the latitude 

is very slight and that this is also the case with constant errors in 

the declination of the moon or the stars. An equinox-error common 

to the moon and the stars is not entirely eliminated, but its influence 

is immaterial and my personal error in transit observations, which 

influences 6, ¢ and ?’, is eliminated in so far as the error is the 

same for the moon and the stars. The only terms which we have 

to consider further are therefore those depending on 4a and 4 RP. 

If we accept fer the two limbs as mean error for weight 1 = 55,65 

and + 45.84 respectively, as it may be that indeed the observations 

of the second limb are a little more accurate, then we have: 

Ani 086 Ag, 2.00 A he === 15.08 == 15:28 

WTAL+LV2Aa, + 2.03 A hk, = + 03:70 + 15.46 

The mean of the two results without regard to their weights Is: 

ALE 043-4», 4- 0.02 AR, = — O29 + 03.97 

and the resulting longitude found in this way, apart from the fact 

that it is not wholly free from personal error, is affected only by 

the uncertainty in the constant of the parallax. [finstead of TLANsny’s 

constant we adopt that of Nawcoms (Astronomical Constants p. 198 

which is larger by 0."4, our result becomes: 

A L= — 05.36 + 03.97 

Hence we see that the influence of the uncertainty in the constant 

of the parallax is probably not great. 

As my final result I accept A L = — 0:.3, and hence: 

LONGITUDE OF THE OBSERVATIONPIER 

d= SS ae Oe cea 0) 

1) If the coefficients of Az, and AR, are determined rigorously we find: 

for limb I 40.83 and +1.93, for limb IL — 1.66 and — 1.95, or practically 

the same values as formerly (added 1904 Jan). 



( 438 ) 

Besides we find by subtracting the two equations: 

4+ 9.58 Ar, + 4.03 A 2, = +1".78 + 1.94 
or 

A R, + 0.64 A a, = + 0'.44 + 0' 48 
and 

fOr. mt, HANSEN se i, Sa 

» NEWCOMB,..:. 4. == 0/18 

or the semidiameter corresponding to my observations does not differ 

much from that of HANSEN. 

As to the accuracy reached in my observations we find as mean 

error of an observation over 7 threads without special uncertainty, 

as it is derived from the observations of the two limbs: 

ME =e 

With this mean error we may compare the one found by Prof. 

OvprMaNs for the analogous observations made by 5. H. and G. H. pr 

LANGE at Batavia’) and that derived by Auwers from several longitude 

determinations made by FLEvRIAIS by means of moon-culminations?) 

DE LANGE 1851—54 Ms Eat cobs: = 58.25 

FLevriais 1867—70 M. E. of average obs. + 3°.14 

The value for FLeuriaAis is the mean of the results from the obser- 

vations at 9 stations. In comparing these results it should be borne 

in mind that the two instruments and especially that of FLEURIAIS were 

more powerful than mine. On the other hand it was more difficult 

to derive accurate places of the moon for the years 1851—54. 

Finally 1 shall reduce my result to the harbourlight and to the 

flagstail of the residence at bandana. By means of the triangulation 

mentioned before *) IT found as differences of longitude : 

Harbourlight — Observationpier — + 05.22 

Flagstaff — " == 148: 

Hence the longitudes from Greenwich become: 

Loneitupr HARBOURLIGHT — 48m 325. + 1°.0 

LONGITUDE FLAGSTAFF = AB soo 0 

The Enelish Admiralty-chart gives for the longitude of the harbour- 

light 12° 8’ Kast = — 48™ 325. 

I. Determination of the geographical position of May. 

5. Mayili, a factory of the firm Harrox and Cookson is situated 

1) J. A. G Ovpemans. Verslag van den geographischen dienst in Nederlandsch-Indié, 

1858- 1859. Batavia 1860. 

2) Astron. Nachr. Bd. 108, p. 313. 

5) Contributions I p. (287) 14. 



on the left bank of the Chiloango river a little below the confluence 

of the Luali and Loango rivers. 

In May 1902 1 had an opportunity for making here a latitude 

determination and for determining the difference of longitude with 

Chiloango. 

My instrument was mounted on a heavy wooden tripod, made 

especially for the purpose, which secured sufficient stability. The 

observations, however, were very difficult, owing to myriads of 

insects which made it almost impossible for me to hear the beats 

of the chronometer. 

On May 3 I made the first time-determination, on May 4 | 

observed the circummeridian altitudes of 8 Ursae Majoris and 4 

Centauri for the determination of the latitude and lastly on May 7 

I made a second time-determination. 

6. Determimation of the latitude. The two stars used for the deter- 

mination of the latitude culminated at zenith distances of 62°.0 North 

and 57°.4 South. At each of them 8 pointings have been made, + 

in either position, and so that the last pointing was made in the 

same position as the first and that they were made on either side 

of the meridian. 

As run-correction for the mean of the two microscopes L applied 

per 10'-- 2".0: The value of a level-division was put at 5".4 as 

before and the refraction was computed from Busser’s tables. 

Here follow the results obtained. For each star 4 results have 

been formed from the 4 pairs of pointings. To the means of those 

4 results corrections for division error and flexure have been applied, 

derived from the formulae computed before. The cirele was at 

zenith-point O°, 

RESULTS FOR THE LATITUDE. 

B Ursae majorts a Gy 

48.20 

44.23 

46.59 

Mean =— § 4° 44762 

Corrected AP ea tt a a a AOP 

5430 08 

20,00 

bont0 

36.92 

Mean EE le, 

mtrebkedens Mede Vern Te ee 8 4 40".8 

2 Centauri 
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The two corrected results agree nearly exactly, while also the 

mean of the uncorrected results — 5°4’ 40.1 differs only very little 

from them. 

I therefore accept : 

5° 4’ 40". Latitude of Mariui j= 

re 

ic 

May 3 was made by the observation of Sirius in the West, that of 

Determination of the longitude. The time-determination of 

May 7 by the observation of Sirius in the West and of « Virginis 

in the East. Unfortunately in the observation of May 3 one of the 

level readings is uncertain. 

The reduction by means of the final value for the latitude, 

correcting the circle readings for division error and flexure, gave 

the following corrections of the chronometer to the mean time of 

Mailt: 

Chronom. corr. LD. ine 

May 3 84 Ld bh Om on 

Taen ~jahande90,., + 45.92 
28.00 

Mean te died Zone 

For the correction to the mean time of Chiloango 1 obtained 

before and after the travel to Mavilr: 

Chronom, corr De RR. 

April 30 8'3 + {hm 58-72 

+ 1°16 
May 12 8.4 1 12.58 

If from these results we interpolate the corrections for the instants 

of the time-determinations at Mavilt and compare them with those 

determined there we find: 

Mayili hast of Chiloango May 5 fm 21s.13 

ned Ti Se 

The time-determination of May 3 is, as said before, somewhat 

uncertain, vet on the other hand it seems better not to reject it 

altogether, as owing to the two travels and to the fact that the 

temperature at Mayili was higher by 1 or 2 degrees than that at 

Chiloango we may not a priori count on the constancy of the rate 

between April 30 and May 12. 

The two results do not differ much and 1 adopt: 

Mayitd East or CHILOANGO 1™ 218.3 

LONGITUDE FROM GREENWICH HM 56. 
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Physics. — “Al determination of the electrochemical equivalent of 

silver” By G. vaN Duk and J. Kunst. (Communicated bv 

Pron, Et. “HAGAs) 

The principal determinations of the electrochemical equivalent of 

silver have yielded the following values: ') 

MascaRT 0011156 1884 

F. and W. KorrLrAuscH 0,011183 1884 

Lord Rarrrien and Mrs. Sipewick 0,011179 1584 

Prrrar and PoriEr 0,011192 1890 

KaAure 0,011183 1898 

PATTERSON and Guru 0,011192 1898 

PELLAT: and Lepuc HOL LOD 1903 

The difference in these numbers is due, partly to the method of 

the determination of the strength of the current, partly to the way 

of constructing and using the voltameter. 

In most of the investigations the strength of the current was 

measured by means of an electrodynamometer in some form or other, 

either directly or indirectly with the aid of a standard cell (cell of 

CrarK). F. and W. Konnrauscn used a tangent galvanometer. 

For the voltameter the circumstances differed as to the composi- 

tion and the concentration of the electrolyte, the shape, the dimensions 

and the composition of the cathode, the way of washing and drying 

the silver deposit. 
The ‘Bedingungen unter denen bei der Darstellung des AMPERE 

die Abscheidung des Silbers  stattzufinden hat” are inserted in the 

“Reichsgesetzblatt” of May 6, 1901, p.1277) among the regulations 

of the law concerning the electric units sub § Sa. 

In connection with the rather considerable difference between the 

values found for the electrochemical equivalent of silver, a new 

investigation as to the value of this quantity in which the above 

mentioned conditions are followed, did not seem to be supertluous 

to us. The tangent galvanometer has been chosen for the measure- 

ment of the strength of the current. Owing to the high degree of 

accuracy with which the constant of this instrument, and the hori- 

1) Mascart. Journ. de Phys. (2) 3, p. 283, 1884 F.and W. Korrrauscn. Wied. 

Ann. 27, p. 1, 1886. Lord Rayietan and Mrs. Srpewiex. Phil. Trans. 2, p. 411, 1884. 

Prervar and Porter. Journ. de Phys. (2) 9, p. 381, 1890. Kanne. Wied. Ann. 67, 

p. 1, 1899. Parrerson and Gurue. The Phys. Review 7, p.251, 1898. Perrar and 

Lepuc. Compt. Rend. 136, p. 1649, 1903. 

*) Also Zeitschr. f. Instrumentenk. 6 Heft. 1901, p. 180. 



( 442 ) 

zontal intensity of the terrestrial magnetism and its space- and 

time-variations may be determined, this method is very well adapted 

for a laboratory, which has been built without iron and in a place, 

Where no vibrations or stray currents in the earth are to be feared. 

Determination of the horizontal intensity of the terrestrial 

magnetism: H. 

To this purpose we have followed the bifilarmagnetie method of 

KF. Konrravsen *(Wied. Ann. 17, p 737, 1882). The absolute bifilar 
magnetometer was fastened at the top of a high wooden tripod. 90 

em. to the north and to the south of it the tangent galvanometers 

were erected on pillars of freestone cemented on the bottom with plaster. 

The dimensions of the magnetometers of these galvanometers are 

about the same as those of the “Elfenbeinmaegnetometer” of KOouHL- 

RAUSCH, but they differ from it in an important detail. The needle 

with the mirror of the ““Elfenbeinmagnetometer” oscillates within a 

small cylindric space, whose sides are only a few millimeters apart 

and parallel to the plane of the mirror. In this way the damping 

has been obtained. The local influence of the instrument is nearly 

exclusively determined by the magnetic or diamagnetic properties of 

the material of which the front and back sides consist, which is 

usually glass. In consequence of the small distance between the needle 

and the glass walls this influence is variable with their relative 

position. This renders the magnetometer in this form unsuitable for 

observations which require a somewhat longer time, as we are not 

sure of a constant position of the needle. It is therefore that we 

have modified the instrument in such a way that the distance of the 

needle from the fixed parts of the apparatus is large enough, the 

damping being obtained in another manner. The space in which needle 

and mirror oscillate is a vertical, thinwalled turned evlinder of wood 

with an internal diameter of 4 ¢.m. The frontwall has been pierced and 

round the hole a rim has been cemented in which the glass front 

fits. A vane of mica is suspended on the cross, which supports the 

mirror and to which the needle is riveted. This wing can move in 

a narrow space which is found in the base of the instrument and whose 

width amounts to a few m.m. In this way a strong air-damping 

has been obtained. 

In order to determine the local influence the magnetometer was 

turned round the needle, sometimes in positive and sometimes in 

negative direction; each time over an angle of 5°. Before the mirror 

a telescope with-a scale was placed, and the distance had been 
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regulated such, that turning an angle of 5° corresponded to 50 em. 

of the scale. From different series of observations, in which the 

variations of the declination were read from another magnetometer, 

it appeared that turning an angle of + 5° or — 5 from the position 

of equilibrium caused a deviation of the mirror from —+ 0,003 cm. 

to — 0,002 ¢.m. for one of the magnetometers and from + 0,003 ¢.m. 

to — 0,007 em. for the other. (The sign ++ indicates that the tur- 

ning of the mirror and of the magnetometer are in the same direc- 

tion.) These numbers are the mean values of a series of usually 10 

observations. The needle had a different position in different obser- 

vations, either more foreward or more backward; no fixed relation 

between the deviation and the place of the needle could be observed. 

We have equated the local influence to zero; the error ensuing from 

this will not amount to more than to some hundredthousandths. 

A rectangular turned copper ring 8,4 m.m. large and 3,6 m.m. 

thick, supported by a wooden frame formed the circuit of the tangent 

galvanometer, which was placed south of the bifilar magnetometer. 

It resembles the apparatus described by Konrravsen Wied. Ann. 15, 

p. 552, 1882. 

The circuit of the tangent galvanometer placed to the north was 

formed by a copper wire of 0,059 em. diameter, tightly strained 

round a marble disc; the magnetometer can be placed in a triangular 

opening, which is cut out of the disc. 

In order to determine the local influence, the magnetometer was 

supported free from the other part of the tangent galvanometer and 

this was turned over an angle of 380° round it to either side. We 

found that turning the marble galvanometer from —+ 30° to — 30° 

caused a deviation of the mirror in one series of — 0,002 em, 

another time of 0,000 em. For the other galvanometer this deviation 

amounted to + 0.004 em. This difference may be ascribed to expe- 

rimental errors, and therefore no influence of the instrument exists 

here either. 

The ratio of the values of 7/7 at the place where the bifilar magnet, 

and at those where the needles of the magnetometers were suspended, 

was determined with the local-variometer of KonLrAtscn; a bifilar 

variometer indicated the time-variations of MH. 

From the observations with the local-variometer — the corrections for 

the time-variations being applied — the ratio of the values of the inten- 

sity of the “magnetic field was derived as the average value of a 

series of numbers, whose extreme values differed less than road: 

The ratio of H at the places of the bifilar magnet and of the 
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needles inside the magnetometers may be deduced from these data. 
The distance between the suspension-wires above and below, the 

length of the wires and the weight which they support, are of 

primary importance for an accurate determination of the value of 

HX M for the bifilar magnetometer (.J/ = magnetic moment of the 

magnet). The wires run above and below closely along two small 
1 

» scales divided in mm. The distance between the wire and the 

two adjacent divisions of the scale is determined by a microscope 

with ocular scale. (1 m.m. corresponds to about 23 divisions of 

the ocular seale) and the distance between the divisions of the two 

scales is determined with a comparator. The distance is about 

12.4 cm. These measurements have been performed before and 

after the observations (August 1903); the difference of the distance 

of the wires found in the two determinations amounted to: 

above 0,004 m.m. below 0,002 m.m. 

The mean value of the two determinations has been taken as the 

distance during the observations. It does not differ more from those 

values than ——. 
60000 

The length of the wires has been determined before, after, and a 

few times between the observations with the aid of a glass scale. 

The extreme values of the lengths reduced to the same temperature 

differed 0,13 man.: the leneth of the wires being about 232 em. 

An error of 0,1 m.m. causes an error in the result of ———. 
46000 

The pieces, suspended on the wires are: the horizontal cross-bar with 

its vertical rod and the bearer of the magnet which are made of 

aluminium, the magnet, and a vane of mica in diluted glycerin for 

the damping. These different pieces (with the exception of the mica- 

vane) have been weighed separately and together; the difference 

was 1 mer., the total weight about 160 er. The weight of the 

mica-vane with its suspension-wire, immerged in the liquid so far 

as during the observations, was determined at: before the obser- 

vations, 1,444 er, afterwards 1,457 gr, average value 1,450 er. 

The error which may ensue from this difference is not great: a 

—— in the result. 
46000 

difference of 7 mer. gives an error of 

M 
In order to determine the value of Ay we must measure the polar 

distance of the magnet and the distance of the centers of the needles. 

The polar distance of the magnet, 16,06 em. long, was derived 
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from the deviations of the magnetometer-needles caused by the magnet 

when placed: normal to the magnetic meridian in two different 

positions symmetrical with respect to these needles. Two deter- 

minations in which the distances were chosen: 80 and 100 em. and 

75 and 105 em. yielded the values 15,40 and 13,23 em. The diffe- 

be 
rence may be due to experimental errors. A variation of 49 Pm. 

of one of the distances, causes — ceteris paribus — a variation in the 

value of the polar distance larger than the difference between the 

two values found. We have taken for the polar distance the mean 

value 13,31 em. This agrees fairly well with °/, of the length. 

(°/, < length = 13,38). 

In order to ascertain the distance between the centers of the 

needles, we first determined the difference of their distance from 

the cocoon silk suspension-fibres. This difference was derived from the 

deviations of the needles caused by the magnet, as well in one of the 

positions of the magnetometers as when they had changed place, care 

being taken that the silk fibres had the same positions both times. In two 

observations this difference amounted to 0,007 cm. and 0,009 cm: 

average value 0,008 em. A difference of distance of 0,001 em. has 
; 1 

120000” 
The distance of the silk fibres was measured by projecting the 

an influence on the result of 

fibres from two telescopes, 180 em. apart and at a distance of about 

5 m. from the magnetometers, on a horizontal scale placed behind 

them. 

It appeared that the walls of the tube of the magnetometer had 

no influence on the course of the rays. 

We determined the value of H before and after the time of the pas- 

sage of the current, in order to arrive at the mean value of H during 

that time. During all this time the indications of the local-vario- 

meter of KonLRAuscH, erected in a room with nearly constant tempe- 

rature, were read, during the determinations of /7 every 2 minutes, 

in the time between those determinations every 5 minutes. 

The value of AZ during the passage of the current was derived 

from the constants of the variometer, the mean reading during the 

first determination of /7 and during the passing of the current and 

the value of HM found in the first determination of MH. The same 

calculation was performed with the second determination of H. The 

two values found in this way for M during the passage of the 
] 

current differed in most cases only ——— 
Se OG 

or not even so much. Only 
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jl 1 
—— or ——. 
6000 4500 

of the two values of 7 found in this way, was taken as value of H. 

a few times the difference amounted to The mean 

The tangent galvanometers. 

Five diameters of the tangent galvanometer “north” were measured 

by comparing them with a standard meter by means of a katheto- 

meter; they differed less than O,1 m.m. Before the observations we 

found for the mean value of the external diameter: 41.3833 ¢.m. 

t= 14°.5, after the observations we found 41.3842 c.m., £=17°.5. 

Reduction of the former value to the temperature ¢—17°.5 yields 

41.3843 e.m. So the agreement is perfect. 

The ring of the tangent galvanometer “south” was not so per- 

fectly circular; moreover its shape was not quite constant. Yet the 

different determinations yielded mean values for the diameter which 

agreed very well. Ten diameters have been measured, five on each 

side, the distances of which were as nearly equal as could be 

obtained. The values found are: 

after the observations 2 2 = 40,445 cm. etd WAS 

before the observations 40,443 cm. {= 14°.5 

a still earlier determination yielded 40,446 e.m. at ¢—= 19°.8. When 

reduced to equal temperature these values differ much less than 

1 

10.000 
For the determination of the intensity of the current sometimes 

one, sometimes the other tangent galvanometer was used. The current 

was supplied by a battery of 3 or 5 accumulators ; resistances of 

about 20 ohms, two voltameters, a commutator and one of the 

galvanometers were inserted in the circuit. The intensity of the 

current varied between 0.30 and 0.45 amperes, the quantity of 

silver deposited was about 1 gram; the current passed therefore during 

48 or 32 minutes. Half a minute after the current was closed the 

deflection of the tangent galvanometer was observed for the first 

time, and further every minute. While the current passed through 

one of the galvanometers, the variations of the declination were 

observed on the other. At ?/, and at */, of the interval during the 

passage of the current, the current was reversed ; during the short time 

required for the reversal, a short circuit was formed, so that the current 

did not pass through the galvanometer; the error arising from this 

circumstance is however so small, that it cannot have any influence 

on the result. The influence of the reversal of the current in one 
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of the galvanometers on the reading on the other may be calculated 
with a sufficient degree of accuracy from the dimensions of the 

galvanometer, their mutual distance, and the approximated know- 
ledge of the intensity of the current. Before, after and between the 
different determinations the two galvanometers were read at the 
same time in order to ascertain their course. The time was deter- 

mined with a chronometer, which ticked 120 times a minute, every 

day it was compared with an astronomical clock of great accuracy. 

The voltameters. 

The cathodes consisted of platinum, two of them were cup-shaped, 

the third was a cylinder ending in a hemisphere; a silver rod served 

as anode. In order to intercept particles, which might fall from the 
anode a SOXHLET filtering-paper finger was placed round it, manufactured 

by SCHLRICHER and Serüur. A 20°/, neutral solution of Ag NO, formed 

the electrolyte. This was partly obtained from EK. Mrrck, Darmstadt, 

partly from the firm J. W. Gitray, formerly P. J. Kipp and Sons, 

at Delft. 

Two voltameters were placed in the circuit in order to ascertain 

that no irregularities occurred in the deposition of the silver. In 

most cases the weight of the deposit at the cathode agreed to within 

OL m.gr., once it amounted to more than 0,2 m.er. The mean value 

ofthe two weights was assumed for the weight of the deposited silver. 

The weights used for the weighing had been corrected by testing 

them to a standard kilogram. 

In the same way all scales used for the measurements have been 

compared with a standard meter, whose divisions are again compared 

with a standard leneth of 2 d.m. whose corrections were accura- 

tely known. 

The distance from the scales to the bifilar magnetometer and the 

galvanometers was measured with a wooden scale of 38 meters. Marks 

were made at distances of | meter and brass scales divided into 

mm. could slide along the ends; these scales ended in points of 

ivory. For the galvanometers the distance from the scale to the glass 

front was measured, for the bifilar magnetometer the distance to the 

nurror. For each observation these distances were measured and also 

the distance of the silk fibres of the magnetometers. The different 

corrections for the inclination of the mirror, the thickness of the 

glass front, the distance from the front to the mirror, ete. were 

applied to the distance. 

The length of the scale of 3 meters proved not to be perfectly 
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2 i | ; a a | 

RN ee ees REN des. 
Eg meter meter 

1 0.18186 0. 039083 2160.05 0.94417 0.011184 

2 0.418187 0.043462 2160.05 1.05014 0 O11186 

3 0.18156 0.041659 2160.0 1.00647 0.014185 

4, 0.48150 0.041714 2160.05 4.00759 OON BEE) 

5 0.48157 0.045081 1920.05 0.96799 0.011184 | 

6 | 0.18160 0.04548 1 1920 05 0.97657 0.011183 
| / 

7 | 048159 | 0.(39307 | 940006 | 4 05477 O.O1IST | 

8 | 0.18202 \ 0.038134 | 2400 06 | 1.02354 0.018% 

9 | 0.18191 0 038588 240 OG 1 03565 0 OL1183 | 

HONOR GO 0.038770 2400 06 }  O4007 0.0 178 | 

dele mer STN 0.031629 2880.07 1.01895 0.011183 

4H (easy 57 0.036271 2640 O06 1 .O7048 0.014179 | 

le} | 0.18162 0. 086644 2400.06 0 98335 0.011181 | 

| 14 | 0.18189 0). 030924 2880.07 0.99504 0.01182 

| 15 | 0 .A8170 0 030813 | IS80.07 0, 99248 0.011184 

| 46 | 0.48198 9.030984 | 988007 0.97501 0.011179 

17 018164 0.040637 2160.05 0.98136 0.011180 

| 1s 0.18123 0 043140 2160.05 1 04181 0.014180 

| 49 | 0.18155 0.03382 2640.06 0.98849 0.011188 
| 

20 0.18192 0.037478 2400 OG 1.00565 0.011180 

21 | 0.18163 | 0.039023 | 2400.06 4 04695 | 0.011179 | 

pkey 0.18140 0.035231 2640 06 1.03997 0 OLLISI 

| 93 | 0.48163 | 0.037327 | 2400.06 4.00162 | 0.C41181 

24 | 0.48191 | 0.037678 | 2400.06 1.01406 001181 

Mean value O0.0111816 

+0. 00000066 +0. CO000060 

0.0111821 

(mean error). 

H denotes the horizontal intensity, 7 the intensity of the current, ¢ the time, p the 

weight of the silver-deposit, @ the electrochemical equivalent, All these quantities 

are measured in ce. g. €. units. 

— 
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constant; it had imereased about 0,2 mam. during the time from 

before till after the observations. A determination of a part of the 

length, which was performed between the observations, convinced us 

that the change had taken place gradually. The mean value of the 

length before and after the observations is used as the length of the 

scale for all observations. 

This will have but a very small influence on the result; it will 

cause the first of the values found for the equivalent to be somewhat 

too large, the last to be somewhat too small. The difference however 

does not amount to more than The distance from the scales 
160007 

to the galvanometers was about 314,2 em, that to the bifilar mag- 

netometer about 317,5 cm. 

We have made 24 determinations of the electrochemical equivalent 

of silver. The annexed table (p. 448) shows the results. 

The values for the electrochemical equivalent @ deduced from the 
> 

observations with the different galvanometers differ less than STN i 

As the mean value of all determinations we find: 

a = 0.0111818 + 0.0000004. Gnean error). 

In connection with the agreement between the different obser- 

i! 
vations, we are of opinion that this number is accurate to 10000" 

0000 

The observations will be published later in extenso. 

Physical Laboratory, University Groningen. 

(January 21, 1904). 
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E 

The following papers were read: 

30 
Proceedings Royal Acad. Amsterdam. Vol. VI. 
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Chemistry. — Professor LoBry pe BRUYN presents a communication 

from Mr. W. ALBERDA VAN EKENSTEIN on: “Dibenzal- and 

benzalmethylglucosules.” 

(Communicated in the meeting of December 19, 1903). 

While derivatives of formaldehyde may be obtained from sugars 

by using sulphuric or phosphoric acid as condensing agent *) it is 

also possible to effect the condensation of aromatic aldehydes and 

ketones with these substances by using phosphoruspentoxide. 

In the case of benzaldehyde the desired substances are obtained 

by mixing two parts of the sugar in a mortar with three parts of 

the freshly distilled aldehyde and then adding with continuous 

stirring three parts of P,O, The clear mass is left for half an hour, 

then diluted with iced-water and the precipitate is dissolved in 
methylaleohol. 

From this solution the pentosederivatives are obtained as well- 

crystallised products while the aldohexoses (also fructose and sorbose) 

yield thick syrups which as yet have not been made to erystallise. 

The pentosederivatives contain two benzal-groups and no hydroxyl- 

group. For this reason their constitution is probably analogous to 

that of the formal derivatives, for instanee. 

Een The hexosederivatives are also formed 
Nem, from two mol. of benzaldehyde; judging 

yo) from their behaviour towards aceticanhy-, 

O dride they still contain a hydroxylgroup. 
\ . . 

Rn It is not improbable that the substances 

‘ ; obtained from the hexoses are mixtures of CH DOH. | 
isomers. 

it When these aldehydederivatives are 

formed, the carbonylgroups have disappeared as in the case of the 

compounds derived from formaldehyde: consequently they do not 

reduce Fernuine’s solution. The number of benzalgroups may be 

readily determined by boiling with phenylhydrazine dissolved in 

dilute acid and weighing the benzalphenylhydrazone which has been 

formed. 

Dibenzalarabinose, melting point 154°, |alp = + 27° (in methyl- 

alcohol). Found C 69.8, H 5.6. Calculated from C,,H,,O,: C 69.9, H 5.5. 

Completely hydrolysed by boiling with dilute sulphuric acid ; emulsin 

has no action. 

1) LoBry pe Bruyn and ArBeRDA van EKENSTEIN, Proc. June 28. 1902, 
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Dibenzalaylose, m.p. 130°, [@]p = + 37°.5 (in M. ale.). 
Dibenzalrhamnose, m.p. 128°, [alp = + 56° RE ee ti 

Of the oily dibenzalhexoses, those derived from mannose, glucose 

and galactose show a faint right-handed polarisation, but the products 

obtained from fructose and sorbose are somewhat laevo-rotatory. 

It has already been noticed that they still retain a hydroxylgroup ; 

these acetylderivatives also have not as yet been obtained in a 
crystalline state. 

The glucosides react much more readily with benzaldehyde than 
the sugars. On dissolving the substances in benzaldehyde and boiling 

for some hours with addition of a little anhydrous sodiumsulphate, 

benzalderivatives are formed which are all readily erystallisable 
substances. 

Monobenzal a- methylglucoside, m.p. 158°, [alp = + 85°. 

EE) ” B. ” PE) 9 ROA [|p = — ashen 

ee methylmannoside, ,, 110°, faint laevo-rotatory 

Di LE) ” EE) PE) TiS: Kap ns Den 

The last two are formed simultaneously and may be separated 

by means of hot water. 

It must also be observed that other aromatic aldehydes, such as 

p-totuylaldehyde and cuminol, also enter into combination with sugars; 

salicylaldehyde cannot react with sugars because it is two readily 

converted by P,O, into disalicylaldehyde, but its derivatives with 

elucosides have however already been obtained. 

Further particulars of this research will be published more fully 

later on in the Recueil. 

Lab. of the Fin. Dep. Nov. 1903. 

Chemistry. — Professor LoBry pe Bruyn presents a communication 

from Mr. C. H. Srurrer on: “The transformation of isonitro- 
soacetophenonsodium into sodium benzoate and hydrogen cyanide”. 

(Communicated in the meeting of Dec. 19, 1903). 

When CrarseN bad discovered his well-known condensation process 

and had demonstrated for ketones that the hydrogen of the methyl 

group adjacent to the carbonyl group is readily replaceable, he also 

found that the isonitrosoketones could be obtained with the aid of 

amylnitrite and sodium aleoholate *). With Manassn °) he investigated 

1) Ber. 20. 656. 

2) Ber. 20. 2194, 

30% 
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the properties of isonitrosoacetophenon: C,H,COCH : NOH. This sub- 
stance appeared to be a fairly strong acid. The sodium salt suffers 

a remarkable decomposition into sodium benzoate and hydrogen 

cyanide when touched with a hot substance, when moistened with 

a drop of strong acid or when warmed with ecess of aqueous soda. 

C‚H,COCH : NIONa = C,H,COONa + CNH. 

The HCN-molecule is therefore, so to speak removed from the 

molecule of the sodium salt whilst ONa migrates to the carbonylgroup. 

CrarseN further states that after being heated for two days with two 

mols. of n-soda, the sodium salt had been completely converted into 

sodium cyanide and benzoate. | 

It was of importance to subject this reaction to a further dyna- 

mical research to determine its order and to investigate the influence 

of the addition of alkali and of a salt and also that of the solvent. 

The sodium salt was made according to CLAIsEN’s directions. As 

a perfectly pure salt was required, it was prepared by recrystallising 

the free isonitrosoderivative from chloroform and neutralising this 

with the equivalent quantity of sodium alcoholate. 

If the salt is dissolved in 70°/, alcohol, it may be precipitated 

by addition of ether as a yellowish coloured hydrate containing four 

mols. of water of crystallisation. 

Found: 29.5 °/, H,O, caleul.: 29.6 °/,. The salt obtained on drying 

contained 13.5 °/, of sodium, theory 13.45 °/,. When gently heated 

the yellow salt loses water and turns orange-red, which is the colour 

of the anhydrous salt. 

After some fruitless efforts to trace the progress of the transformation 

by titration it was found that this may be accurately done by 

the aid of the colorimeter, for the aqueous solution of the sodium 

salt is yellow whilst the decomposition products are colourless. 

In the preliminary experiments required for ascertaining the pro- 

porties of the colorimetric standard liquid, it was found that the 

colour of the dissolved salt is modified by dilution. The concentrated 

solutions of the sodium salt have an orange tinge, which turns 

yellow on dilution; the experiment further showed that, if we work 

with solutions not exceeding 1 °/,, the diminution in colour may be 

taken as proportionate to the dilution. This does not hold good for 

more concentrated solutions; 100 ¢.c. of a 1°/, solution is colori- 

metrically equal to 47 ¢.c. of a 2°/, solution and not to 50 ec. 

These phenomena are probably connected with the increasing 

electrolytic dissociation of the salt on dilution. As the aqueous 

solution has an alkaline reaction, a perceptible hydrolytic decompo- 
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sition takes place, the extent of which I will try to determine. 

Some preliminary experiments had also shown that temperatures 

from 50° to 70° lend themselves very well to the determination of 

the reaction velocity. In carrying Out the experiments, a weighed 

quantity of the salt was dissolved in previously heated water, so 

that on introducing the solution into the thermostat, the temperature 
equilibrium was soon reached. At definite times an aliquot part of 

the liquid was taken from the bottle by means of a pipette, at once 
strongly cooled and after diluting if necessary to about 1°/,, it was 

compared colorimetrically with the standard liquid. As such the 

liquid which was taken from the bottle the first time, namely on 

commensing the measurement, was used. Special experiments had 

shown that at the ordinary temperature the transformation proceeds 

so slowly that it is not measurable within 24 hours. 
The experiment was generally continued until 30 to 40 °/, of the 

salt had been converted; at 60° this was the case after 1'/, to 2 

hours. 

It has now appeared that the velocity of decomposition of isonitroso- 

acetophenonsodium is represented by the equation of the first order; 

it is unimolecular, since the reaction constant is independent of the 

concentration. In the case of a 1°/, solution at 53.°6 k was found 

to be 0.00062, for a 5°/, solution £— 0.00059 (time in minutes). *) 

The increase of the reaction velocity with the temperature was shown 

by the following figures: 1°/, solution at 60°.1 &4= 0.00238; at 70° 

>= 0.00487) 
The influence of a salt with a common ion and that of free alkali 

is peculiar. That addition of NaCl diminishes the electrolytic disso- 

ciation of the sodium salt, was to be expected and may be readily 

proved colorimetrically, the addition of 1 mol. of NaCl and 1 mol. 

of NaOH (or 1 mol. KCN) increases the colour of a 1°/, solution 
in the proportion of 93 to 100, that of 10 mols. of NaOH in the 

proportion of 81 to 100. 

NaCl and NaOH exert, however, also a retarding influence on 

the reaction velocity. For a 1°/, solution and 1 mol. of NaCl 

k= 0.0015; '/,, mol. NaOH, 4 — 0.0014; 1 mol. NaOH & = 0.0015 

whilst for pure water 4 — 0.0023. In another experiment, when the 

transformation had to some extent taken place in pure water, */, mol. 

of NaOH was added to the liquid and & then fell from 0.0022 to 

1) With solutions of a greater concentration the colour after some time gets 

more pronounced evidently by polymerisation of the HCN formed. 
2) 0.80 sol. at 69°, kK =0.0045. The temperature coeff. seems to decrease with 

increasing temp.; this requires further investigation. 
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0.0013 (temp. 60°.1). If a large excess of NaOH is added from the 

commencement, the transformation velocity again reaches the same 

figure as for pure water; for 10 mols. of NaOH, & = 0.0022. 

We are dealing here with a special unknown influence of the 

added substances; these certainly will modify the concentration of 

the molecules undergoing change, [either the salt mol. or the acid 

ion) by the diminution of the electrolytic dissociation, but as the 

reaction constant is independent of the concentration, this cannot 

explain the fall of that constant. 

In the dry state the salt is more permanent than in solution, for 

after heating for about 2'/, hours at 60° it was not perceptibly 

decomposed and gave no odour of HCN. At 70° it turns darker 

after some time and evolves HCN; the decomposition is then evidently 

more complicated. 

Finally, the decomposition velocity was also determined in methyl- 

and ethylalcohol; that in ethylaleohol is the smallest whilst methyl- 

alcohol stands between water and ethylaleohol. I found at 60° 

for 19/, solution in water 0.0028, in absolute methylalcohol 0.0017, 

in 97°/, methylaleohol 0.0018, for a */,°/, solution in 97°/, ethyl- 

alcohol 0.001°, for 50°/, ethylaleohol 0.0013. Addition of water 

consequently accelerates the transformation. 

The intensity of the colour ofa solution containing the same amount 

of sodium salt is largest for ethylalcohol, smaller for methylalcohol 

and smallest for water *); this phenomenon is undoubtedly connected 

with the fact that the electrolytic dissociation of salts in the said 

solvents increases in the order indicated. 

Amsterdam, Dec. 1908. Org. Chem. Lab. Uni. 

Chemistry. — Prof. H. W. Bakuuis RoozrBooM presents a communi- 

cation from himself and Mr. A. H. W. Aten on: “Abnormal 

solubility lines in binary mixtures owing to the existence of 

compounds in the solution.” 

(Communicated in the meeting of December 19, 1903). 

Last year”) when engaged in a research on acetaldehyde and its 

polymer paraldehyde, I investigated the connection between the equi- 

libria of phases of substances which in the liquid and gaseous con- 

dition consist of mixtures of two kinds of molecules in equilibrium, 

and the equilibria of phases in binary mixtures. 

1) The solubility of the salt in ethylaleohol is also the smallest. 

2) Proc. Oct. 1903, pn. 283: 
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This investigation is capable of further extension and so we can 

examine the equilibria of phases in binary mixtures in which the 

two components form one or more compounds. 

Let us limit ourselves to the first case. If an equilibrium exists 

the quantity of the compound in the liquid or vapour will be depen- 

dent on the proportion of the two mixed components and on the 

temperature and pressure. 
We now consider only the equilibria between liquid and solid 

and this at constant pressure. If the compound is wholly undissociated, 

the phenomena of melting and solidifying may be represented in space 

by means of an equilateral triangular prism in which the height 

represents the temperature and points in the equilateral triangle 

represent the relative proportions of the components a, and 6, and 

of the compound. 
For convenience we suppose the latter to be ab. It now behaves 

as an independent component, as it is supposed that there is no 

equilibrium between ab, a, and h,. We then obtain, in space, for 

each of the three solid substances a melting-surface which takes a 

downward course from the melting point. 

Should, however, the compound be in equilibrium with its com- 

ponents, it ceases to be an independent component and at each tem- 

perature only those relative proportions can exist in a liquid condition, 

which are in internal equilibrium. 

The curved line a,7 5, in the 

be adjoining figure represents such 

an equilibrium line, which there- 

fore indicates the only proportions 

capable of existing at a given 

temperature. We call this line 

the dissociation-isotherm. 

If the compound did not form 

an equilibrium with its compo- 

Be nents and if the chosen tempera- 

ture was situated below the melting 

fig. 1. point of a, a line pq would then 

be the solubility-isotherm for the solid substance a, and in the case 

of an ideal course of the melting-surface of this component a, p 

would be equal to a@,g and the line pq would be straight. The 

points of the line pq then indicate the solutions which can be in 

equilibrium with solid a, at the temperature in question. 

If, however, a,7b, is the equilibrium line of the liquid phase, 

the point s will be the only point of the line pq which can exist 



simultaneously with solid «, and be also in internal equilibrium. 

But if that internal condition of equilibrium is not known we can 

only determine the gross composition of the liquid as a mixture 

of a, and 6, and in this way we find the point ¢ which is the 

projection of s. 
Acting in the same manner we should obtain for all temperatures 

the actual composition of the solutions which at various tempera- 

tures are in equilibrium with solid a, and also their gross composition 

if we look upon them as binary mixtures built up from a, and 4,. 

The same might be determined in regard to the liquids in equili- 

brium with solid 6, or solid ab. This shows that the equilibria of 

binary mixtures in which a dissociating compound may be formed 

from the components, must really be looked upon as ternary mixtures 

with a limiting ‘clause, implied in the dissociation equilibrium in 

the liquid. 

For this reason the form of the solubility-lines which we obtain 

in the system, considered as a binary mixture, is totally dependent on 

the manner in which the dissociation in the liquid phase and the 

melting-surfaces of the components change with a change of temperature. 

Guided by these ideas, Mr. Aten has worked out different theore- 

tically-possible cases which can partly explain abnormal solubility- 

lines and which point, in addition, to phenomena as yet undiscovered. 

Let us first suppose that the compound aé in the liquid condition 

is exothermic. 

In such a case the dissociation of the compound at first increases 

but little as the temperature rises, then very much and afterwards 

again but little. If we draw, in the triangle, a series of dissociation 

isotherms for equal temperature intervals, these will at elevated 

temperatures lie close to the side a,b, and will differ but little. 

Afterwards they will diverge greatly and finally come close together 

and approach the sides 0,ab and 6,ab. In Fig 2, nine such isotherms 

are shown. 
Let us now draw for the same series of temperature the solubility- 

isotherms of a, and assume as the most normal case that they come 

closer together as the temperature falls (from 9 to |). 

The locus of the intersections of the dissociation- and solubility- 

isotherms is the projection of the spacial melting-point-curve for a, 

By projection on the side a,b, we get the gross composition expressed 

in a, and b, and by now plotting temperatures as ordinates we 

obtain the solubility line ABCDEF commencing at the melting 
point A. The line thus drawn exhibits three portions WF, FC and 
CBA which, particularly in the case of many salts, have been 
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repeatedly met with in different combinations and of which the 
middle part is particularly interesting because here the solubility of 
the component a, decreases with an increase of temperature. 

| 
| 
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The heat of solution is here thermochemically positive ; and zero 

in F and C. The explanation is now as follows: 

The dissolution of the solid substance @ considered by itself will 

be accompanied by absorption of heat; the formation of the compound, 

this being exothermic, with development of heat. In that region of 

temperature in which the formation of the compound chiefly takes 

place, it may, therefore, happen that the heat of formation of the 

compound exceeds that which is absorbed during the dissolution. This 

is the case from / to C, between which temperatures, as seen in 

the triangle, the dissociation isotherms are the most divergent and 

the quantity of the compound formed, therefore, increases most 

rapidly with a decreasing temperature. 

The solubility-isotherms for a, will, at a sufficiently low tempe- 

rature, approach to the side 6, ab. If at a lower temperature the 

combination is complete, the intersection of the dissociation- and melting- 

isotherm will finally come very close to the angular point of the 

compound and the projected melting point line will, therefore, become 

an asymptote to the straight line PQ which indicates the composition 

of the compound. It is also possible that the melting point curve 

does not intersect the straight line PQ for the second time but 

remains to the right of PQ. 

When a larger quantity of the compound is already present at 

a higher temperature, the bend is shifted further to the left, so 

that it may happen that the melting point line is not intersected 

by PQ. 
If the formation of the compound takes place over a larger tempe- 

rature interval, the bend BCD SF may disappear from the line and 

there may only remain a more strongly inclined part. 

In a similar manner the solubility line for the compound «5 or 

for the component 6, may be determined. The different forms which 

these lines assume either wholly or in those parts which, owing to 

their mutual interference, are alone capable of existence, are again 

entirely dependent on the manner in which the solution-isotherms 

shift in regard to the dissociation-isotherms. 

In this way all the known cases of the meeting of the lines of 

the components with those of the compound may be deduced. It 

also is shown how it is possible that the compound which exists 

partly in the liquid cannot separate in the solid condition and must, 

therefore, again be decomposed when the components solidify. 

Another case, as yet unknown, may also be possible namely that 

after the solidification of the two components by cooling a liquid is 

again formed from which on further cooling the compound is depo- 
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sited (Fig. 3). This case is possible when the lines of the components 

have the shape of Fig. 2 and meet above ( 
In the space indicated by Z 

there exist again unsaturated solu- 
tions all situated below the eutectie 
point C of a+. 

When the compound is endo- 
thermie the order of the dissoci- 
ation isotherms is the reverse of 
that indicated in Fig. 2. Without 
entering into all the peculiarities 
which the  solubility-lines may 

then exhibit, attention must be 

called to two as yet quite unknown 

types of melting point lines which 

may occur (Figs. 4 and 5). 

In the first figure we have the 

remarkable fact that the compound 

forms with the component « a 

eutectic point C as well as a 

transition point D. In the second 
figure, the melting point line of 

Fig. 3. the compound occurs as a closed 

curve with two vertical lines in points where the heat of solution 

is zero, and two melting points. 



In the upper point P the compound passes into the liquid state, 
heat being absorbed. This absorption consists of two parts, the ordinary 

heat of fusion and the heat evolved when a part of the liquid (endo- 

thermic) compound decomposes until the equilibrium in the liquid is 

reached. As at higher temperatures the quantity of the compound in 

the liquid is large, the second quantity of heat will be small in 

comparison with the first and the melting will cause absorption 

of heat. 

At Q it is, bowever, just the reverse because at a low tempera- 

ture there exists but little compound in the liquid and the dissocia- 

tion of a large proportion of the liquid compound may evolute so 

much heat that this exceeds the actual heat of fusion of the 

solid compound. The total fusion therefore produces heat and con- 

sequently the liquid field is situated below Q. 

Up to the present, however, no endothermic compounds are known 

in the liquid state. 

Microbiology. — Professor BeEIJERINCK presents a paper from himself 

and Mr. A. van DELDEN: “On the bacteria which are active in 

flax-rotting’’. 

(Communicated in the meeting of December 19, 1903). 

1. How far flax-rotting should go. 

The object of flax-rotting is the partly solving and softening of the 

rind of the flax-stalk to remove the pectose, in consequence of which 
the bast-bundles are freed so that later, after drying, the fibres may 

easily be separated from the wood by breaking and seutching. 

Pectose (pt Fig. 1) is the substance of which the young cell-walls 

consist, as also the outer layers of the old cell-walls; these walls are 

further built up from cellulose, which in a good rotting does not 

undergo any change *). 
By the rotting also the middle-lamellae, by which the fibres in the 

bast-bundles stick together, may go into solution and consequently 

the bast-bundles would be decomposed into the fibres proper. This is 

not desirable as in this case no large coherent “‘lints’ would be got 

in scutching, but only loose fibres, of about 2 em. in length. 

The fibres of the bast-bundles, however, separate with much greater 

1) For the microbes which affect the cellulose proper see Ometsansky, Centralb. 

f. Bacteriol. 2 Abt. Bd. 8 p. 193, 1901, and G. van Iverson. These Proceedings 

24 April 1903. 
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difficulty than the cells of the rind, because, in the middle-lamellae 

between the fláx-fibres, besides pectose, also lignose is found’), which 

is not affected by the rotting (ly Fig. 1). 

It is just by the absence of lignose that the rind is so much more 
easily affected by the rotting process than the bast-bundles, that the 

latter, in a well-conducted rotting keep together and may be obtained 

after the seutching as a whole. 

Hence, the art of rotting consists in pushing the process on to a 

determined point and no further. 

It is not easy to indicate where this point is situated, chiefly 

because the flax-stalks, which at the pulling from the field are united 

into sheaves for the rotting, are not all equally ripe. As now the 

unripe stalks are more easily rotted than the riper and tougher 

ones, a very unequal product is obtained by submitting all to a 

like process. Therefore great pains are taken at the Leie, near 

Courtray, as much as possible to sort the flax before the rotting, in 

order to form lots of the same quality. Moreover, they rot the flax 

there twice, which renders it possible partly to redress the irregularities 
originated in the first rotting. 

From a theoretical point of view we assume that rotting should 

proceed just so far (“strong rotting’) as is necessary for the easy 

removing of the wood (ey Fig. 1) from the bast-bundles (7 Fig. 1), but 

not so far (“feeble rotting”) as to decompose them into the elementary 

fibres. Therefor it is necessary that the secondary bark (cs Fig. 1) 

of the flax-stalks be quite dissolved and that the primary rind 

(cp Fig. 1) be decomposed into cells’), 

2. Pectose and Pectine. 

Pectose is a lime compound whose composition is not yet clear. 

Non-reckouing its rate of lime, this substance, though chemically 

related to, is not identic with cellulose. According to ToruLeNs and 

Trompe pr Haas”) we find for it, after removing the lime, the 

1) J. Benrens, Nattirliche Röstmethoden. Das Wesen des Röstprocesses vom 
chemischen Standpunkte. Centralbl. f. Bacteriologie, 2te Abt. Bd. S, pag. 161, 1902. 

*) Whether this standpoint is right in all cases (or rather will prove to be so 

when the flax industry will have ceased to bea very primitive agricultural industry) 

is doubtfui. As in a good rotting process the flax-fibre itself is not mjured, it is 

an open question whether the spinner might not be able to spin threads of greater 

equality from the wholly isolated fibres, then when they are still united in bast- 
bundles of very unequal properties. 

5) Untersuchungen über die Pectinstoffe, Lizsic’s Annalen der Chemie. Bd. 286 

p. 278, 1895 and Torrers, Ueber die Constitution des Pectins. Ibid. p. 292. 

As in hydrolysis the peetinie substances, besides glucose and galactose, also yield 

pentose, Totnens gives as probable composition (G® HS Of, G> HS 05, 
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formula n(C°H" O°) or n(@ 7 .O™), but net exactly, a small 

excess of O pointing to the presence of a COOH-group, which 

should be substituted in the pectose (the said authors use the 

word pectine). Tonnes takes the here concerned acid for gluconic 

acid (C° H® O5), or an acid related to it, and this would occur in 

the pectose as lakton or ester, that is in neutral condition. He calls 

peetose an oxy-plantslime, but does not mention the lime. 

By treating with acids the various pectose-forms are more or less 
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Fig. 1 (550). Transverse section of the bark and wood ofa flax- stalk. Pectose pt dotted, 

cellulose ce left white, lignose Ig hatched lines; ep epidermis, cp primary rind- 

cells with outer wall of pectose, f bast-fibres with outer wall of pectose + lignose, 

cs secondary rind cells, and ca cambiumecells whose walls quite consist of pectose, 

xy wood, with large punctations. 
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easily hydrolised, the pectose of the flax not so easily. Hereby first 

result pectine or metapectine, which have an acid character and are 

therefore also called pectinie acid and metapectinic acid. The pectine 

gelatinises in presence of lime, through the enzyme pectase, moreover 

through alkalies and ammonia, likewise in presence of a lime salt. 

In absence of lime the compounds of alkalies with the pectine 

are soluble in water. Gelatinisation proper is unknown with meta- 

pectinie acid. 

With continued hydrolysis, pectine and metapectine, hence, also 

pectose, produce galactose and pentose, and according to Toruurs, 

with certain pectine kinds, dextrose and arabinose too, which sugars 
are easily fermented by Granulobacter. 

By boiling with nitric acid pectose and pectine yield mucous acid. 

Pectose is insoluble in coid and boiling water and in cupri- 

oxyde-ammonia. The pectose of the flax-sialk is moreover not easily 

affected by dilute acids and alkalies, and remains unchanged after 
a short heating in water-vapour at 120° C. 

Pectose can be softened by the successive influence first of an 

acid then of an alkali. If the flax-stalk is first extracted with 

dilute hydrochloric acid, by which the pectose changes into pectine, 

which however, as an insoluble lamella, still holds the cells together, 

washed out to remove the lime, salts become soluble by the hydro- 

chlorie acid, then treated with ammonia or natriumcarbonate, a conside- 

rable softening takes place. On this method, first suggested by Manen 3), 

reposes the so-called chemical rotting after the patent of Baver, which 

has, however, produced nothing of practical use, and only shows that 

the “inventor” did not know the requirements to which well-rotted 
flax should answer. 

A better way of dissolving the pectose of the flax-stalks we found 

by placing them in a strong solution of ammonium-oxalate, but only 

after 3 weeks the rotting process was completely finished, so that 

this means has not any practical value either. 

Whereas the preparation of pure pectose is troublesome in conse- 

quence of its insolubility, it is easy to make pectine. 

Herefor*) one takes the rootstocks of Gentiana lutea of the 

chemists, grounds them finely, first extracts with H?O and places 

1) Although it may be read everywhere that pectose after Manem’s method J o 

goes “into solution”, it is my experience that this is exaggeration, and that, of the 

decomposition of parts of plants into free cells as in rotting, there is no question ) | 
in this case. 

*) To compare Bourguetor and Herissey, Journal de Pharmacie et de Chimie, 

sér. 6, T. 8 p. 145, 1898, 
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the washed material under a large quantity of 3°/, HCl, filtrates, 

and precipitates with alcohol. The precipitate is dissolved in boiling 
water, precipitated again with alcohol and this is repeated until the 

chlorine reaction disappears. The thus obtained pectine reacts feebly 

acid and solidifies with pectase + a lime salt, or with alkali + a lime 
salt, into a consistent transparent jelly. 

3. The rotting is caused by microbes and may be called 

pectose- fermentation. 

Dissolving and removing of the pectose from the rind of the flax 

is completely effected, without any injury of the cellulose wall of 

the jibres*), by some microbe species belonging to the moulds and 
bacteria, and hereupon the usual rotting methods are based. 

Fig. 2 (350). Rotting observed in a microscopic preparation lying in a drop of 

good rottingwater and consisting of a longitudinal section of the rind and the 

wood of a flax-stalk. Signification of the letters see Fig. 1, further: se cell of a 

stoma, or air chamber in the primary rind, Gp Granulobacier pectinovorum, the 

pectose bacterium proper, Gu Granulobacter urocephalum. The primary rind cp is 

seen to decompose into cells by solution of the pectose, and thereby tbe secondary 

rind cs and the cambium ca completely liquefy. 

Moulds are the active agents in the very primitive so-called dew- 

rotting on the field; bacteria on the other hand, in the rotting after 

1) But not of the cellwalls of the rind-cells from which the cellulose itself is 

also partly dissolved. 
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steeping of the flax in water, that is in the white- and the blue- 
rotting. 

In the dew-rotting a most unequal product is obtained; this 
process shall not further be discussed here. 

In the blue-rotting in ditches and ponds, as also in the white-rotting, a 
so-called anaerobic bacterium is the active agent. This highly interesting 
organism belongs to the genus Granulobacter and shall be called G. pec- 
tinovorum *) (Gp fig. 2). At the present moment the whole rotting indus- 
try is nothing else but a more or less rational culture-method of 
this bacterium. 

From a theoretical point of view it is interesting that there are 

also some aerobic bacteria with which rotting is possible with free 

access of air. These are the various kinds of the so-called hay- 
bacteria group, also known by the name of potato-bacteria, the chief 

species of which are Bacillus mesentericus vulgatus, B. subtilis, and 

Granulobacter (Bacillus) polymyxa (= B. solaniperda Kramer). 

4. Arrangement of the rotting experiments in the laboratory for the 

erammation of microbes in pure culture on their power of rotting. 

In order to ascertain if any microbe can be used for rotting it is 
necessary to dispose of perfectly sterile flax. This is obtained by 

heating the flax for some time at 125—180° C. in the steam sterilis- 
ator, whereby it is seen that it is not rotted at all by this overheating. 

For the laboratory experiments with the ‘““anaerobes”’, thick walled 

test-tubes were so closely filled with flax, washed out or not, that 

the pressure against the glass-wall prevents it from mounting up 
when the tube is further filled with water. After cotton-plugging 
the filled tubes are sterilised in the sterilisator. 

It is true that in these tubes air can penetrate from above, but 

if the pieces of the flax-stalks are not too short, say 20 em., the entrance 

of air is not noxious to the anaerobes, provided some ordinary aerobic 
microbe be added, which lives at the surface and there absorbs the 
oxygen. We always used to this end a Zorula yeast. 

For testing the aerobic microbes the flax is spread in a thin layer 
at the bottom of a wide Ertenmever-flask, and after immersing in 

a little water the whole is sterilised, after cooling infected with the 

species concerned and cultivated at 35°, or lower, in accordance with 
the microbes to be examined. After 2 or 3 days the rotting is finished. 

2) First discovered by Winocrapsky (Comptes rendus T. 121, pag. 742, 1895). 

SrönmeR (Mittheil. der deutschen Landwirthschafts Gesellschaft Bd. 32, pag. 193 
1903) used for it the name of Plectridium pectinovorum. 

31 

Proceedings Royal Acad. Amsterdam. Vol. VI. 
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At the examination of the numerous microbes which may be obtained 

from flax in rotting condition, the result was negative for by far the 

greater part of the species. No rotting was to be observed with the 

various kinds of yeast, of Mycoderma, of Torula, of Oidium and of 

red yeast, nor with the lactic-acid ferments, the vinegar bacteria and 

the different forms of the Aerobacter-group, such as A. coli and 
A. aerogenes, which organisms are all universally found in the rotting 

water of natural rottings. 

The aerobic bacteria of the hay-bacteriagroup (B. mesentericus and 

B. subtilis), which, at sufficient supply of air are on the contrary 

strong rotting-organisms, are rare in good rotting water. For rotting 

they should be kept at least at 30°. 

5. The rotting reposes on the action of the enzyme pectosinase 
which is secreted by the pectose-bacteria. 

The action on the flax, as well of the anaerobic Granulobacter 

pectinovorum as of the aerobic hay-bacteria and the moulds, is caused 

by a specific enzyme pectosinase *). This enzyme, like the acids, exerts 

an hydrolytic influence, first converts the pectose into pectine, and 

subsequently the pectine into sugars, which are fermented by G. 

pectinovorum (Gp fig. 2) under production of hydrogen, carbonic 

acid and a little butyric acid, and assimilated in case the hay-bacteria 

are used for the experiment. 

These sugars are most probably galactose and xylose, and (perhaps 

in some cases) also glucose and arabinose, which as we saw before, 

have been found by Torrens as products of the hydrolysis of the 

pectinie substances with acids. 

Pectosinase is not easily soluble in water and can be precipitated 

with alcohol. In presence of chloroform and in absence of the 

microbes, we succeeded thereby to decompose into cells thin slices 

of potato, and further to liquefy with it solid plates of pectine, 

made by solidifying pectine from Gentiana lutea (see § 2) with 
pectase + CaCl’. The action of the isolated enzyme is feeble, much 

feebler than when also the secreting bacteria themselves are present 

in living condition. This is evident from the facility with which the 

hay-bacteria at 37° C. decompose slices of living potatoes, whilst this 

gives much more trouble when effected by the enzyme prepared 

separately. 

1) Not identic with the ‘‘pektinase’’ of Bourguetot and Heérissey (Comptes 

rendus T. 127 pg. 191 1898) from green malt (which is identic with the “cytase” 

of Brown and Morris (Journ. Chem. Soc. Trans. 1890, p. 458)) for with malt 

flax cannot be rotted. : 
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The insolubility of pectosinase in water and, much more the fact 
that all the pectose bacteria examined by us lose suddenly in 
certain not well defined circumstances the power to secrete it render 
the study of this enzyme very troublesome. Particularly important is 
its following property. 

Whilst the action of the pectosinase is Javoured by a little acid, 

the growth of the pectose bacterium is retarded by acid. 
As to the rotting-process, for which the production of the enzyme 

is clearly the essential point, one has, if not exclusively, at least 
chiefly to reckon with the properties of the microbes themselves, 
more especially with the conditions for their production. Hanes 
from this pomt of view only a slight production of acid will be 
favorable for the rotting. 

From the above it follows that the chief question of flax- -rotting 
is: What are the conditions of life of the bacteria concerned and 
how can their multiplication and accumulation in the flax-stalks 
be attained so profusely as to expel the other microbes, and, by a 
sufficient formation of pectosinase cause the rotting-process to go on 
regularly ? 

Winoerapsky has, it is true, partly answered this question by the 
discovery of the pectose-bacterium. But the essential point in the 
arrangement of a rotting experiment has quite escaped him, for he 
has not recognised the necessity of the water refreshing. Hence, hitherto 
there exists no clear method which may give rise to a natural 
accumulation of the bacteria specifically concerned in the rotting and 
accordingly neither for the really rational arrangement of the rotting- 
process. 

This gap will be filled-up here. 

6. Fundamental experiment for the explanation 
of the rotting-process. 

A cylindrical glass vessel A, Fig. 3 is quite filled with flax V, 
so that the stalks by their pressure mutually and against the 
glass-wall, are prevented from floating up as the vessel is further 
filled with water. Thereby is obtained 5 to 10°/, of weight in flax 
to 100 of water. 

To the bottom of the vessel A, a glass tube B reaches, through 

which pure water can flow down from the higher placed reservoir C. 
This water flows upward through the flax-stalks, according as the 
washing-water flows off by the tube D, and thereby extracts most 
of the soluble substances from the flax, whilst the insoluble 

31” 



Fig. 3. Apparatus for rotting-experiment with water-current. A cylindrical glass 

jar with flax V, B tube supplying water from the reservoir C to the bottom of A, 

D tube to draw off the water. 7 thermostat. 

pectose remains behind in the stalks. What is drawn off by D may 

be called “rotting-water”’, but this water is widely different, at the 

starting of the experiment, when it contains much dissolved matter 

and few bacteria, from that, obtained in a later period, when many 

bacteria and few dissolved substances occur in it. 

The jar A is kept at a temperature of 28 to 35°C. by placing 

it in the thermostat 7’ 

If after 2 or 3 days the flax is removed from A it proves to 
be more or less sufficiently rotted, if the water supply has been 

great enough to refresh the rotting-water from 5 to 10 times. Through 

our apparatus of 300 ee, 1.5 to 3 1. of water had thus to pass. 

Whilst in the Laboratory experiment the water is introduced at the 

bottom of the jar and drawn off at the top in order to prevent 

stopping of the tubes by the gases formed by the fermentation, this 

would be faulty with experiments on a larger scale, — in this latter 

case the heavier rotting-water should be drained off at the bottom. 



If the rotted bark of the flax, or the pith, or the juice, contained in 

the rotted stalk, is microscopically examined, we find there accumulated 

the above mentioned very characteristic Granwlobacter pectinovorum 

(Plate Fig. 1), which has supplanted nearly all other microbes and 

which literally fills up the intercellular spaces (Gp Fig. 2), in many 

places quite covers the surface of the fibres and has, moreover, com- 

pletely dissolved the thin-walled cells of the secondary rind, and 

thereby freed the bast-bundles from the wood. In an iodine solution 

this bacterium turns deep blue over nearly its whole length in con- 

sequence of its amount of granulose. 

This is a so-called anaerobe. From the experiment described, where 

an aerated water-current incessantly flows around the flax, it follows, 

however, that a fair amount of air is of no prejudice to its develop- 

ment; and a more minute observation shows that here, too, as 

with all other anaerobes, a limited aeration is not only harmless, 

but beneficent, and even necessary to make the growth go on in 

the long run. 

Our observation that the water of the Leie, near and at Courtray, 

is strongly polluted by sulphuretted hydrogen, induced us to add 

c.a. 50 mgrs. of H’S per |. to the water for our rotting-experiment, 

by which even in the rotting-water flowing off a little H°S might be 

detected. The rotting was decidedly retarded by this addition and 

was less complete than in absence of sulphuretted hydrogen; yet, 

G. pectinovorum had strongly accumulated, though less profusely 

than commonly. 

Quite otherwise was the effect of KNO*. If 0.2 ers. of it were 

added per 1. of the water-current, then a trace of KNO’ might 

still be demonstrated in the rotting-water. Accumulation of G. pec- 

tinovorum and rotting proved complete in this case, so that, when 

Mr. Prarsrer, flax-merchant at Hendrik Ido Ambacht, came to judge 

of our rotted flax-samples, he classified our saltpeter-flax as “first 

rate’. But it is clear that the presence of saltpeter is not necessary. 

In fact, the accumulation of bacteria in the said experiment reposes, 

besides on the slight but necessary aeration, on the circumstance that 

by the water-current in the first 24 hours, such a complete extraction 

of the flax is attained, that all soluble nitrogen compounds are 

nearly completely expelled from it, and only the not easily soluble 

protoplasmatie proteid remains in the flax-cells, which substance, 

together with the still present carbohydrates and the pectose, prove 

to be the very nutriment for G. pectinovorum and, moreover, the 

food required to give rise to the secretion of pectosinase, hence, to 

the rotting-process. If the extraction has not taken place and the 



experiment is made without the water-current going through the 

flax, a rich growth of all kinds of other bacteria will arise, but a 

real accumulation of (. pectinovorum and a good rotting-process is 
not obtained in the first two or three days. 

The cause of this striking phenomenon reposes exclusively on 

the competition of the different microbe species. This is evident 

from the fact that with pure cultures of G. pectinovorum, even without 

refreshing the water, a very good rotting is possible. The substances 

removed from the flax by the water-current are not in themselves 

prejudicial to G. pectinovorum, but they favour the growth of the 

other species, in particular of the lactic-acid micrococci, so much more 

strongly, that G. pectinovorum can develop only later and with very 

great difficulty. It is also certain that the secretion of pectosinase in 

the dilute liquid is more profuse than in the more concentrated 

nutrient solutions. Thus we did not succeed in rotting flax by placing 

it in dilute sterilised malt-extract with chalk, of about 2° on the saccharo- 

meter of BArLiNG, which was in a vigorous fermentation by a 

pure culture of G. pectinovorum. Evidently no pectosinase secretion 

takes place under so favourable nutrient conditions. 

Hence, there is a double reason why extraction so much promotes 

the rotting: the pectose bacterium gets the ascendency, and its faculty 

of secreting pectosinase becomes active. 

If we compare the microscopic image of the bacteria (Pl. Fig. 1) 

of the flax, rotted after the current “experiment”, with that, treated in 

the usual way, after the white or blue rotting methods, one is struck 

by the enormous difference. In the latter case hardly anything is seen 

but the foreign species and G. pectinovorum is scarcely detected; 

whilst in the product, obtained by the current-experiment G. pectino- 

vorum is seemingly in pure culture‘). 

7. Simplification of the current-experiment. 

When the great importance for the rotting-process of extraction 

of the flax-stalks and of aeration had been recognised, it was natural 

to try whether the current-method could be replaced by a more 

rational way of water-refreshing for the practice. 

This was effected in the following simple manner. 

After standing 24 hours on the flax, the water was completely 

decanted off, so that all spaces between the stalks were drained and 

could fill with air. Subsequently a new supply of water was provided, 
either of fresh water of about 30° C. or of good rotting-water of 

1) Compare further § 12. 



a previous rotting. When using fresh water it proved desirable 

after every 24 hours to repeat the refreshing, but when good rotting- 
water could be had a second renewing was not required, good 

rotting-water containing already a sufficient accumulation of G. pec- 

tinovorum. 
By this treatment, too, which may be called the ‘‘decanting method”, 

excellent rotted samples were produced in 2'/, or 3 days. It even 

seems that it should be preferred to the ‘current method”, because 

by decanting the concentrated rotting-water will be enabled more 

completely to flow off from the narrow interspaces of the flax-stalks 
than will be possible when replacing it by slowly streaming pure 

water. For the same reason the aeration must needs be more com- 

plete anywhere in the sheaves by “decanting” than by “streaming.” 

On account of these experiences there is no doubt but any other 

method of water supply which can give rise to a sufficient extraction 

and aeration, can replace the “streaming” and the “decanting method”, 
if only care be taken during the rotting not to injure the delicate 

and easily bruised flax-stalks. 

Here once more it may be observed, that although G. pectinovorum 

belongs to the so-called obligative anaerobic bacteria, the strong 

aeration, described above, should be pronounced decidedly favorable 

to this bacterium. This is, however, quite in accordance with the 

experience acquired for all other well-observed anaerobes. Hence, 

it may be considered as a truth, confirmed by each subsequent 

research, that anaerobes, in the strict sense of the word, do not 

exist, and that the term ‘microaerophily” more precisely denotes 
the relation between such organisms and free oxygen, than the term 
‘anaerobes’. 

8. Application of the current experiment for practical rotting *). 

Practical rotting has until now been managed in a very primitive 

way. Even at the Leie, near Courtray, from whence the best flax-fibre 

comes to the market, even the superficial observer is struck by the 

numerous and great deficiencies existing there. 

1) By “vat-rotting”, the bleaching of the flax on the field through light, so 

essential in “white rotting”, is excluded. In the flax-rotting establishments to come, 

it will therefore be necessary to make the rotting be followed by a chemical 

bleaching process. Experiments have shown that ozon or hydrogen-superoxide may 

be used to this end Whether hypochlorites (“electrical bleaching”) will also prove 

applicable without weakening the fibres, will have to be made out by dynamometrical 

estimations. Vat-rotting will also call altention to good drying-apparatus and, no 

doubt, to other troublesome problems, which, completely to solve, will require 

surely much time and many an industrial effort. 
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The first step towards improvement was taken in our country 

already in 1892 by the Society for the Promotion of Flax-Indrustry, 

which tried to replace the rotting in open water by rotting in vats. 

After this method the flax-sheaves are placed vertically and close 

to one another in a large wooden trough, in which, at some distance 

from the bottom, a second, perforated bottom is fitted. This false 

bottom supports the flax and underneath the heavier rotting-water is 

collected, which flows down from the flax after the vat has been 

quite filled with water. 

Baron Reneers at Oenkerk, too, has tried to improve the rotting 

of flax, by treating it after the so-called hot-waterprocess, by which 
_ he seems to have obtained very satisfactory results. 

Vat-rotting and hot-waterrotting can, however, only succeed with 

sufficient certainty, when care is taken to provide a due refreshing 

of water; this may be done in various ways, but has not hitherto 

been sufficiently attended to. 
By “vat-rotting” the following advantages may be obtained. 

First. The vats can be placed in a manufactory, where the other 
manipulations which the flax has to undergo, can also be effected. 

Second. The temperature of the rotting-water may be modified 

at will, by which the difference between vat-rotting and hot-water 

rotting disappears. Rotting will be possible throughout the year. 

Third. The extraction and aeration of the flax can easily be 

regulated, so that the accumulation and multiplication of the pectose 

bacterium is made sure, and the lactic-acid micrococci, the great 

enemies in the rotting process, are expelled. 

The theoretical requirements for vat-rotting are in general to be 

seen from what precedes, but it is still necessary to call attention to 

the following points on which the success of that process depends. 

In the first place, care should be taken that the heavier water, 

produced by the extraction of the flax, can easily be removed. By 

the use of a false bottom the water collects underneath the flax, so 

that it is possible first quite to fill the vat, allow it to stand for 24 

hours, and then to drain off all the water. The flax thereby comes 

quite equally into contact with the air, so that even the densest 

places of the sheaves are duly aerated (“decanting method”). 

It will be sufficient only once to refresh the water *). 

1) The experiments with pure cultures of the pectose bacterium prove that 

theoretically the refreshing of the water is not even once fully required, but pro- 

bably the competition, particularly of the lactic-acid and butyric-acid ferments, 

struggling to displace the pectose bacterium, will render this ideal condition unat- 

tainable for vat-rotting on a large scale. 
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It is a mistake to draw off the rotting-water from the vats at the 
top and introduce the fresh water at the bottom. Hereby the heavier 
washing-water is driven back among the flax-stalks and renders a 
complete extraction impossible, because the rising water will always 

seek those places, where there is the least resistance, i.e. the open- 
spaces of the sheaves, and will not enter the close places, where 

it is most wanted. Thus the growth of the pectosebacterium is 
hindered and that of the lactic-acid ferments promoted. Moreover the 
aeration, which, when the washing water is completely drained off, 
takes place of itself, and quite equally and everywhere throughout 
the flax, would become most irregular and imperfect. 

In the second place, the vat should after the first draining not be 

filled with fresh water only, but this water should be mixed with 

a fair quantity of good rotting-water, taken from a previous rotting. 

By this means the pectose bacteria are at every point introduced into 

the flax, which of itself harbours only a small number of these 

microbes, which are not at all generally distributed, neither on the 

flax nor in the waters. 

Before commanding of good rotting-water it will be necessary 

once more after 24 hours, so two days after the first filling, to 

draw off all the water and replace it by fresh water. The pectose, 
bacteria have then already so strongly accumulated in the flax-stalk, 

that they can only for a small portion be washed away. 

How easily good rotting-water is to be obtained follows from the 

description of the current-experiment. 

In the third place the rotting-temperature will have to be exactly 
regulated. Our laboratory experiments make it evident that the most 
favorable temperature lies between 28° and 35°C. After 2'/, to 3 
days the flax may then be removed from the vats in an excellent 
rotted condition (see note 1 § 8). Perhaps with a longer rotting- 
time the temperature might be lowered and reduced to from 25° to 
27° C. Practice will have to decide whether this is desirable. 

9. Pure culture of the pectose bacterium. 

The pure culture of G. pectinovorum, which like all other species 
of Granulobacter, produces spores, is successfully effected as follows. 

On a culture medium in a glass box, consisting of dilute malt 

extract of c.a. 2°/, BALLING, with 2°/, agar and 2°/, chalk, some 

material taken from the rind of a well-rotted flax-stalk, pasteurised 

at 90° C., is put, in order to obtain colonies of G. pectinovorum 

in streak-culture. The pasteurisation serves to kill the foreign 



bacteria of which the majority produce no spores, in particular the 

lactic-acid ferments, but it should not be done at too high a tempe- 
rature, as also most spores of the pectose-bacterium itself die already 

at the boiling point. 

The glass-box is now placed in a well-closing exsiccator, with a 

three way stop-cock, in which a small dish with hydrosulphite 

of sodium is put. The exsiccator is evacuated by a KOrtTING pump, 

filled with hydrogen (or carbonic acid), and again evacuated ; 

and this is repeated until it may be assumed that the oxygen, 

which can never be completely removed, is reduced to the minimum 

pressure tolerated by the anaerobes, wherein the hydrosulphite is 

also useful. The exsiccator is placed in a thermostat at about 35° C. 

and after 2 to 3 days the anaerobic colonies are seen to develop. 

They chiefly belong to the four following species of Granulobacter : 

1. G. pectinovorum. 
2. G. urocephalum. 
3. G. saccharobutyricum. 
4. G. butylicum. 
The third of which was alluded to and the fourth described by 

me in a former research '). The two first species only, viz. G. pec- 

tinovorum and G. urocephalum, are real rotting-bacteria, the former 

acts strongly, the latter feebly rotting. The two last mentioned, viz. 

the butyrie acid ferment (G. saccharobutyricum) and the butylic fer- 

ment (G. butylicum) cause no rotting at all. 
The colonies of all the four kinds colour deep blue when treated 

with iodine solution, in consequence of their contents of granulose in 

thin, elongated clostridria. Besides, rodlets are found in all colonies, 

which do not stain blue with iodine, and which, in a former paper, 

have been described as “oxygen forms” of Granulobacter*). Some 

colonies consist of the oxygen form only, hence do not stain with 

iodine at all, and only contain rodlets, in which spores are seldom found. 
If the material taken from the flax-stalks has not been sterilised 

previously to the sowing, various colonies of lactic-acid micrococci 

will develop on the plates, surpassing the Granulobacter colonies 

many times in dimensions and thereby easily recognisable. 

10. Description of Granulobacter pectinovorum. 

The colonies of this bacterium are recognised by the ‘moire- 

phenomenon”, figured on Plate Fig. 3. It consists in the appearance 

1) Sur la fermentation et le ferment butyliques. Archives Néerl. T. 29, pg. 1. 1896 

2) Fermentation butylique. pag. 35. 



(477) 

of characteristic, nearly rectangular dark and light fields to be observed 

in the colonies when obliquely illumined, which fields can interchange 

of tint and originate by the reflexion of light on groups of mutually 

parallel bacteria; of the different groups the longitudinal axes meet 

at nearly right angles. 

As to the bacterium itself, its description by WINOGRADSKY!) is 

in good accordance with our results. It is a rather long species, 

producing spores at a terminal swelling (a little beneath the end) of 

the very long and very thin clostridia, resembling common staves, 

which then look like frog-spawn (Plate Fig. 4). The rodlets are 10 

to 15 u long by 0.8 u wide but eventually much longer. The older 

ones become thicker and swell at the end, to 3 mw in width; the oval 

spore, formed in this swelling, measures 1.8 u by 1.2 u. 

In dilute malt-extract, with exclusion of air, a vigorous fermentation 

takes rise, without formation of butyric acid. 

With starch’), inulin, mannite, erythrite, glycerin, fermentation 

could not be produced under any circumstances. 

With peptone and with dilute broth, or albumine as sources of 

nitrogen, our bacterium causes fermentation in glucose, laevulose, 

galactose, milksugar, and maltose, with a slight production of butyric 

acid. Proteids and gelatin are peptonised. 

With ammonium salts as source of nitrogen, fermentation cannot be 

produced with any of these sugars. Nitrates are not assimilated and 

not changed at all. 

Fig. 4 (650). Culture of Granulobacter pectinovorum in pectin-ammonium-sulphate 

solution. The thick ends contain oval spores; the dark spots in the rodlets 
indicate granulose. 

1) Comptes rendus T. 121, p. 744, 1895. 

2) Winoerapsky asserts that starch does ferment. 



Pectine, prepared as indicated $ 2, is decomposed, as well with 

albumine, peptone, or broth, as with ammoniumsalts for source 

of nitrogen, by which this bacterium stands by itself and is sharply 

distinguished, especially from the butyric-acid and the butylic fer- 

ments, which do not attack pectine at all. When the pectose is 

attacked, pectosinase secretion occurs. 

Cellulose as filter-paper, is not in the least affected by G. pec- 

tinovorum. Hence, the flax-fibre as such remains quite unchanged in 

the rotting, but the less resistant forms of cellulose are solved quite 

as the pectose itself. Gum arabic remains intact. As is seen from the 

photogram (Plate Fig. 2), the image of the pure culture on malt- 

extract agar is quite different from that of the butyric-acid ferment, 

which latter forms thick clostridia. 

This difference is not less clear in the culture liquids. Thus, in fig. 4 

we see the form of the bacterium in a pectine fermentation at 35° C, in: 

Tap-water 100, Pectine 2, (NH*)? SO* 0,05, K7HPO* 0:05, -Chalke2: 

The dark portions represent the places where granulose is accu- 

mulated. Clostridia of the common form are completely absent. The 

shape of our bacterium in this or such like culture liquids is charac- 

teristic, and is not found in any other species except G. wrocephalum. 

11. Description of Granulobacter urocephalum. l j 

The difference between G. pectinovorum (Gp F. 2, Plate Fig. 3) 

and G. urocephalum (Gu Fig. 2 Plate Fig. 4) which likewise, albeit 

in smaller number, accumulates in the rotting flax, consists first in 

the shape, which for the latter more approaches the “drumstick 

form’, although the spores are not round, but oval, as Fig. 2 § 3 

shows with great distinctness. Further, in the former secreting a 

much larger quantity of the rotting-enzyme pectosinase, which is the 

very reason why G. pectinovorum is more common in rotting flax 

than G. wrocephalum. 
Both species produce much mucus, which consists of the thickened 

and liquetied cell-walls of the bacteria themselves, and is found back 

in the so-called rotting-gum, obtained by evaporation to dryness of 

the rotting-water. That this species also stains deep blue with iodine 

is suggested by the generic name. 

A characteristic difference between the two species is the following. 

The colonies of G. pectinovorum (Pl. Fig. 3), when kept on plates 
of dilute malt extract agar with chalk, will relatively promptly be 

decomposed into a detritus, wherein only the spores can clearly 

be recognised, whereas the colonies of G. wrocephalum (Pl. Fig. 4) 
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remain much longer unchanged and continue distinctly to show the 

shape of the bacteria. This phenomenon of bacteriolysis is perhaps 
associated with the pectosinase secretion and is also observed in the 

hay-bacteria. 

The essential difference between G'. wrocephalum and G. pectino- 
vorum is that the former with ammonium-salts as source of nitrogen, 

can ferment all kinds of carbohydrates, such as glucose, milk-sugar, 

cane-sugar and dextrine, for which G. pectinovorum requires peptone 

or broth. On the other hand, pectose is so little attacked by G. wroce- 

phalum that fermentation cannot be observed with this substance, 

even not when broth is present as source of nitrogen. Trypsine- 

formation is with G. w. about as vigorous as with G. p. and much 
more abundant than with G. saccharobutyricum. The secretion of 

diastase, on the other hand, is extremely feeble in both species and 

much less vigorous than in the butyric-acid ferment. 

12. Accumulation experiment for G. urocephalum. Why the butyric 

acid- und the lactic-acid ferments disappear from good flar-rottings. 

That G. pectinovorum so strongly accumulates in our ““current-” 

and ‘decanting experiments”, reposes on the double adaptation of 

this ferment, on the one hand to the insoluble albuminoids of the 

flax-stalk by a strongly peptonising enzyme, on the other hand to the 

insoluble pectose by the secretion of pectosinase. 

Why G. urocephalum also accumulates in the flax, but much less 
strongly, and why the common and vigorous butyric-acid ferment 

disappears nearly completely, was made clear by the following accu- ’ 

mulation-experiment for G. wrocephalum, devised by Mr. G. van 

Iverson, at the occasion of a researeh on the butyric-acid fermentation. 

If to any carbohydrate, for example insoluble starch, glucose, 

‘ane-sugar, or milk-sugar, a slight quantity of egg-albumine or peptone, 

or very little broth, is added as nitrogen source, in the proportion: 

Tapwater 100, Glucose 5, Albumine 0.1, K°HPO'005, Chalk 5, 

infected with garden-soil and cultivated in a stoppered bottle at 

35° C., there will first, that is so long as soluble carbon compounds 

are still present, originate a butyric fermentation, but this is soon 

replaced by a Uvrocephalum-fermentation. 
If from the thus obtained first fermentation a small drop is 

transported into the same mixture, the butyric-acid ferment, indeed, 

does not completely disappear, but the intensity of the Urocephalum- 

fermentation becomes thereby much enhanced. If at the end of the 
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fermentation a new quantity of sugar (and chalk) is added, a further 

purification of the ferment is observed. 

When using a smaller dose of sugar, the soluble nitrogen com- 

pounds which occur in the albuminous matter, become more trouble- 

some as they make the butyric fermentation more prominent. 

If the same experiment is made, the albumine being replaced by 

an ammonium salt, G. wrocephalum is quite expelled and the butyric 

ferment, G. saccharobutyricum, gains the victory. 

That this experiment reposes only on competition, is proved by 

the fact that G. wrocephalum in pure culture, can grow excellently 

and ferment with the said sugars and an ammoniumsalt as source 

of nitrogen. Further, the pure culture on dilute malt-extract gelatin 

proves that G. urocephalum, like G. pectinovorum, liquefies the gelatin 

much more strongly than the butyricferment, and thus secretes more 

try psine. 

The reason why these three bacteria accumulate so unequally in 

the flax in the “current-experiment”, and why G. wrocephalum 

takes the middle between the pectose-bacterium and the butyric 

ferment, is thus evidently as follows. 

During the extraction the insoluble nitrogen compounds are removed, 

so that, as source of nitrogen there remains nothing else but the in- 

soluble vegetal proteids. This assures the victory to the strongly pep- 

tonising G. pectinovorum and G. urocephalum over the not or feebly 

peptonising butyric ferment. 

This latter yields much more diastase than G. pectinovorum and 

G. wrocephalum, so that its presence is a source of sugar formation, 

starch being never completely absent. 

Hence, as soon as the butyric-ferment disappears, the insoluble 

carbohydrates, too, will promptly be removed by the extraction 

and the fermentation. The insoluble pectose only is now left behind, 

by which G. pectinovorum, which secretes much pectosinase, finally 

also subdues G'. wrocephalum, which produces little ov no pectosinase 

at all. 

The lactic-acid micrococei produce no enzymes which attack 

proteids, pectose, or carbohydrates. So, from the moment, that only 

insoluble proteids and insoluble carbohydrates are present, they 

can no more multiply and are carried off by the water-current. 

EXPLANATION OF THE PLATE. 

Fig. 1 (600). 

Drop pressed from flax-stalk at the maximum point of a rotting during the 

“current experiment”, stained with iodine, and showing the natural accumulation 
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of G. pectinovorum, which is more, and of Gr. wrocephalum which is less 
common. Here and there oxygen forms, which do not stain with iodine. 

Fig. 2 (900). 

Granulobacter pectinovorum, as pure culture, on dilute malt extract agar with 
chalk. Granulose stained blue with iodine, among the bacteria much detritus 
formed by bacteriolysis. 

Fig. 3 (15). 

Colonies of G. pectinovorum on the same culture medium to demonstrate the 
“moiré-phenomenon.’” 

Wig. 4 (900). 

Granulobacter urocephalum, as pure culture, on dilute malt-extract agar. No 

detritus is found among the bacteria. 

Physiology. — “On tactual after-images”’. By Prof. J. K. A. WertHEm 

SALOMONSON. (Communicated by Prof. C. WINKLER). 

(Communicated in the meeting of December 19, 1903). 

In 1881 the following fact was mentioned by GoLpscHErDER in his 

thesis on “die Lehre von den specifischen Energien der Sinnesorgane”’ : 

“Wenn man mit einer Messerspitze schnell, am besten die Hohlhand 

berührt, so tritt momentan nur die Tastempfindung auf, welcher 

dann erst der stechende Schmerz folgt. Dasselbe kann man bei einem 

leichten Schlag mit der flachen Messerklinge wahrnehmen.” 

In the Zeitschrift f. Klin. Mediz. 1891 20. 4—6, he again 

takes up this subject in an article, signed likewise by Prof. Gap. 
This article has been republished afterwards in his Gesammelte 

Abhandlungen Bd. 2, pag. 876 under the title: “Ueber die Summation 

von Hautreizen’. 

In this article the conditions under which the phenomenon may 
be observed, are defined with greater accuracy. According to GoLp- 

SCHEIDER the best result is obtained by exerting by means of the 

point of a pin a short and feeble pression on the skin of the baek 

or of the palm of the hand: “so hat man ausser der ersten sofort 

eintretenden stechenden Empfindung nach eimem empfindungslosen 

Intervall eine zweite, gleichfalls stechende Empfindung, welche sich 

in ihrem Character dadurch von der ersten unterscheidet, dass ihr 

nichts von Tastempfindung beigemischt ist, sie vielmehr gleichsam 

wie von innen zu kommen scheint. Bei mässiger, noch nicht sehmerz- 

hafter Intensität der primären Empfindung kann die secundäre schmerz- 

hafbesein 5". Das Phänomen der seeundären Empfindung tritt schon 

bei sehr sehwachen, vom Schwellenwerth nicht weit entfernten 

Reizen auf.” 
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Gap and GorpscHripeR have made methodical experiments con- 

cerning the phenomenon, causing them to consider it as a sensation 
brought about by summation of stimuli. 

They also have pointed out already the analogy with the after- 

images, of the retina, produced by optic stimuli of short duration. 

An exact analysis however of the subjective phenomena, following 

the experiment indicated by Gorpscnriper shows, that the anology 
between what happens for the skin and for the eye, is a far greater 

one than we might think at first sight. 

For by this analysis “it becomes evident that something may be 

added still to Gorpscnriper’s description. The subjective impression 

does not stop at the secondary sensation, but constantly a tertiary 
sensation may be observed. 

As soon as I am trying the experiment of GOLDSCHEIDER upon 

myself, applying on the skin with the point of a blunt pin a prick 

of very short duration, but very feeble, the skin being depressed 

hardly more than '/, millimeter, the first, primary sensation arises 
almost simultaneously with the contact. After an interval of from 

0.8 — 0.96 second the secondary sensation commences in accordance 

with the description of GOLDSCHEIDER. 

About from one to three seconds after this, a tertiary sensation 

follows, consisting in a peculiar feeling of irritation and itching, 
compelling us involuntarily to rub the irritated portion of the skin 

with the hand. This last sensation rises very slowly, reaching 

its maximum in little more than one second, and disappearing again 

with far greater slowness. The duration of the first sensation amounts 

to a very small part of 1 second, the second sensation is like- 

wise a short one, though generally somewhat longer than the first; 

the duration of the tertiary sensation is still longer, amounting to 

from 2—10 seconds, and even more if the intensity of the prick 

was somewhat stronger. The curve of the three sensations may be 

represented graphically by a figure. 

} 2 3 

Figure 1. 

The analogy with the visual after-images, such as these have been 

described recently by Kries, Huss, Hamaker and others, is most 
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striking. There too we find a primary image followed by the “satellite,” 
and this followed in its turn by the tertiary positive image. The 
latter is ever followed by a negative after-image. In the opinior 
of Huss, the primary image and the satellite are also followed by 

negative after-images. A scheme of the total of the sensation is 

given by him as a sinusoïde with a rapidly decreasing amplitude 
and an increasing period; see fig. 2, in which the direct image 

Fig. 2. 

is represented by 1, the satellite by 8, the positive after-image 

by 5, and by 6 the final, easily visible after-image. Hess pretends 

to perceive likewise the negative after-images 2 and +, which | have 

never been able to see; for several reasons, not to be given here, | 

seriously doubt whether these after-images 2 and 4 really exist. 

Leaving this question, L only wish to point out the close resemblance, 

offered by the tactual sensation, following a single feeble touch of 

a pin-point, with the series of positive after-images of the eye, 

represented by the combination 1, 3 and 5. The course of the 

phenomena is the same in both cases: the relative duration of 

each subdivision is perfectly equal for both senses, only the absolute 

duration is somewhat longer for the skin. 

Still another analogy is shown by the quality of the three separate 

images being different, as well for the eye as for the skin. IT wish 

to lay great stress on the statement of this last fact, because it 

opens the possibility of a new conception, equally different from that 

of GoLpscHEIDER as from that of Hess. Even the experiments of 

GorpscHumer, alleged by him in favour of his hypothesis of summatio 

are subject to another explanation. 

GOLDSCHEIDER observed that one single induction-shock, however 

strong it may be, applied as a cutaneous stimulus, is never able to 

rouse the secondary sensation, whilst this was effected easily and 

constantly by 3 or 4 shocks of the induced current, even rather feeble 

ones, following each other in rapid succession, 

en Co ho 

Proceedings Royal Acad. Amsterdam. Vol. VL 
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Now let us consider only what happens for the vasomotor nerves. 

If these are excited by frequent shocks of the induced current, they 

react by a vasoconstriction followed by vasodilatation. If the shocks 

of the current are following one another very slowly, only dilatation 

is obtained. And finally, if a peripherical motor nerve inner- 

vating both striped muscle-fibres and vascular muscles, is stimulated, 

it may occur sometimes, that after one single shock of the current 

only contraction of the voluntary fibres follows. If several elementary 

stimuli, following one another in an appropriate rhythm, are applied, 

first a contraction of the striped muscles, may be observed, next of 

the vasoconstrictor, and finally of the vasodilatator fibres. 

As soon as we suppose in the retina or in the skin the presence 

of more than one species of end-organs the possibility may be 

assumed that only one of these species reacts on stimuli of short 

duration, whilst other organs react on stimuli of longer duration. 

If stimuli of definite duration and intensity are made use of, both 

organs will react, each after ifs own latent period, in the same 

way as happens for muscles, vasoconstrictors and vasodilatators, so 

that we will obtain two sensations subsequent to each other. In 

cases, where three excitable organs coexist, even three separate 

sensations may be felt, as in the case of stimulation of the skin 

and of the retina. 

Chemistry. — “The course of the solubility curve in the region of 

critical temperatures of binary nactires.” (Second communica- 

tion). By Dr. A. Suirs. (Communicated by Prof. H. W. BaKnuis 

RoozEBOOM. 

(Communicated in the meeting of December 19, 1903). 

In my preceding communication +) on this subject I have repre- 

sented in the figures 3 and 4 the p-r-sections for different temperatures, 

starting with the critical temperature of 4 and finishing at the melting 

point of B. Fig. 3 holds for the case that the three-phase-curve 

lies entirely below the plaitpoint-curve, and Fig. 4 applied to the 

case that the three-phase-curve cuts the plaitpoint-curve. Im order 

to obtain the 7-2- projection from the combination of the different 

p-x-sections, the variations of pressure were left out of account. 

To complete what precedes the actual succession of the p-«-sections 

for different temperatures will be represented here. 

1) These Proc. Oct. 27th 1903, p. 171. 
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Fig 1 holds for the ease that the whole of the three-phase- 

curve lies under the plaitpoint-curve. cc, ec, c,d is the curve of the 

solutions saturated with solid B; ee,e,e,d is the curve of the 

vapours coexisting with these saturated solutions. Both these curves 

terminate in the point d, the melting point of B. The hatched streak 

ge, ee, de, ¢C,¢,¢ first ascends coming from lower temperatures: it 

reaches a maximum, and then descends again. 

The curve aa,a,a,a, a,b is the apparent outline of the p-z-t- 

surface on the p-r-plane, or the J/-curve, aa, a, 4,0 was the apparent 

outline of the p-z-t-surface on the 7-r-plane or the /-curve. 

As has been proved by van DER Waals the curves ge and cf 

are two parts of one continuous curve with an intervening piece 

which is partly not realisable, and with two vertical tangents. 

Fig. 2 represents the case, that the three-phase-curve cuts the 

plaitpoint-curve, 
32% 



At p the curve of the saturated solutions ¢c, passes here without 

a break into the curve of the saturated vapours ee. 

The curve aa, touches the curve ee, pc, c in a point on the left side 

of p and becomes there metastable, becoming stable again at a point on 

the right side of g. At q we observe the same thing as at p, viz.a 

breakless meeting of the curves de, and de, The curves + pr, and vq vy, 

which represent the “fluid” phases, coexisting with solid 4, have 

the course given here, as has been shown by VAN DER Waars '). The 

possibility of drawing two vertical tangents to these curves, implies 

the phenomenon of retrograde solidification. In the immediate neigh- 

bourhood of p and gq we do not see any change in this, but at 

greater distances, e.g. halfway between p and g it is possible that 

the two tangents comeide, which causes the retrograde solidification 

1) These Proc. VI 230 Oct. 31st 1903 and VI 357 Nov. 23rd 1903, 
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fo vanish‘); the inflection point, however, continues to exist *). In 

my first paper TF was led by the experiments of Vinnarp to accept 

the possibility of a retrogression of the p-c-curve, which for a system 

of the type ether-anthraquinone represents the “fluid” phases coexisting 

with solid 4 and now we see that this is necessarily so for the 

immediate neighbourhood of j and gy. So it has been ascertained 

theoretically, that we can make solid / evaporate somewhat in the 

immediate neighbourhood of p and q. If for a system of the type 

ether-anthraquinone an entire volatili- sation of arbitrary quantities 

of B were observed, this would point to a p-r-loop as is found for 

the system oxygen-bromine at 17°, or in other words to continuity 

between the soe/i/ and the “fluid” phases. 

As I said before it is necessary to examine the v-r-sections for 

different temperatures in order to gain a better understanding of 

the question. 

Let us first consider the usual case, that the three-phase-curve 

lies entirely below the platpoint-curve. 

For a temperature below the critical temperature of A, we get 

the following v-r-section. (Fig. 3). 

Aa represents the mol. vol. of the saturated vapour of A, Ad that 

of liquid A. Be is the mol. vol. of the saturated vapour of Band bf 

the mol. vol. of solid 5. 

ab denotes the mol. vols. of the vapour mixtures + B, coexisting 

Fig. 3. 

1) loc. cit. 

2) This is the case when the curve has originally only one inflection point. If 
it has two inflection points, which is most likely also possible, they can both 

disappear. 
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with the liquid mixtures, for which the line de represents the 

molecular volumes. 

The point 4 indicates the mol. vol. of the vapour saturated with 

B and e the mol. vol. of the liquid saturated with B. abed is the 

region of the phase-complexes 1 + G; the nodal lines drawn in it 

connect coexisting phases. 

The mol. vols. of the vapours coexisting with solid B lie on the 

curve be, and the triangle bef is the region for the phase-complexes 

Sp+ G. 

The coexisting phases lie in this case on lines traced from f to 
the curve bc. The triangle bfe is the three-phase-triangle and there- 

fore the region for Syd L + G. 

The line eh, which divides the space under def into two parts, 
represents the mol. vols. of the liquids coexisting with solid B. For 

smaller volumes this line runs to the left, because in normal cases 

the solubility of B in A diminishes with decrease of volume. 

The quadrangle effi is the region of the phase-complexes Sp + L, 

the coexisting phases are indicated by the small lines drawn in the 

figure. Inside dehy we have only one phase, viz. liquid, and above 
abc only gas. 

The lines ch and eh are two portions of a continuous curve with 
an intermediate portion, which will have two vertical tangents in 

normal cases. If is easy to prove this with the aid of the theory 

of VAN DER Waars, and this can be done in a way analogous to 

that, in which van per Waats') has proved the existence of two 

vertical tangents to the pr-eurve for solid-liquid. 

We start then from the differential equation of v when r and 7 

vary. (Cont., I] pag. 104). 

Let us denote the concentration and the mol. vol. of the solid 
phase by z, and v, and that of the coexisting gas phase and liquid 
phase by ep and vy, the equation is then: 

Oy Op dp dp (e= )s 
ps) <= dur dag |+-(@s—af)| ——— doe der | dT= 0. (: En ¢ Uf i Ov y0ur U /| ( v : “Al Seas UF if Ours” | ig Gf ) 

If 7’ is kept constant, the last term of the first member becomes 

zero and we get after an unimportant transposition : 

oe ee. Bn = ee JUF) —— Us = OMEN WPN Ne Ear i URN ut 
oe Ov? ey Ova oJ sy) vpn f r (ese) See ft 

or 

AE DOE al miei on 
Den VsUf Uy- UF zE lr = - te) rece eens ine 
le vs) (ars v7) & fa | UY Ie vp) br + (Ws) a lay 

1)’ loc, cit. 
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dof 
(vs—vs) — (2s (5 A) = Usf. 

or ne he 

vse denotes the decrease of volume per molecular quantity, when 

an infinitely small quantity of the solid phase passes into the co- 

existing phase at constant pressure and constant temperature. 

By substitution we get: 

dp LN dw a yo a 
det vf == — (ws mf ) erde (ws— — xf) de” AL f 

We have: 

or 

07) dw 
bee Us Cf 

dof ay (vs WD nrd, © Ove. 0. vr a ey) el 

def am dp 

Ov? 

Van per Waars has lately demonstrated that v‚r can twice 

become zero when wv, is smaller than vy, in consequence of which 

dvr rat at 
— becomes twice infinitely large. 
def ; 

“wh 
Further +2 can also twice become zero, but this does not give 

Uf 

; : : dur dp ‚ 

rise to an infinitely large value for 77 aS, se being zero, and 
( Ue OF i 

we being therefore in D or D’ (Fig. 2 vaN DER WAALS), vor = @ 

dv; 

da: / 
and - has therefore a finite value. 

If v, is larger than vs, which may also occur, then only one vertical 

tangent is possible. This is attended by a change also in the course 

of the lower part of the line cheh. In the above figure eh runs to 

the left for smaller volumes, but then this curve must directly run 

to the right, which means that the uate. of B in A increases 

for smaller volumes. (larger pressures), a behaviour which may also 

be expected theoretically for smaller ane when initially vf > v,, 

whereas the reverse, so the usual course is found for larger volumes. 

If, however, v, > vy the course must be the abnormal one from the 

beginning. 

For the better understanding of fig. 3 I shall add a few words 

about each of the different regions. 

Let us assume that we have a mixture of the concentration w, 

for a volume z,v,; we are then in the region of 1+ G. If we 

draw the nodal line nv,n, through v,, n denotes the mol. vols. and 

Dp 
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the concentration of the liquid and », those for the vapour coexisting 

with this liquid. In addition the relation between the volumes of 

liquid and vapour may be read from the pieces, into which the 
liquid N40, 

point v, divides the nodal line; it is viz. ——— ——. 
vapour u U, 

With a concentration «, and volume #,#, we are in the region 

Sp G; the mol. vols. and the concentration of the vapour coexisting 

with solid 2, are denoted by v,; the relation of the volumes by 

solid HV, 

vapour fv, 

If we now take a concentration #, with a volume #,7,, we are 

in the three-phase-triangle. The mol. vols. of the three phases are 

indicated by the three angles; the relative volumes are found by 

drawing a line from f through ¢,, till it intersects the line he. The 

solid N,v; liquid bn, 
relation —— = —— and the relation —~— —=—. If finally 

liquid-+-vapour fv, vapour en, 

we have a concentration «, with a volume w,7,, we are in the region 

L + Sp; the mol. vols. of the coexisting phases are now expressed 
; pit oe ae liquid Dn; 

by n, and m’',, the relative quantities being indicated by —-— = —_. 
hi solid B UN, 

When the temperature rises, this sv-section suffers a change; in the 

first place the curves ab and De ure moved lower and the curves 

de and ef are moved upward. The displacement of the point ki 

however is very small compared with the other displacements. The 

points 4 and ¢ are also moved to the right, because the solubility 

of B in A is supposed to increase with rise of temperature. 

These are the changes for the case that we are still below the 

critical temperature of fl: when we have reached this temperature, 

the curves ha and ed pass without a break into each other and 

with rise of temperature up to the melting point of B we get a 

series of conditions represented in Fig. 4. (p. 491). 

The binodal curves 47Pe with the plaitpomts in P lie all inside 

each other; they cannot be prolonged to the 4 side below the 

melting temperature of 4, because the substances 21 and 4 become 

miscible in all proportions only at the melting point of 4. Just above 

the erifical temperature of A the nodal lines for the saturated vapours 

and liquids have a strongly slanting position; at bigher temperatures, 

however, they slant less, beeause the difference in concentration 

between / and ¢ becomes smaller. 

The curve b4,4,), is the v-t-curve for the saturated vapours, the 
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curve ¢¢,¢,f, is the v--eurve for the saturated liquids. The former 

curve has a minimum, the second a maximum '). 

That the v-f-curve of the saturated vapour must have a minimum 

ean be easily proved for the system AgNO,—H,O%). In this case 

the matter is so simple, first because the vapour consists only of 

water and secondly because the maximum of the pressure is still 

below 1*/, atmosphere and therefore the law of Boyrr-Gar-Livssac 

may be applied for an approximation. 

The vapour tensions of the saturated AgNO,-solutions are not yet 

accurately known, but this is of no importance here. We may 

assume here for the moment, that the values are perfectly accurate 

and then see what the position of the ¢-/curve for the vapour 

must be. 

We get the following result : 

') Probably this need not always be the case. 
2) These Proc. IV, 371. Dec. 28, 1901. 
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‘mm - TT 
| Vapour tension | Mol. vols. of the 

Etap: | in m.m. Hg. (ees in liters 

133 | 760 | 33.35 

135 | g00 | 31.82 

150 960 27.49 

160 1000 27.02 

170 1010 27.37 

185 900 31.75 

191 760 38.09 

Fig. 5. 
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maximum at 170° 

The figures 5 and 6 are graphical representations of the pé- and 

the vt-curves. 

We see, that the maximum in the pécurve lies at about 170°, 

and that the minimum in the vé-curve lies at 161°. The maximum 

in fig. 5 is therefore not found at the same temperature as the 

minimum in fig. 6. (p. 495). 

That this must be the case can be easily proved by applying the 

equation P= RT. If we differentiate this equation, we get: 

tt oe Pp 

or 

neue gee 
Te ee 

Ne ; dv F 
For the minimum in the vf-curve ap — 0 is therefore : 
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Fig. 6. 
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minimum at 161°. 

T dp 
— — iui ==) 

p dT 

or 
dp p 

Ly GE 

; v dp - 
So when — —=0, —. has a positive value. In the maximum of 

dl dT 

the vapour tension curve we have : 

dp dv v 

= 0 hence —=—. 
Ji et ee 
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So for the temperature, af which the vapour tension curve has 

reached its maximum, the v-f-eurve is ascending. 

4 dp & 
Finally 1 shall briefly point out that the value for 7 at Lon 

AL 

calculated from the vapour tension curve harmonizes well with the 

, P = . SG 
theoretical value 7 For the range of temperature between 150 — 

170°, p may be found from the following interpolation formula 

P = Piso + 999 (t—150) — 0,15 (£—150)? 

For 161° follows from this 

and 

It follows from the construction that the v-f-eurve for the satu- 

rated solutions can have a maximum, but it is not easy to deduce 

this theoretically. 

We shall now continue the discussion of fig. 4. 

If we take a concentration «, with a volume wr, and at the 

temperature for which the first 7-r-section holds, we are in the 

three-phase-triangle fe, and so we have side by side Sg + L + G@. 

At the temperature for which the second v-r-section is drawn, the 

point v, is no longer in the three-phase-triangle, but in the region 

for Ap G; the liquid has therefore disappeared, and only solid 

B + vapour is left. 

At the temperature corresponding to the third v-r-section the point 

¢, has returned to the three-phase-triangle and solid 4 + vapour 

has therefore been partly converted into a liquid. At the tempera- 

ture corresponding to the fourth r-r-section the point 7, is found in 

the region of the unsaturated liquids with their vapours and at the 

melting point of the substance 5, 7, lies in the region of the 

vapour and so everything has evaporated. 

If on the other hand we had started from the concentration , 

with a volume r,r,, we should have left the three-phase-triangle 

with increase of temperature and we should have reached the region 

for Sz+G, and have passed from there straight into the gas- 

region. As v, is situated above the v-t-curve bh, there is here nothing 

„retrograde as in the case discussed above. It is obvious that the 

retrograde phenomenon will occur for conditions lying above the 

tangent drawn to the v-f-curve 64, from a certain point f (between 
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f, and f,), -and below that part of the eurve 55, that lies between 

the point of contact and the point 4, ’). 

If we further consider the case that the composition is ., and the 
volume v,, we have the case that with rise of temperature we eet 
from the three-phase-triangle into the region for + Sp and so 

that the vapour disappears. With further increase of temperature 
we pass directly from the region 1 + Sy, into the gas-region, just 

as for the condition «,v, we passed from the region Sy G into 

the gas-region. In the remaining cases nothing noteworthy takes 
place; we must only point out, that for systems of the type of 
fig. 4 the critical phenomenon can only be observed for wnsatiurated 
solutions. 

Fig. 7 applies to systems of the type of ether-anthraquinone. The 
difference between this figure and the preceeding one lies in the fact 

A. : IL, ; B 
Fig. 7. 

1) CentNERSZWER (Zeitschr. f. Elektrochem. N°. 40 S. 799 (1903) has lately drawn 

attention to this retrograde phenomenon, 
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that if we come from low temperatures the 7-7-curve for the saturated 

vapour and that for the saturated liquid approach each other more 

and more, and finally pass without a break into each other. At q 

we get a repetition of what precedes in reversed order. On the 

left of p and on the right of qg we have the same thing as in 

fig. 4; at p and q however, we see something special, viz. that 

here the critical phenomenon can be observed for a just saturated 

solution. 
We have further seen in fig. 4 that the succession of conditions 

L+Spt+ CG Sp GG could occur there for conditions lying 

above the curve Ab, In fig. 7 this takes place, besides above the 

curves bp and qh, also between the concentrations 7, and z,, corre- 

sponding with the points p and q, for any arbitrari/y chosen volume, 

because the region for Sp + G@ between p and q passes continuously 

into the region for Sp + L. Hence this phenomenon will oceur much 

more frequently for the type of fig. 7 than for the type of fig. 4. 

The usual succession L+ Sp (== is here only 

possible for conditions lying within the r-/-curve ee, e, pb, b, b. 

The retrograde phenomenon discussed above will here be observed 

for all conditions lying below the branch 4, 4, q of the second 

v-t-curve and above the tangent drawn to the branch ge, 7, from a 

point f (between f, and /,). A very essential point of difference with 

the case of fig. 4 is further to be found, first in the circumstance 

that with a concentration 7, and a volume «,v, we pass here sud- 

denly from the region 1 + Sp + ( into the gas region and secondly 

that for a composition slightly richer in B than x, and with a volume 
rv, v, just at the moment at which all the solid 4 would evaporate, 

a saturated solution is formed, which reaches its critical temperature 

immediately after its formation. 

From fig. 7 follows that if we started from a concentration r, with 

a volume v,v,, with which therefore the point g can be reached, 

the transition L+ Sp G—Sp+ G@ takes place at a temperature 

lower than that corresponding to the point p, so that the points p 

and g can never be determined by one experiment, which it is 

practically superfluous to mention. 
The curves p,pp,, rr, tt, and qg,qq,, which denote the mol. 

vols. and the concentrations of the “fluïde” phases coexisting with solid 

B, have still two vertical tangents, as they are in the immediate neigh- 

bourbood of p and gq, from which the retrograde solidification follows. 

For the curve SS, drawn halfway between p and g, the two 

vertical tangents coincide in accordance with the pz-curve in Fig. 2, 

which means, that there retrograde solidification is no longer possible. 
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We shall conclude with some remarks on the determination of 

the plaitpoint- or eritical temperature. 

As is known, the critical phenomenon for binary mixtures can 

only be observed, when before the region + is left, there is 

exactly the same quantity of liquid as of vapour, or in other words, 

when the volume is exactly the same as the plaitpoint volume (see 

fig. 4). In this case we enter the gas region at the plaitpoint 2. In 

general every concentration requires then another volume. If the volume 

is greater or smaller than the plaitpoint volume, we do not observe 

a eritical phenomenon. In the first case we come to the gas branch 

of the binodal curve, and consequently total evaporation of the liquid 

takes place when the temperature rises slowly; the liquid mass 

decreases more and more and disappears in the lower part of the 

tube. In the second case we reach the liquid branch of the binodal 

curve and the whole tube is finally filled with liquid. 

A sudden transition from the region L+G into the gas region, 

in consequence of the fact that the liquid and the gas phase become 

identical is only observed for a volume equal to the plaitpoint volume, 

also when the temperature rises very slowly. Yet for other volumes 

phenomena may be observed, closely resembling the critical ones, 

but this is only to be attributed to the fact that the temperature rises 

too quickly for the equilibrium to be established. 

For a simple substance the plaitpoint temperature is the highest, 

but this is not the case for binary mixtures. The highest temperature 

for a binary system will be observed for the volume of the critical 

tangent A, so for a volume larger than the plaitpoint volume (see 

fig. 4). For still larger volumes the liquid will again disappear at 

lower temperatures, so that from the plaitpoint volume to larger 

volumes the temperature, at which all the liquid has disappeared, 

and which we might also call condensation temperature, passes 

through a maximum value. If the volume is smaller than the plait- 

point volume, the tube is completely filled with liquid, but the tem- 

perature at which this takes place, is always lower than the plait- 

point temperature. 

Amsterdam, Dee. 1903. 

Chemical Laboratory of the University. 
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Botany. — “Exosporina Laricis Ovp. — A new microscopic 

fungus occurring on the Larch and very injurious to this tree” 

By Prof. C. A. J. A. Ouprmans. 

On June 11, 1903, Mr. C. A. G. Buins collected on, the estate 

“de Groote Bunte” at Nunspeet and sent to me a number of needles 

and twigs of the common Larch (Larie decidua = Lari europaea), 

the former of which, although they belonged to recently grown 

dwarfshoots, had for the greater part a sickly appearance, and had 

exchanged their light-green colour for a light-brown one. 

The question naturally arose: what could be the cause of this 

phenomenon, and whether a fungus might be at the root of it. 

An investigation concerning this matter soon showed me that the 

twigs were normal, and consequently had not been visited by the 

to the Larch very injurious Peziza (Dasyscypha) Willkommia, but 

that the needles were spotted on both sides, but especially on the 

lower side, with very small black specks (Fig. 1). 

These specks, spread at random, sometimes more, sometimes less 

numerous, mostly circular, had a diameter of 1L00—150 u at the 

utmost, and most resembled Leptostroma- or Leptothyrium-specks, 

although a closer examination showed that they shared no property 

of any importanee with these genera. They cohered firmly with the 

epiderm, and it soon appeared that they had not been hidden under 

it and gradually found an exit, but that they had existed from the 

beginning on the surface of the needles. 

This result was not obtained by examining cross-sections, which 

the very minute specks did not allow to make, but by heating the 

needles for a few minutes in a ten percent solution of caustic potash, 

washing them, making them transparent with chloral-hydrate, and 

gently pressing them with a cover-slip. Under the microscope light- 

brown, wavy, oceasionally bifurcated threads or ribbons of varying 

breadth were seen on the leaf, which in various places produced 

little disks, from which new threads were sent out in some other 

direction (Fig. 2). 

The threads consisted of articulate hyphae and the disks of a 

small-celled parenchym. By pressing the latter more strongly and so 

dividing them into smaller fragments, it appeared that they were not 

flat but globular, and that they protruded like little cupolas above 

the epiderm to which they were firmly attached. 

These fragments also gave an opportunity of gaining an idea about 

the internal structure, of the disks. From their small-celled tissue, 

namely, certain favoured hyphac had grown up in a close bunch, in 



such a way that their height increased regularly from the edge to 

the middle. These hyphae, by forming numerous partitions, had got 

an articulate appearances. On closer inspection the multicellular rods 

appeared, in a more mature state, to consist in the lower parts of 

eubical, in the higher ones of more rounded cells, and finally to 

become disintegrated, so that, on account of similar cases, there 

could be no doubt that the cast-off cells were the means of 

multiplication and had consequently to be considered as conidia. 

These conidia, from which new infections may be expected, are 
mostly 5 6 u high and 54m broad, have a light-brown colour and 

are perfectly smooth. By far the greater part of them are undivided; 

only a few show perpendicular or inclined partitions. 

If we now ask what harm is done to Lauris decidua by the above 

described fungus, the answer can only be that the stomata are blocked 

up and rendered useless by it; that the function of the leaves is 

interfered with, and that the chlorophyll is changed in such a manner, 

that its assimilative power is reduced, and that evaporation is in no 

small measure prevented. This is proved by the brownish colour of 

the leaves replacing the green one. In one and the same spiral of 

needles, such as are found with Larix, the morbid process proceeds 

from the outside to the interior, so that for a considerable period 

needles of two colours are observed on the rosettes. 

As the needles fall off pretty soon, and lodge no mycelium threads 

which might have gone on to the twigs, it follows that, in order to 

prevent future damage to the trees, the fallen needles should be 

removed and burnt. Spraying might perhaps save attacked trees 

from further decay. For trees that are visited by the fungus, begin 

to languish, their growth is impeded, their resistance diminishes, and 

so they soon fall a victim to all sorts of Dematiaceae which give 
them a dirty blackish appearance. 

The next question is: what place in the system the fungus ought 

to occupy; and what name has to be assigned to it. 

To begin with, it undoubtedly belongs to the “Fungi imperfecti”, 

lately entitled ““Deuteromyeetae” by Saccarpo (Syll. XIV, p. 4). 

Secondly we must exclude the Sphacropsideae, which possess a perithe- 
cium, as well as the J/elanconieac, the conidia of which, without being 

occluded in a perithecium, develop within parts of plants and rest 

on a stroma. Our fungus rather belongs to the third and last, at the 

same time the largest class of the Deuteromycetae, which have no 

perithecium and the conidia of which, produced on threads or hyphae, 
live either independent of each other, which is the general case, or 

are gathered in bundles, forming a so called ““Coremium”. 

~~ a. ~ 

Proceedings Royal Acad. Amsterdam. Vol VL. 



( 500 ) 

For the sake of brevity we shall state at once that our fungus 

belongs to the Tuberculariaceae, with coloured hyphae and conidia 

linked like a rosary, and that first Corba (Icones Fung. I, p. 9 and 

fig. 148), and later Saccarpo (Syll. IV, 757) assigned the generic 

name Primmatostroma to a similar fungus. 

The species, described and represented by the former, he called 

Trimmatostroma Salicis, after its host. Now it deserves notice that 
SACCARDO found a fungus on rose hips and first called it Zrosportum 

fructicola (Fungi ltatiei, pl. 40), which he later transplaced to Trimma- 
tostroma and called Tr. fructicola: firstly because in the genus 

Keosporium, introduced by Lixk and exemplitied by 4. 7i/iae (plate 1, 
fig. 8 of his Observationes mycologicae), the conidia are not linked 

together, but adjacent, and secondly because in his opinion the structure 

of HKrosporium fructicola did not agree with that of Zörosportum 

Tiliae, but with that of Trimimatostroma Salices. 

Now our plate shows Primmatostroma Nalicis Corda (fig. E) as 

well as Trimmatostroma fructicola (tig. F), reproduced from the 

original drawings, in order to elucidate our conviction that between 

these two, points of difference are to be found rather than points 

of resemblance, and this to such an extent, that it seemed to us that 

Trimmatostroma had to be shifted again, this time to the genus 

Lrosporina, introduced by us for /. Laricis, with which Saccarpo’s 

fungus has the greatest resemblance. 

The characteristics of the three repeatedly mentioned genera can 

now be summarised as follows: 

Exosporina. — Conidia in strings, undivided, falling off singly. 

Stroma not or only slightly developed. 

Exosporium. — Conidia consisting of two or more cells, not 

united to strings, forming a close assemblage on a stroma. 

Trimmatostroma. — Multicellular conidia, loosely cohering, 

forming a dense aggregate on a well developed stroma. 

Of the genus Peimomatostrome, in CORDA's sense, Only two species 

are known besides Zy. salicis, viz. Tr. americana 'Thiim. Mycol. 

Univ. N°. 793 (Sace. Syll. IV, 757) on twigs of Salie discolor, and 

Tr. anentorum Bresad. et Sace., on female catkins of Aluus incana. 

A species described by Donerry under the name of 7. abietina (um?) 
(Botanical Gazette 1900, p. 401, and Sace. Syll. XVI, 1107) agrees 

more with a Sporodesminm according to the description, and is 

considered as such by Saccarpo. All these three fungi need not be 

considered here. We would only remark that Vrammatostroma abietind, 

which like our Lvosporina Laricis occurs on the leaves of Conifera, 
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causes great damage to plantations of Abies balsamea in the environs 
of Guelph in Ontario. Though it may be very probable that the 
fungus mentioned does not belong to the genus Ziimmatostronut, vet 
it appears from Donerty’s article that it greatly impedes the growth 
of the trees by choosing their needles as substrate. About the checking 

of the evil nothing is mentioned by Donmrry, so that we cannot 
profit by advice from Ontario. No suffering trees were found at 

Nunspeet except at “de Groote Bunte”. 

EXOSPORINA Ovp. n. g. 

Fungi expositi vel endogeni, stromate nullo vel parum evoluto, 

conidiis in catenas stipatas digestis, singulatim secedentibus, homo- 

morphis, continuis, coloratis. 

B. Laricis Ovp. — Stromatibus amphigenis, expositis, puncti- 

formibus, nigris, catenas conidiorum longiusculas, in placentam con- 

vexam arcte condensatas, gerentibus; conidiis primo angulatis, denique 

globulosis, continuis, 5—6 5 u, singulatim secedentibus, ferrugineis. 

EXPLANATION OF THE PLATE. 

Fig. A. Needle of Larix decidua ; magnification LO times; with the black spots 
of Exosporina Laricis Ovp. 

Fig. B. Hyphae or ribbons, extending over the leaf and in various places grown 

out to small-celled little disks, from which later the conidia, connected to strings, 

8 : 200 
will arise Magn. i 

Fig. C. Ripe cushion of strings of conidia, as they would appear on a cross- 

: 500 
section. Magn. ale 

| . 1000 
Fig. D. Part of such a cushion, enlarged He Each separate string shows a 

spherical top-cell. 

Fig. K. Gorpa’s picture of Trimmatostroma Salicis. 

Fig. F. Saccarpo’s picture of Exosporium fructicold. 

I am much indebted to Mr. C. J. Konine at Bussum, who has 

been kind enough to draw the plate for me. 

Mathematics. — ‘“Piitcker’s numbers of a curve in S,” by Prof. 

P. H. ScHoure. 

The PrtcKker’s numbers of a curve in the space S, with  dimen- 

sions have been given for the first time by Vrerormsr (Math. Annalen, 

vol. 19, page 195), vet they have been seldom applied although dating 

from 1882. This is probably due to the more or less awkward 
Dx 
ov" 
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notation which is made use of and which has been adopted 1. a 

in Pascar’s Repertorium der höheren Mathematik (Leipzig, Teubner, 

1902). In the following lines L intend to give a more concise notation, 

making it possible to write down the 8 (#—1) relations between the 

Bn Pricker’s quantities in three formulae with an index, which must 

take the values 1, 2,...,—1 successively. In order to make the 

deduction clear to those, who are not so familiar with polydimen- 

5] sional theories I shall begin by indicating them for the case n= 

of our space. 

2. As is known the six relations between the nine PLÜCKER's 

quantities of a skew curve are derived in two triplets from the 

consideration of two plane curves, the first of which is the central 

projection -of the given skew curve C from any point OU on any 

plane «, whilst the second is the section of any plane « with the 

developable of the tangents to the curve C. Let us indicate succes- 

sively order, rank, class of the curve Cby n, 7, 1 and let us represent 

as is customary by (a,b), (g, 4), (wy) the three pairs of dualisti- 

cally related numbers, of which 4 is the number of stationary points, 

h the number of apparent nodes, « the order of the nodal curve of 

the developable; then the sextupies 

COR aa Bani aa) F (He Ming Gs barren Cs) 

of the quantities (order, class and numbers of nodes, double tangents, 

cusps and intlexions) characterizing the two plane curves are 

expressed by the equations 

Ns Dein 

ND SN Mm, == 

ds h EN 

y . (1) 
t, a te S50 | 

k, == Hee A 

bi b, S= (ii 

in the nine characterizing values of C: so in connection with the 

well known PrcKeR’s formulae for a plane curve the two triplets 

of relations hold good : 

rpn(n—1l)—2h-d3b m—=r(r—l)—2a—Sn | 

nar (r—l) —2 y—3m ; r—=m(m—1) — 2qg—3a4 (2) 

PEN OG ; | — 3 a | m—b = 3 (r—h) | a—n 3 (nr) | 

If we substitute 7, 7,7, 73,1, for the row of quantities b, 1, 7, m, a 
u 



COs. } 
\ 

and if we put df, and d,,¢, for h,y and «, y the equations (1) 
1 

pass into 

my == 7; 

Mij (NE 
(EL Se oe Te Beke SACRAAL 

ge een 

hj = he 

and identities, whilst the two triplets of equations (2) are united to 
) 

Me Pi Po) dS rj | ri Sri (rit —1) — 24 — Brigg |, GH 1,2) 2 © (2) 
Ra Py ed as OF 7) 

And now these equations pass into those for the general case as 

soon as the addition (¢ = 1, 2) is exchanged for (@ = 1, 2,...,—1). 

3. We shall now pass to the general case of a curve C, of order 

wn, lying in an S, but not in an S,—; and we remind the readers 

how here we determine the 8(—1) relations between the 32 charac- 

terizing quantities. If we take in Se two non-intersecting spaces JS, , 

Sn=p—1, and if we project C, out of S,_, 1 on 4,, the projection 

is a curve (,. If we imagine this process to be performed for 

p= 2,3,...,n—1, we arrive at — the curve C, included. — a 

: (p) 
series of n—1 curves Cb, C3,..., Cri, Cy. If farthermore Cs — once 

more for p= 2,3,...,n—1 — is the section of the locus of the 

spaces S 1 through p successive points of the curve CG, with any 

plane lying in the space S,4; of that curve, we arrive at, — if the 

| (1) 
plane curve C> already found above is represented by C, —, n—1 

(1) (2) (n--1) 

plane eurves C2 ,C,,...€ and these furnish 2——1 triplets of 

relations. If the sextuples (mi, mi, di ti, ki, 6), (@ == 1, 2,..,,n—1) 

represent the characterizing numbers of these plane curves the 3(2—1) 

equations hold good: 

m, = nj(nj—1) — 2dj—3k; 9 

nj == mi (m;—1) — 2ti—3b; \, @ = 1, 2,...,n—1). 

6;—kj = 3 (m;—ni) 

By representing the series of #—+ 2 quantities 

h „ [LOD EE 2 et TE) m a 

number Uy 
stationary … „Order, =S 

points 

number of 
class, stationary 

spaces Su 

numbers 

~ of rank, 
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Sleds, DY" TO; Ti 5 Tra TH WB find the equations (1’) extended from 

(¢=1,2) to @=—1,2,...,n—1), which equations cause the above- 

mentioned 3(7—1) equations to pass into the equations (2’), in the 

same way extended from (}=1, 2) to («= 1,2,..., n—1). 

4. According to this notation the system of the 32 PLéckur’s 

numbers of (, consists of three groups: a group: of 7 + 2 quantities 

r (numbers of rank),.a group of 7#—1 quantities d (numbers of double 

points), a group of nl quantities ¢ (numbers of double tangents). 

We shall now indicate what is the exact signification of those quantities. 

Numbers of rank. We consider ro, 7, 

By 7 we understand the number of stationary points of C, i.e. 

Fat separately. 

the number of the points through which # + 1. successive spaces 

NS, through 7 successive points of the curve pass. 

Bor p= 25 cet eee find that 7, 

through p successive points of C, cut any space nps OF these 

indicates how many Spaces 

to hae 

numbers 7, is the order and 7, the class of (5, 
1 

The number of stationary spaces S,—; of GC, i.e. the number of 

spaces S,—1 through »- 1 successive points of C, is indicated 

DeeP 

Numbers of double poids. The quantity d 

double points of the section C> of the locus of the spaces yey 

through p successive points REE with a plane situated in the 

is the number of 

space Sr of that curve. So by returning from the projection C44 

to the given curve C, we find the following: If we project the 

single infinite number of spaces S,—1 through p successive points of 

C, out of any” space 45,2543 we find a single infinite number of 

spaces S,—9 and therefore a twofold infinite number of intersections 

S,4 of two non-successive spaces Se. The locus of those spaces 

NS, 4 is a curved space with #—2 dimensions, cut in a certain 

number of points by any plane. This number of points, at the same 

time the order of this curved space, is ¢,. 

Numbers of double tangents. The quantity 4, is the number of 
(p) 

double tangents of Cy. By ascending from Cai to C, we arrive 

at the following: By projecting the single infinite number of spaces 

Sp 

we find a single infinite number of spaces S,-1 enveloping a curved 
through pl successive points of C, out of any space 5,_,—9, 

space of 7—1 dimensions. The number of double tangents of any 

plane section of this envelope is ¢,. 

For the rest it is easy to see that the numbers d, and ¢,—, refer 

to quantities dualistically opposite in the space 5, 
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5. By means of the simple form of the PrteKer’s formulae we 
(p) 

are now enabled to show more clearly that really all curves C5 

belong as they should to the same genus. For this we prove the 
(7) (+1) 

equality of the genera g; and gi4, of Cy and C4 

According to the relations (1’) extended to C, we have 

sly (nil) (n;—2) — (dik) = (ril) (7; 2) 2(dit+rj;_)) 

and therefore 

Alin) = tes rs Pe Aa di) 9 (rr) md CN A) 

Moreover the first of the three equations (2’) for jand 7+ 1 gives 

by means of subtraction 

vie (Mt, = digd) — (ri) — Bir) (4) 
Thus by subtraction of (4) from (3) we get 

Agii 92) = (rie Mii) (niiet) + (ri—ri—1) 

aM = ae Wier) 

and from this equation the second member disappears in consequence 

of the third of the equations (2’). 

Let us observe by the way that the numbers of rank 70, 7), 7, Pt 

of CC, form the first terms of a recurrent series with the third of 

the equations (2) as equation of condition and thus — for « as 

the variable — with (1—.)* as denominator of the generating fraction. 

In order to cause the representation to remain as simple as possible 

we have supposed the curve ©, to lack all higher singularities. For 

the influence of the latter we refer to the above-mentioned essay of 

VERONESE. 

The Prücker's formulae given here shall be applied elsewhere to 

the case of the curve ©, of order 2”— forming in |S, the section of 

: 2 
n—~1 quadratic spaces Q, . 

Mathematics. — “On systems of conics belonging to invohitions on 
rational curves.” By Prof. Jax pr Vrs. 

1. We suppose the points of a rational plane curve C™ to be 

arranged in the groups of an involution /*,s >>5, and bring a conic 

(" through each quintuple of points belonging to a selfsame 

group. The system [C*] formed in this way has evidently no double 

right lines, so that 4—=0. So between the characterizing numbers 

tr, d exist- the relations 2»=a-+d and 24=7; so we have 

== 2 út and Jd wy. 
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The numbers of pairs of lines can be determined in the following 

way. Let P, P', P" be three points of the same group of the 45; 
we make P to correspond to each of the points S which the right 

line P'P" determines on C*; as ta P belong 4 (s—1) (s—2) pairs 
PP" each point P in the correspondence (7, S) is conjugate to 
(s—1),.n—2) points S. The pencil of rays having S as vertex 

determines on C” an /*—! having (n—2)(s—1) pairs P',P" in com- 

mon with /*; so to each point S correspond (7;—2)(s—1}(s—2) points P. 

When now two conjugate points PS coincide, three points ?, P', P" 
lie in the same right line and each of those points is to be regarded 

as a coincidence of the correspondence (P,S). So the number of these 

collinear triplets is (7—2)(s—1),. The bearer of such a triplet forms 

with the connecting line of two points belonging to the same group 

a pair of lines of | C*]; consequently 

JS = (n—2)(s—1),(s—8), = 6 (n— 2)(s = 1),- 

From this ensues again 

t= 2 (n—2)(s—1), and v = 4 (n—2)(s—1),. 
— 

2. On each conic of the system [C*) five points P are lying and 

(2n—5) points A more. Each point of C* can be regarded as a 

point P and as a point \. Of the u conics through that point there 

P with four points P' belonging to the same 

group; the remaining (27—5(s—1), contain besides AX a quintuple 

of points of the /s and (27—6) points A more, which we shall adjoin 

to VY. The points NN evidently form a symmetric correspondence 
5)(s—1),. Each coincidence 

are (s—1),, connecting 

with the characterizing number (27—6)(27 

of (X,X') furnishes a conic of [C*], touching C”. 
Besides these 2(2n—6)(2n—5)(s—1), conics there is a group of 

‘touching conies each of which connects a coincidence of /s with 

three points belonging to the same group of /*; their number amounts 
to 2(s—1)(s—2), = 8(s—-14),. 

But there is still a third group of tangential conics. When a point 

P coincides with one of the points X, the conic touching C* in 
P—X represents two curves; so in that point C” touches likewise 

the envelope of [C*]. Now to each point P belong (2n—-5)(s—1), 
points .Y, whilst each point \ is conjugate to 5(2/—5)(s—1), points 

P. Therefore the third group contains 6(2n—5)(s—1), conics. By 

counting these double we arrive at 

[2(2n —6)(2n—95) 4 8 + 12 (2n—5)](s—1), or 4(n—2)(2n—1)(s—1), 

conics touching C”. This number can be easily controlled; for, a 
curve C” of class £, is touched by (ku + rv) curves of a system 
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(u,v). If for A we substitute here 2(n—1) and for a,» the above- 
‘ 

mentioned numbers, the number 402——2)(2n—1)(s— 1), appears again. 

3. Let us still consider the correspondence between a point A 
and a point 7, belonging to the group of /s, five points of which 

lie with X ona C?. Each point X is conjugate to (2n—5)(s—4), . (s 

points P,; reversely (s—1), . (2n 

SN 
a 

5) points Y correspond to P,. 

If two conjugate points coincide we have evidently a conic bearing 

six points belonging to a selfsame group of /*. As each of those six 

points can be regarded as a point \ the number of those conics is 

equal to the sixth part of the number of coincidences of the corres- 

pondence (P,, X), thus equal to (2n—5)(s—1),. 

4. If every group of an /* contains less than 5 points, there is 

no indicated system [C*]|. In that case we can take (5—s) arbitrary 

points Ar, k=1 to (5—-s), and join these by a C° with the 

s points of a group of the /s. To find the characterizing number u 

for the system [C*] obtained in this way, we consider the conics passing 

through the points A; and moreover through the arbitrary point A,. 
2n 

They intersect C™ in the groups of an involution /,—; of order 
ny Ng 

2n and rank (s—1). Now two involutions Zj, and /;, have according 

to a theorem of Le PaicE'), (nt, nok), groups of (4, + 4,) 
2n s 

points in common. Applying this to the involutions /;_; and /;, we 

find that through A, pass (2n—s +1) conics containing each a group 

of the Zs. So w= (2n—s +1), v = 2 (Qn—s+1) and d= 3 (Qn—s +1). 

5. For s=2 three fixed points A,, A,, A, are wanted. Ihe 

pairs of lines of [C*] form two groups. A figure of the first group 

consists of a right line A; A; and the line connecting A, with 

the point which forms with one of the points of intersection of 

Cr and A; A, a pair of the 7°. In a figure of the second group the 
line containing a point A, bears a pair of the [*. The number of 

pairs situated on rays through A, amounts to (7 —1). So we find 

d= 3n+3(n—1)=3(2n—1), in correspondence with the general 

result given above. 

For s=3 we have to take two fixed points A,, A,. The pairs of 

lines form three groups. In the first place there are (n — 3) col- 

linear triplets (see § 1), of which the bearers through A, A, are 

completed to a pair of lines; secondly each point of intersection of 

1) Sur le nombre des groupes communs à des involutions supérieures, marquées 

sur un même support (Bull. de Acad. Royale de Belgique, 3e série, t. XI, p. 121). 
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A, A, with C# determines a group of the /* of which the remaining 

fwo points furnish the second right line of the degenerated C” ; 

thirdly each of the points A,, A, is collinear with 2 (7 — 1) pairs of 

the 1°. So we have d=n—2-+n+4(n— 1) = 6 (n —1). 

For s—4 we want but one fixed point A,. There are 3 (n — 2) 

collinear triplets and 3 (#7 — 1) pairs of lines, where each of the 

right lines bears two points of a group of /*; so here we find 

d= 3(n— 2)4+38(n—1)=—3 (Qn ys 

6. The correspondence (X, X’) has for s <5 the characterizing 

number (27, — s)(2n—s—41); in the correspondence (P, X) each 

point P is conjugate to (2n — s) points Y, each point XV to s(2n — s) 

points P. As /s contains 2 (s—1) coincidences the number of conics 

of [C°] touching C# is now represented by 2(2n —s) An —s—1) + 

+ 2 (Qn —s)(s + 1) + 2 (s — 1) = 2(2n —1)(2n—s-++1), which corres- 

ponds to the value the number (fu + wr) possesses here. 

The correspondence (Y,.V’) for an /? is of order (2u —?) (2n—3); 

ib has (2 = 2) Qn 3) pairs in common with i: 

So the system [C?| contains (7 — 1) (2n — 3) conics bearing each 

two pairs of the quadratic involution. 

Mathematics. — ‘Fundamental involitions on rational curves of 

order five’ by Prof. Jan DE Vrins. 

i. If the points of a rational curve of order five, C*, with six 

double points De (4 = 1, 2,3, 4,5, 6), are arranged in the pairs P', 

P" of an involution /*, the line P' PY envelopes a directing curve 

of class four. For, the indicated involution has four pairs in common 

with the central involution of order five, which is determined by the 

rays of a pencil. If a pair of the /* is formed by the points D, 

and 2", lying in D, on the two branches of the C*, the directing 

curve breaks up into a curve of class three and the pencil of rays 

having its vertex in D,. If a second pair consists of the points D’, 

and )",, the real directing curve will be a conic. Then we evidently 

get an J? given with (”:; we shall therefore call it a fundamental 

involution. It is determined by the pencil of conics with the base-points 

DD. DD. 

9. The bearer of a pair of points of the fundamental involution 

F., meets C* in three points more 7", 7", 7" forming a group 

of a cubic involution. For, of the tangents out of a point 7" = P' 
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of the C* one goes to point P", whilst the second contains a pair 

of the /,, besides the points 7”, 7" conjugate to 7”, so that 7" 
appears in but one group of the correspondence (7", 7"). So the 

directing conic g,, is at the same time the directing curve for the 
8 

fundamental involution #5, composed of linear triplets 7, 7", 7" 56 

The tangents out of a pont P' of the C® tog 
56 will coineide only 

in the case that P” is situated on the tangent in I?’ to C®. From 
> 

this follows that ss touches the curve C° in five points; it is easy 

to see that these points are the coincidences of the correspondence 

(2, 3) in which a point P? corresponds to a point 7. Besides the 

have six 

tangents more in common, which are determined by the coincidences 
2 3 

a A oe AIC Le 

tangents in these points to be counted double (* and ¢ 
56 

3 

3. The. cubic curves connecting three triplets of the # with 

the six points Dj, determine a pencil of curves determining the 
3 

groups of this involution. A pair of the /”, consisting of the points 
D',, D’,,. the eubie pencil (C°) will contain a curve having in D, 
a node; but from this follows that the remaining curves must touch 

3 

each other in D,, so also in D,. The triplet of the #,,,-of which 

the bearer f, passes through D, determines in: the pencil (C*) a 

degenerated curve consisting of ¢, and the conie /,,,,, through the 

ints DD, (k= 1, 2,3,4,5). A second degenerated curve consists k 
of the conic #,,,,, and a ray f, 

o 
through D,. From this ensues that 

the ninth base-point of (C*) lies in the point of intersection of ¢, and 

Pe St io... a6 touched=im- 2D, by tand Ata mb Di by ¢. at 

goes without saying that in D, and D, all curves of (C*) have the 
lines ¢, and #, as tangents. 

4. We consider the two fundamental involutions 4, and #,, 
46 

3 a 

besides the involutions /,, and /, 
56 determined by them and we 

inquire after the meaning of the common tangents of the directing 

conics 9,, and g,,- 

6) 

2 3 

The involutions /’,, and /’,, have besides the pair of points D’ 
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D",, a pair in common which we shall indicate by ?',,, P",, and 

also by 7, 7";,. On the connecting line r of these points are 

also the points 7”,,, 7”, 7”. which can just as well be indicated 
ipeake srmbolsd Pian 

b consequently 7 bears also the pair 
2 3 

which F,, and #,, have in common (besides D',, D",). 
3 2 

The involutions 4, and #, have four pairs in common among 

which the pair DD, the remaining three lie on three common 

tangents of g,, and g,,; the fourth common tangent is evidently the 

above mentioned right line +. 

>. Let Sy be the point of intersection of C® with the right line 

Dj. Yi. From the preceding ensues that the lines S,,S,,,.S,,.S,, and 

Nos Sas determine with the lines ¢,, f, touching the conics As, 

hios4, in D,, D, a conie g,, touching C° five times. 

Besides the fifteen pairs of fundamental involutions Fi, Fi we 

still notice the 6 central fundamental cubic involutions intersected 

by the pencils of rays with vertices Dy. For these the directing 

curve (being for a general /* of class 8) breaks up into the vertex 

to be counted three times and the remaining five points D. 

Physics. — “The determination of the pressure with a closed air- 

manometer. By C. H. BRINKMAN. (Communicated by Prof, J. D. 
VAN DER WAALS). 

For the determination of the pressure with the aid of closed 

dirmanometers we may avail ourselves of AMaGar’s wellknown deter- 

minations of isotherms’). In table 5 and 10 (Le) four air isotherms 
are given for pressures ranging between 100 a 3000 ats. For pres- 

sures, smaller than 100 ats. we have to extrapolate. I have thought 
that T could justly avail myself for this extrapolation of the equation 
of state of VAN DER WAALS: 

(1 + a) (1 —b) (1 + at) a 
a = ET 

v—b 13 

if 4 is taken here as a function of the volume. 

The variability of 4 with the volume has been interpreted in two 

Ways: Ist. as a quasi change in consequence of the partial coinci- 

1) Mémoires sur J’élasticité et la dilatabilité des fluides jusqu’aux très hautes 

pressions. Ann. Ch. Phys. Ge s. 1893. 
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dence of the distance spheres, 2"¢ as a real change caused by 
compression '). 

At first I thought that I had to make use of the formula, derived 

by Prof. van per Waars on the second supposition with the aid 

of the theory of evelie motion; when testing this formula to the 

bydrogen isotherms of Amacar, Van Laar ®), found it to harmonize 

well with the observations. Im the calculation we are, however, 

confronted with the difficulty that for the accurate determination 

of the constants 6, and 5, a preliminary accurate knowledge of 

the a is required. It not having been ascertained to which of the 

two causes the variability of the 4 is due, and it being improbable, that 

the first mentioned cause can be left out of consideration, I have used 

the formula derived on the first supposition for the variability of the 4: 
b, b,? b,? 
en £5 va ABS a | b == by l—a 

s | 1 

Of the eleven correction terms which will occur for spherical 

molecules*), only the first two have been calculated. | have confined 

myself here to three terms. By a comparison with the values of 
Cr 

p and v observed by Amaaar at 15,°7 C. we shall have to deter- 

mine the values of «, 6,, @, B and y which agree closest with the 

observations between JOO and 8000 ats. In order to avoid when 

applying the method of least squares, the elaborate calculation of 

five normal equations with twenty coefficients, | have determined 

the most probable values of « and 4, with the aid of assumed 
NN 

values of a, B and y. For this purpose | putea = 4 Which value was 
é 

found according to two different methods by BoLrzMann *) and by Van 

per Waars Jun”): further 3==0,0958, which value has been calculated 

by van Laar*) and adopted") by Botrzmann; quite arbitrarily I put 

y == 0,01 and Lassumed as approximated values of « and by « = 0,0028 

bg = 0,0020"). So if Aa and Ab, are the differences between the 

1) See Van per Waats, These Proc. V. June 27 1903, p. 123. 
SML te „ » Botrzmayn Festschrift p. 305. 

2) These Proc. V. March 28, 1903 p. 573. 
3) Van Laar, Evaluation de la deuxième correction sur la grandeur hb, Arch. 

Teyler, série II,.t. VI 1899 p. 48. 
4) Gastheorié If p. 152. 
5) These Proc. V. February 28 1903 p. 487. 
6) These Proc. [ March 25, 1899, p. 398. Adopted namely for the calculation 

of his second correction term, which has the value 

83 957 

2 8960 
Here @ has the value 0,0958 calculated by van Laar so 2! = 0,0369. (Febr. 24, 1904). 

7) In Cont. | @ = 0,0037, / = 0.0026 1s derived from the observations of RraxauLr. 
When multiplied with 0,76 with change of the unity of pressure, the above values 
are obtained. 

B = 
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most probable and the assumed values of « and 5, 4 p the difference 

between the observed pressure and that calculated with the aid of 

the five assumed constants, the normal equations become: 

Op)? \ Op Op Op 
ETA == Ap. 3 Aa. = : : 
| du | da Ob, | Ou 

Op )p Op 7 Op 

oo. S |? Ply ar. Ei saps) 
Loa Ob, (0b, ol 7 

By solving them for seven observations between 100 and 400 ats. 

(where the influence of the arbitrary values y, 8 and @ is not yet 

very great), we find: a = 2410; 6, — 1906 *). 

In the third column of table I the difference between the observed 

values of p and those calculated with these new values of a and b, 

have been given in per cents of p; the agreement is satisfactory up 

to 1000 ats. In order to find values of a, B and y, which give a 

better agreement for higher pressures, I have calculated the 4 for 

volumes 3209, 2060, 1645 and 1466 (with corresponding pressures 

of 400, 1000, 2000 and 3000 ats. *) from the equation of state with 

the aid of the just found «. Let us now write the correction formula 

of the & in this form: 

1 1 ive A ib 5 
De be + En 7 by — „2 5 8 5 by a „3 eli by == || 

Then with the aid of those four sets of values of 6 and v we may 

calculate from four linear equations with four unknown quantities 

ab, e, Bandy, which with a= 2410 for volumes 3209, 2060, 1643 

and 1466 yield values for p, which agree perfectly with the observed 

values. Wie find: 6, == 18635. a =S 08616518 —0)1330, 7 0051465 

with the aid of these values of @, Pandy we find now the values 

of a and b, which give the best agreement with the observation, by 

applying the two normal equations to ten observations between 100 

and 1000 ats. The values found in this way and the deviations of p 

calculated by means of them are given in the fourth column of 

table I; now the agreement is satisfactory up to 2000 ats. Only by 

changing 8 and y we can obtain a better agreement for the highest 

pressures. New values of 3 and y are now found from the correction 

formula for the 4 with the aid of the just found values of «, b, and 

a, and these new values make the agreement at 2000 and 3000 ats. 

satisfactory . 

1) The values given for a, 6 and v must be multiplied with ‘ome 

2) The values of p, given by Amacar for different values of 7, have been borrowed 

up to 1000 ats. from his “methode des regards”, those from 1000 to 3000 ats. 

from lus “methode des contracts électriques’. 



a) 40. |) 9358-6 9358.6 | 

| | 

EE 1852.0 1852.0 | 
af | Ii 

| 

eA 007 0.3616 0.3616 | 

a | 0.0958 | 0.1330 | 0.4325 

oh 0004 0.05176 | 0.05083 

Tesa ar | ae [ae | 
ee hae = 3 = ——— | 3 EEn 

fOxeD | 4000 “ti 0.4 02 0.2 

aaa, |) S00 Bem Nene ke cid 

| 39013 300 OA OE | 0.2 | 

3209 Fh At ROD 

| 92822 | _ 500 | One eee iy eee 

he Shen Wie toads oled -| OA Sh 020 

1193. | 4500 | — 2.2 he eae EE A 

| 1643 | 2000 kr A ee 

| 4542 | 200 | —125 | 09 | 0.2 

| 1466 | 3000 | AA | 4.0 | 0.0 
| 

These values and the deviations of p calculated with them are 

eiven in the fifth column of table I. The deviations are of the same 

order as those which Prof. KAMERLINGH ONNmS *) obtains when repre- 

senting AMAGAT’s observations by an equation of state with six 

constants in the form of a series. 

A reliable extrapolation for pressures below 100 ats. has now 

become possible; at a temperature of 15°,7 C. the pressure correspon- 

ding to every volume can be determined with the aid of the five 

constants. 

If the air-manometer is placed in a water bath, the temperature 

of which is kept constant by a thermo-regulator, a temperature of 

20° or 25° will be preferred to 15°,7 C. Itis therefore of importance 

to ascertain, whether also at those higher temperatures the equation 

of state with the same five constants yields values which sufficiently 

harmonize with Amagat’s observations. It is to be expected that 

this will only be possible within a limited range of temperatures ; 

1) These Proc. IV June 29, 1901. p. 125. 
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NO 
for the quantity > derived by Amacar from the isotherm is not 

~ Oty ; 

constant, which points to the fact that by assuming the constants 

independent of the temperature, no perfect agreement with the 

observations will be obtained. 

By means of the formula: 

dp (1+ a)(1—2,). a 

Ui v—b 

which is derived from the equation of state, when ‘the constants are 

| | | ap 
put independent of the temperature, I have determined the a for 

Ot 

different volumes, and compared these values with those found by 
AMAGAT.?) 

EAB als 

p (0°) 2% 0e—1009) | Z 
: fe aes ae Daa | 4 (observed) | (observed) | ated) | 

9730 100 0.462 | 0.488 | 0.9 

5050 200 |) Ads 1073 | 99 

3658 300 1.800 Ne Ta) | 2.8 | 

3036 | 400 | 9.470 | 2.407 2.5 

2680 509 | 3.085 [3042 | 4.4 

2450 600 | 3.718 | 3.648 i) 

? 

In the third column of table Il the values of —" ave given derived 
dt, 

by Amacar from his determination of isotherms at O° and at 100°, in 

the fourth column the calculated values, and in the fifth the devia- 

‚Op 
tions expressed in per cents of DE 

ed 
If by means of the formula for ame calculate from the pressure 

Dv 

at 15°,7 the pressure at 25°, then the deviation of 0,9°/, in the 

Op ae 5 
5 passes into one of 0,04°/, in the pressure for the volume 9730. 
Ot, 

The deviation of the p introduced in this way, is smaller than 

0 

1) |. ce. Table 26. 
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lord 

those which are mentioned at 15°,7 in table I; from which follows 
that the accuracy of the values of p at 25° derived from the equa- 

tion of state is still of the same order as those which are calculated 
wind: 

In table II the values of p are given at temperatures of 15°,7, 

20° and 25° C. for different volumes calculated from the equation of 
state with the constants mentioned in the fifth column of table I. In 
order to render the calculation of pressures possible also for other tempe- 

Op 
ratures, the calculated values of — are mentioned in the fifth column 

Oty 
of table III. (p. 516). 

As unit of volume we have taken the normal volume, i. e. the 

volume which the air would occupy at 0° C. and 1 atm. (0°, 45° N. B.). 

So it is possible to represent an isotherm for a large range of 

densities, with the aid of the equation of state and values for the 

constants ae and §, differing little from the theoretical values. 

These differences will be chiefly determined, besides by syste- 

matie errors of the observations, by 1st. the non-spherical shape of 

bi-atomie molecules, 2"4 the possibility of a simultaneous real 

diminution, which could then explain at the same time the slight 
ee Op 

variability of —. A dt, 

In table V the influence for different densities of the three 

terms of the correction formula for the b is rendered. In the fourth, 

fifth and sixth column the values are given, with which the 6, is 

diminished in consequence of the correction terms with «, 2 and y, 

expressed in per cents of b,; in the seventh column the decrease 

of b, in consequence of the three terms together is given in percents 

of 6,. In the eighth column the influence of the decrease of 5, on 

the pressure is represented ; if we calculate the p from the equation 

of state keeping 6 constant and equal to b,, then this p will be 
greater than that calculated by means of the decreasing 0. 

The difference between them is given in percents of p. With a 

volume of 0,02 already the decrease of b will manifest itself in a 
decrease of p. 

It appears that the application of several correction terms would 

be desirable for the smallest of the volumes observed by Amagar. 

For larger volumes, however, they have no influence, and their 

theoretical values still being unknown, I have thougbt that in this 
case three terms would be sufficient. 

- Several observers (i. a. KveNeEN, Quin’) have made use of the air- 

isotherm, determined by Amacar as early as 1864, for pressures 

34 
Proceedings Royal Acad. Amsterdam. Vol. VI. 
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TABLE [ID 

2 pasen) | (20°) | (25°) oe. 

9 5.28 5 6 5.45 | 0.018 

40. A0 sei AB TOR 240,80: | 0.037 

15’ | 45.79 | 46:03 16.32 | 0.057 

90 | 94/02) | 91 35 | | 91.73 | 0.076 

65 | 96.9% | 96.66 | 97.44 | 0.096 

30 | 3145 |. 495 | 3253 | .0.416 

35 | 96.65 | 3793 | 37.92 | 0.137 

0 | age | 42.59 | 43.38 0.158 

ds roa ET Td 18.69 | 0.179 

sol zaan. es 54.08 | 0.201 

sle STA, 5836 59 4s | 10.204 

60 | 6258 | 63.64 | 6487 | 0.246 

65 | 67.78 | 68.9% | 70.98 | 0.269 

70 | 72.97 74,23 | 75.69 | 0.293 

7 | 78.48 | 79.54 |'2 81.48 |. 0.347 

go | 85.39 | 8486 | 86.57 | 034 

85 | 98.63 | 90.20 | 92.03 | 0.366 

90 | 93.88 | 95.56 | 97.52 | 0.391 

95 | 99.15 | 40095 | 40303 | 0.47 

100 | 104.44 | 106.34 | 408.56 | 0.443 

105 | 409.76 | 444.78 | 4443 | 0.470 

m0 | 445.40 | 417.94 | 419.73 | 0.407 

115 | 190.47 | 199.73 | 195.36 | 0.595 

120 | 195.8) | 198.97 | 431.04 | 0.554 

125 | 431.33 | 433.84 | 136.75 | 0.583 

130 | 436.22 | 130.46 | 142.52 | 0.612 

135 | 442.36 | 445.42 | 448.33 | 0.642 

440 | 447.91 | 450.80 | 154.47 | 0.672 

445 | 453°53 |) 156.55 (| AONDENNK RONDE 

150 | 159.91 | 46238 | 466.05 | 0.785 

1, The error of calculation, made in the p by interpolating linearly for inter- 
mediate volumes, is smaller than 0.01 atm. 
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eae BE bor vs DW. 

| ; 3 b a) ) 
D pl EL a on 5 bg —b Ap 

| v DE pe 

| 20000 52.21 | 0.09 3.35 -| —O.44 | 0.00 3.94 0.4 | 

10000 | 104.4 0.19 6.70) 0,45: 1.0709 6.28 2 

| 

100000 10.54 0.02 0.67 —0.00 0.00 0.67 0.0 

4504 249.5 0.41 14 87 

between 25 and 85 ats., and a temperature of 16° C. As unit of volume 

the volume at 16° C. and 1 atm. has been used; so in order to be 

able to compare these results with those found later, all the observed 

volumes must be multiplied with 1,05878, and we can also calculate 

the pressure at 15°,7 from the pressure at 16° with the aid of the 
0 
En calculated before. 

v 

It appears in the graphical representation of pv as function of 

a that the last series of observations, starting with 100 ats., can 
VU 

by no means be considered as a continuation of the former series 
which ends at 85 ats, so that it is impossible to use the two 

series together. 

In the second column of table V the results of the measurements 

in 1864 *) are given, reduced to 15°,7 C. and to the normal volume as 

unit of volume; in the third column those which have been extra- 

polated in the way described above from the observations of 1893; 
in the fourth column the differences have been given in percents. 

For the following reasons the later measurements seem more 

accurate to me. 1% The differences between two series of determina- 

tions found in the later measurements (“méthode des regards” and 

“méthode des contacts’) amount to at the utmost 0,1°/, at 15°,7. Zed 

The manometers of Drescorrr used in these determinations have been 

compared and the deviations are not great, specially for high pres- 

Del ce Table> its 

34% 
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Dr PAND edn V4 

p (45°.7) | p (AB°.7) 

1864 1803 

39820 26.29 26.36 0.27 

31790 39.85 39.96 | 0.33 

26440 30.43 39.58 | 0.37 

29610 46.00 46.22 | 0.48 

19760 52.57 5284 | 0.51 

17550 59.44 59.45 | 0.53 

15790 65.74 66.04 | 0.50 

14340 72 98 72.69 | 0.56 | 

43140. | 78.85 79.33 | 0.64 

42140 85.42 85.88 | 0.53 

sures, whereas the determination of the pressure in 1864 with 

an open manometer 65 meters high has been very difficult. 32% Com- 

parison of the accurate hydrogen isotherm of SCHALKWIJK (Diss. 1902) 

with the values extrapolated from AMAGAT's determinations gives 

differences of about 0,1 °/,. 

Chemistry. — “On the shape of meltingpoint-curves for binary 

mietures, when the latent heat required for the miving is very 

small or=0 in the two phases.” (8 communication). By 

J. J. van LAAR. Communicated by Prof. H. W. Baxavis 

RoozEBOOM. 

I. By the side of the deal case, that the latent heat of mixing in the 

liquid phase = 0, whereas it is oo in the solid phase (a = 0, «= 0) — 

so that the solid phase consists only of one component — there is 

another case, also deal, viz. that the latent heat of mixing = O in 

both phases, or may be neglected. («=0,«'=0). The solid phase 

consists then of the two components in a proportion which is com- 

parable to that in the liquid phase. 

The former ideal case is that of the processes of solidification, 

in which no solid solutions (or mixed erystals) are found, the latter 

may be appropriately called the ideal case of the iived crystals. 

apart from To consider such ideal cases has always this use 



the simplifications in the considerations and ealeulations — that these 
cases may be adopted as the normal ones, from which all the other 
cases are to be considered as deviations in greater or smaller degree. 

In our case the consideration of the limiting case ¢—0, a! —=0 
offers another advantage, viz. that much of what will be deduced 
in what follows, may be transferred with some restrictions to the 
bodingpoint-lines for ideal liquid and gaseous phases. For the thermo- 
dynamic relations of equilibrium agree perfectly, when the distinguish- 
ing feature between the two kinds of equilibrium, viz. the degree of 
the mutual influence of the two components in each of the phases has 
vanished. The difference consists only in this, that for the processes 
of melting the pure latent heat of melting may be assumed to be inde- 
pendent of the temperature, whereas for the processes of boiling the 
latent heat of evaporation will decrease with increasing temperature. 
Only in those cases, therefore, in which the boiling points of the two 
components do not differ much, the following considerations may be 
transferred to boilingpoint-curves of liquids, where a may be put 
= 0. When the difference between the boiling points is larger, this 
cannot be done any more. 

II. The fundamental equations (2) of my first paper’) become 

¢ ee Oi De bce 0) simply : 
7 1 

EE Hp Ia! Bh, Pe de dn (1) 
1+ log 1+ log —— 

: lx Js © 

It is now possible to eliminate 2’, and to express x explicitly in 
7, and in the same way to express the quantity 2' explicitly in 7 
after eliminating «x. 

In the first place we find: 

lg! BNI 7 
Sd : : = zen gems VOA 

i I Shh wv 

so that, when for shortness we put: 

gift 1 ran! 1 
sn Beel LB : Sn Se (9 

R i al “a R is fig z (3) 

we get, in consequence of (1—w') + a! = 1, the relation: 

(1— 2) Py + ae — |, 

1) These Proc. VI, June 27, 1903, p. 151. 



In the same way: 

(l—a')e 7 + met = 

From this we solve: 

bg 

or, in a form convenient for the calculation: 

a 
hase 
B EEE. el te oefe ee) 

ginger” 

From these equations, and also from equation (4) of the first com- 

munication (in which w, =g, and w, = q,) we find easily: 

dT Jille 2e! dT Vi hin A 

de TT (leg, teg, | ellen) ' de (An Heg, | (le) 
For the tial course of the meltingpoint-curve follows from this 

T=T): 

aT a a a TE ang 
de), det a> q: 7), 

or, in connection with (2): 

dT di ay ar Fle iby 
== Ae dili) le, B 
dz /, qq da), Ji 

when we put: 

TEA == id 6 RAG een ee esp. 
The jinal course (for the lowest temperature 7’,) is found by 

changing the letters, so, by putting further 1—a=y and 1— 2’ =y’: 

leien nerd 
Le. taking (2) into account: 

d RT. dIN RTS a 
(= = eee ays (=) eae)... (a) 
Dy ids dy), Qs 

when putting : 
i! 1 1 Cota kek 8 SOME 

fe et T ) 

6, and @, being both positive quantities (7, is always smaller 

than 7), e‘ande* will always be > 1, go andes? always < 1. 
dT dT 

From this follows, that the quantities (=) and (5) will always 
Hij 0 e 0 



en dT dT 3 be negative, the quantities (=) and (a) always positive. For the 
0 170 

latent heat of mixing g, and g, can never become negative. 
So in the ideal case «= 0, a =O the meltingpoint-curve always 

begins to descend at the highest temperature, and to ascend at the 
lowest temperature, so that in this case a minimum is excluded. 
This appears also from the fact that the condition for a minimum 

is 8 > Se (loc. cit. p. 168), so that for 8’ =O this can never 
1 

occur, and the meltingpoint-curve will therefore gradually descend 
PEO ME AO 

That a maximum cannot occur in any case for normal components, 
whatever value @ or a’ may have, — provided a’ be larger than a — 
has been proved already in my first communication (loc. cit. p. 156). 

The equations (5) and (5a) give rise to the following discussion. 

4 a dT 
In the limiting case 9, =O (q, finite) we have fee 

0 

dT oen dT ; ; 
Een =0, | — == 0, so that the two meltingpoint- 
da! 0 dy 0 : 0 

curves will approach to the type A (fig.1). 

F ay tae | wil h to 0, (LE): Gn. ot == oo, a fan 5 will approach to 0, a ooo (on 

UI RT? 
9; > a. . . e L 2 —Û, 

account of the term e'), but | — | to a Limit, viz. „as € 
B qs 

converges to 0. This gives the limiting-type B (fig.1). 
ig ak AT Piece dT 

When 9g, = 0 (q, finite), we have a and a) =0; ay 
w 0 t 0 0 



dT 
and ie =o. The meltingpoint-curves approach to the type C 

0 dy 
(fig.2). 

if aa ss a ds 
if, however; 9, ==, then i We — ‘ ) == heo «gan 

ei de), q, da 

dT dT dT 
— | and {| — | approach both to 0. Now | —- | approaches to a 
dy /, dy /, du}, 

oe =) SAAT yi ced 
limit, as e * converges to 0. This gives rise to the limiting-type 

D (fig.2). 

We shall see presently, that according to g, being greater or 

smaller, the final course for 7’= f(t) in the case C, and the initial 

course for 7=/ (x) in the case D may vary as to their curvature. 

All the other cases lie between these extremes, but we shall see 

that there can yet be a great difference in course as to concavity 

and convevity. In order to form an opinion on this, however, we 

must write down the second differential-quotients. 

Ill, We found for them in our second communication ') for 7’= 7,, 

when a and a’ = 0: 

der Tr Ard ii, 7 B, Gl) ee tr -(E) | 47) 20 
0 1 0 ie (7) 

de Wera) i x 
Sis er Al ae ae ml aie: ha 8 (.- 4) | 
de), % da! 0 

' 

BN Sees : } 
in which 5 is e * according to (2) and (6). For the corresponding 

v 0 

| 

dT 
expressions for 7, we find by the same changes as for ae 

(see above) : 

selen Le ie qs dy VE 2 | Js 2 da ae | 

eT 0 Tt | 

dy*), qa \dy 

in which Ee == 5 according to (2) and (6a). 

(7a) 

That these equations can give rise to a point of inflection in the 
meltingpoint-curve, so even at a’ =O, I have already proved in my 

second communication (loc. cit. p. 256—257). 

1) These Proc. VI, Oct. 31, 1903, p. 256. 
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a ty : rT 
For a concave beginning (i.e. turned towards the X-axis) EP 

d d 

er Wi dT ‚dr 
is always negative | for HE becomes larger negative |. Hence ioe ae 

av ; v dr 

positive. On the other hand this quotient will be negative for a convex 

beginning. In the same way for T'= / (x’). 
En dT 

With a concave end ER] will again be negative EE becomes 
y a1 

aT dT A: 
: — negatwe. For a convex end this 

dy* dy 
smaller positive) SO 

quantity will be positive. We have therefore the following transition 

conditions. 

concave ae hant Oa NS 
beginning 29,-g)+(9,- 47) (e" - 1) 20 I For T=f@ £ 

convex 

* concave 3 1 
‘or T— f(x er re 0 Els For 2 == / @) rn end —2(9,-9,)—(@, pee a 

UI For T=f(e') 0 beginning2(q,-9,).—(q.+47,)(1-e7 ol. 
convex YE 

, concave ll 
‘or T= f(x’ : ‚+47 hi =) eS Wor Ps f (4 De ice end 2(9:-9a) +(9.+ je = 

or in another form : 

: 2(¢ AT 
I I SS AT. En 2(q,— a ii) Ill I Lure een 

. a ; ie (8) 
2 AT 

Il Qs <i AT, Je 2(¢,.— — T) | IV qs <a (9,+ sa 

ie oe > 1-e’ 

The different regions with their limits, which occur in these 

conditions, are represented in fig. 3 (Plate). The figure holds for 

T,='/, T,, the values of g, and q, are expressed in multiples of 7’. 

Let us subject the limiting-curves to a closer examination (see fig. 3). 

a. Curve I, viz. 

et AT gE) 

1 iy ha B 3 
1e 

According to (8) all the curves 7’= f(x) with a concave beginning 

will lie above this curve, with a convex beginning below it. For g, 

must then be respectively larger or smaller than the values given 

by the second member. 

(81) 
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The curve will also yield g, = 0 for g, = 0, for which et =d. 

The initial direction is given by q, = 4, (45°). Further for q, = 47, 

isy evidently: also..g, = 47,,, and » for 9,= © , e” becoming = @, 

g, will again be 47,. The curve | will therefore run pretty rapidly 

asymtotically to the straight line g, =47, for higher values of q,, 

and will show a maximum somewhere past q, = 47. (JM, in fig. 3). 
cy d 

This maximum is represented by (3 == 0): 
Ja 

1 J 1 GE) zr xt =) sea) 
1 

. ( 1 1 i 
ati. == at — — =) according to (6). We have then: 

2 1 

ie ee hs 
Wd Se) 

2 

Airs 9. 
or Ae = LA 

Ja 

als ft . 
or, (Te ==) 0,—e ST AG Pd en Ce he. igh AAN 

From this we may find 4, by approximation, so also g,, and g, 

is found from (84). As g, — 47, = 2 (Ll + ay. we have: 
2 

= 6 
UT ho ee oN aie AT 29) 

Ó, 6, VE 

q. 
hence f= 2 LE : 

6, 
der 

or qi = 29, = 4 EZ . . . . . ° ° (8d) 

Now fig.3 holds for 7, = 1/, 7, so (8a) becomes: 

0, — Ens =d, 

yielding 9, — 3,05. Consequently g,—= 26,7, =610 7,. Further 

according to (8b) g, = 29, —8T, = 4,20 7. 

Of the curve I (comp. 81) I have determined the following points 

with the". SO thataey=— ds ig 



g, = 17,| e?=1,65 | ¢, = 1,73 T, ||q,. =7T, | €*—=38,1 |g, = 4,17 T, 

2, 2,72 2,92 „ Ein 54,6] 4,146 , 

sae 4,48 3,68. „ ioe. 148 4,08 

Bn 12,2 415 „ ip heete. 04 od 

ae 20,1 4,19 „ 20 „| 22000 AG 
Really the maximum lies just past Q,=67,. (We saw already 

above, that for g, == 47, also ¢, = 47,). 

b. The curve II, viz. 

2 (q,—4T pea i me 

l + gen 

This curve separates the curves 7’= f(w) with concave end (left 
of. this curve, because g, is then smaller than the second member) 

from that with a convex end (right of the curve, where q, is larger). 
Hor .ge——0) “also.yo = Oan B, = 0; (bal “direction acain 

Gq. (45 Ie for gq, — 479 alsog, = AT, and for g, ==, 9, wall 

(84) 

9 approach to 29, — 47,, because e * approaches to 0. The limiting 

direction of the curve II is therefore given by 7, =2q,, or 7,='/, q.- 

(26°,5). NOTA 
It will necessarily cut I. When 7,=—'/,7,, this point of inter- 

section S, lies somewhat on the left of the maximum M,. It is 
found by combining 

2 (q AT 23E 
q=47, SD ma ge, 

9/97, ifor, 
BE le 

By approximation we find g, = 5,907, q, = 4,197. 

The further calculation leads to the following summary. 

1 = 1T, |e '=0,61 |, = 0,76 T,||g, =8T,\e '— 0,02 |g, = 13,87, 

dn 0,22 3,64 „ nd 0,01 17,9 „ 

jn 0,135 5,52 15 „ 0,00 28,0 „ 
sa 0,08 Bonne 20 dol aor’ 

Ges 0,05 9,62 „ 
For g, = 27, (=4T,) also q, = 27, (see above). 

c. The curve III, i.e. 

2 AT eee =, (SII) 
1 He 



For values of g, larger than the second member the beginning of 

T= f(z) is concave; these curves lie therefore above the curve. In 

the same way all the lines 77—// (2) with convex beginning lie 
below this curve. 

Again g,=0, when g,=0 (imitial direction q,=q,(45°)). When q, 

approaches to oo, q, approaches to 2 q, + AT., so the limiting direc- 

tion becomes q, = 2 q, (63°,5). This curve lies entirely outside the 

two first, more to the left. 

Some points of the curve III follow. 

q, =1T,\e *=0,61 |g, =2,207, |\g,=8 Tije 2 — 0,02 |g, = 19,6 T, 

2 | 0,37 aor any. | 10 :, 0,01 | 93,85 

AREN plas) Soa ens 0,00! 34,0 „ 

Gand 0,05 |. ABDe | 20 | 0,00 AAO „ 

d. The curve IV, Le. 

2 4T 
PE 5 gee Ode » Eee HE ke 

1 + e 

If g, is smaller than the second member, the end of T= f(a’) 

will be concave; these lines lie accordingly /eft of the eurve; on 

the right the lines 7’= f(a’) with conver end are found. 
For g, = 0 again g, = 0 (2nitial direction 9, = q, (45°)). If g, = @, 

q, evidently approaches asymptotically to q,—=—A4T,, just as the 
curve I approached asymptotically to g, = 47, when g, =o. The 

curve IV lies therefore only for a small part within the region of 

the positive g,, and will therefore necessarily cut the g,-axis some- 

where in S,, and yield a maximum value M, for q, before that time. 

This curve too lies therefore entirely outside the preceding curves, 

and again more to the left. 

The g,-axis is cut, when (7, = '/, 7) 

gr aL, 
j sag LN, 

1 /o4 

ioe Ne ing 
1? 

or when 

„lar, ed ke ==. 
Zaid 

This is satisfied by 

Me == Po Gr Gg. Teo a. 



a. => 7) 
Te = . 
i dias ‘ = 

| a cS Shs A ‘ , 

|t required for the mixing is v 

Pate «6 

Fig4. 



J.J. VAN LAAR: “On the shape of meltingpoint-curves for binary mixtures, when the latent heat re quired for the mixing is very small 
or = 0 in the two phases.” 

WT 2 

figs 
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The maximum is found in exactly the same way as in I, and is 
determined by 

= fh 
a ee ken Je es A ay 

to which belongs : 

3 Gy aot oes Tes Say 0) RE 
qs 1 LT =P, (8d) 

lh =), F then, (Sc) yields: 

0, — en 0, 

from which 6, = 0,567, or g, =1,187. According to (8d) we have: 

9, = 2g, — 27, = 0,267,. 
Further we have the following values for g, for increasing values 

of q,. 

g, =2T le" =2,72|g,—= 0,16 T, ||, = 107, |e = 148|g, = — 1,847, 

POR 7,39 iS poe. Tay EEN it 08 

Pal ae fire Pee BP | | 
Already at g, = 157, the limiting direction ¢g,=—4/7, (here 

==-—27,) has been all but- reached. 

IV. So we have seen, that the four limiting curves (see fig.3), 

which divide the g,,9,-space into different fields, radiate from the 

origin (q¢,=9q,=9) in the space. All of them touch in the origin 

the straight line q,—=4,, the former two on the right, the latter two 

on the left. Only I is intersected by II; IV falls for the greater part 

outside the positive region; | and IV show maxima. 
Below I and on the right of II lies the field A of the convex 

shaped meltingpoint-curves. 

Between I and II on the left of the point of intersection S, lies 

a small region B,, where the end of 7’ = /(w) has become concave; 

on its right is the region B,, where the beginning of T= f(w) has 

become concave. 

Between IL and HI (on the left of S,, between I and III) lies 

the field C, where 7’ = / (x) is concave throughout its course, Tia ta) 

convex. 

Between IIL and the g,-axis (below S, between HI and IV) lies 

the field D, where only the end of 7’ = f(w') is still convex. 

Finally there is still a very small region between IV and the 

g,-axis, where the meltingpoint curve — both 77=/(x) and T= f(u")— 

is concave throughout its course. 

If we assume a fixed value for q,, e.g. ¢, = 37}, and vary q, from 
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O tot oo, we pass successively through the four regions A, B, C 
and D. For g,=10 7, e.g. we should pass through the region B, 
instead of through B,. 

If g, is assumed to be constant, e.g. =17',, we pass successively 

through the fields A, B,, C, D and E, when g, decreases from @ tot 0. 

Fig.4 gives a representation of the first mentioned transition, viz. 
for p= ak. 

Between the meltingpoint-curves, marked 2,4 and 2,8 (so holding 
for g,—=2,4 and 2,87), the transition from A to B, (hatched) is 

situated. Between 3,4 and 3,8 (see the hatched parts) is the transition 

from B, to C. Between 7 and 8 (in this case for 7 = f(«')) that 

from C to DD. Further’ the, cases.¢,==1, ¢,= 2 (A), ¢, =S (Chand 

nT, 

71 = TA 27, 2.47, | 2.87, | 3.47, 3.87, aT) 717; 87, 107, 

x’ =0.008 | 0.015] 0.019 | 0.022! 0.026! 0.029} 0.038| 0.051 | 0.057 | 0.069 
P=). oT | 

kt 0.06e| 0.079 | 0.091) 0.31 | 0.12 | 0.16 | 0.21 | 0.24 | 0.28 

es | | 0.082 | 0.0 | a’ = 0.019] 0.035] 0.043 | 0.052} 0.058| 0.06%] 0.08] 0.10 | 0.11 | 0.18 
0.90 , | | | | 

j |e = 0.07 | 0.14 | 0.16 | 0.185] 0.22 | 0.25 | 0.30 | 0.39 | 0.43 | 0.50 

POE Sa 
x’ =0.039| 0.052 | 0.072] 0.082] 0.095} 0.10 | 0.13 | 0.16 | 0.17 | 0.19 

0.85 | | 
” | ¢=0.114| 0.21 | 0.25 | 0.28 | 0.33 | 0.36 | 0.44 | 0.55 | 0.59 | 0.67 

| | 

| x’ =0.053| 0.095| 0.11 | 0.12 | 0.14 | 0.15 | 0.18 | 0.22 | 0.23 | 0.255 
0.80 | | | 

” |» =0.16 | 0.29 | 0.34 | 0.38 | 0.44 | 0.47 | 0.56 | 0.67 | 0.72 | 0.785 
2 | Ve ae a hu | a y 

| j | | | 

| a’ —0.082| 0.14 | 0.16 | 0.18 | 0.20 | 0.215| 0.25 | 0.29 | 0.30 | 0.32 
0.75 | | | | | 

” | 2 =0.22 | 0.39 | 0.44 | 0.48 | 0.55 | 0.58 | 0.67 | 0.78 | 0.815] 0.87 
| | | capes AN 

| a? =0.125| 0.20 | 0.23 | 0.25 | 0.28 | 0.29 | 0.33 | 0.36 | 0.38 | 0.39 
0.70 | | | 

” Ie =0.295| 0.48 | 0.54 | 0.59 | 0.65 | 0.69 | 0.77 | 0.86 | 0.89 | 0.928 
hte eet EE eee | ea Psi 

| | | | | | 

== (UD NDE) 0.32 | 0.35 | 0.37 | 0.39 | 0.43 | 0.46 | 0.47 | 0.48 
O65: 5 | | | | 

{er —=0.88 | 0.59 | 0.65 | 0.69 | 0.75 | 0.78 | 0.85 | O.91s| 0.938} 0.964 
| | | | | | i | | | | en | | 

| 2’ =0.305/ 0.48 | 0.46 | 0.48 | 0.51 0.525] 0.555| 0.58 | 0.59 | 0.60 
6.60 … | | { 

Le = 0.50 | 0.71 | 0.76 | 0.80 | 0.84 | 0.87 | 0.915 yes 0.97) 0.988 

x’ = 0.52 | 0.64 | 0.665| 0.695) G.71 | 0.72 0.7351 0.75 | 0.755/ 0.76 
0.55 … 

| = =0.68 | 0.84 | 0.87 | 0.918} 0.927] 0.949} 0.965 ye 0. 0.997 



dq, =10(D) have been traced. The curves 2,8 and 3,4 represent 
therefore the type B, with convex beginning and concave end for 
T = f (x). The calculations (according to formulae (4)) are summarized 
in the annexed table, ie. for 7, == 3 7,, to which fig.3 applies. 

With this change of g, we do not enter the region ZH; therefore 
q, would have to be smaller than 0,26 7’, (see above). 

V. It remains to answer the question, to what modifications the 
fields and their limits drawn in fig. 3 are subjected, when 7’, is 
notk 2. but ec. (09-7, or 0,17... 

The initial directions of the curves I to IV remain quite the same, 

also the final directions, but between them there are some modifi- 
cations; specially the place of the points of intersection and of the 
maxima is changed. 

a. If 7, is no longer 0,5 7,, but eg. 0,9 7,, so that T, and T. 

are very near to each other, we find for the maximum J/, from 
(8a) and (80): 

6, Dn Pk = hs rie Poe 29. Av 407, 

yielding 4, = 1,45°, hence, as 0, =4(5 — 7) is now Bat 

g, = 26,27: For g, we find then g, = 12,4 T,. 

The maximum has now got quite outside the limits of the values 

of q which oceur practically, so that the curve I now gradually rises 
within these limits. (fig.5). 

The point of intersection of I with II has not been displaced much. 
We find now for it g, = 5,85 es Gi = 9509 1, so that the value of 

q, has remained nearly constant. 

The consequence of the modified course of the curves I and II 

is, that the region B, has all but disappeared; on the left of S, 
I and II nearly coincide; the region B, has strongly diminished. 

But also C and D have considerably diminished, so that the greater 

part of the space is left for A and FL. 

The considerable increase of the region / is due to the fact, that 

the point of intersection of the curve IV with the g,-axis lies much 

higher than in fig. 3, and that the maximum has moved considerably 

to the right. In fact we find for the point of intersection mentioned : 

q/ 
di +3,67, = 1,8 i Al e 1 187, el 10 ze its — Es 

Aer, i a 
le 

q1 from which = 2,011, 80 g, OEE 
’ 
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The maximum is given by (8c) and (8d), viz. 

—h, 

tE BA 

gtvang D= d,129; so q; = ANN 52, 

In the following table some more data are given, which have been 

used for the construction of fig.5. 

Curve. alg = 1. 8 VPO DLD AS, 30 40 > SOEREN 

1/7, =1,09 3,09 4,86 7,13 837 10,7 11,9 12,38 12,26 11,0 939 4,74 Ne 

92/7, =0,93 1,91 4,04 6,40 8,96 11,7 195 283 480 69,3 1125 196 

Cane iT fg, = le 2 yk) eB Grae 20 80 40 60: 1h 

1/7, =1,14 2,33 4,88 7,65 106 138 22,5 32,1 532 754 120 203 | 

Curve IV, Ufa = 13) 5 BY WO 20.25. 30 40,50 100, aa 

92/7, =0,87 245 381 546 6,82 7,67 8,09 7,82 7,08 4,93 2,68 28 353) 
2 

b. Let us now take 7,=0,1 7,, so that the two temperatures 

of melting lie very far apart. This case (see fig.6) agrees more closely 

with that for which 7, == 0,5 7,; only the maximum of the curve 

II has got nearer to 9, =4 7,, and the point of intersection of II 

with I has moved much farther to the right. This has made the field 

B, considerably larger than in the case 7/7, = 0,5, which field had 

nearly vanished for 4/7 = 0,9. 

But nearly the whole of curve IV lies now outside the positive 

region, so that the appearance of bi-concave meltingpoint-curves is 

almost excluded. 

The maximum of I is determined by 

A — 0, erie Sito Wee EAT b 0e © == 19 eg TP; 

. . F VE ryy ° ry 

yielding Or 19), As. D= spp 80 en Shiels 9, being 4,0 78 
/9 1 

; 2e 5 : é > Doe oe 
For the point of intersection of Il with I we find, as e~ is very 

4 large and e “ very small, 

2q,—4T7,=8,0T, — 0,4 7, =7,6T,. 1 
git AON go 

The curve IV cuts the g,-axis, when 

mr 
qu! 

Ti 

0,27, 

l+e 

so when 0,2e 2s = + 0,2, 
1 

wenk ae 



( DE ee, 
. ° q fh € n -~ rn 

This gives Td = 0,208, hence 9, = 0,0457,. 
bb ves | Pe tf 

The maximum is found from 

a Ien a 0, — = — 0,8 5 g, =2q, — 0,0444 GAN 

This is satisfied by 9, = 0,1025, hence g, = 0,0228 7, q, =0,0012 7 

We can further calculate the following points of the four curves. 

Curve I 93/7 di lo 79 4/, /y 8/y 10/ 20/5 

Auge == e108 1,97 3,15 3,68 389 396 4,00 

Curve Il n / hi ‘lo Ig ís ly S/o 10/, 20/5 3 Ì 

Git — 0,040 0,4 048 0,91. 1.86 181 404 560 . 7,60 

Curve LIT qs! == 1/s 2, 4, JA JA 10/, 20/, 3 

pe ties. 217-363 489 ‘560 615 844 100 

Curve IV n/ | 7/9 ijs Io S/o a: vals 

Jif, = — 0,014 — 0,066 — 0,20 — 0,30 — 0,385 — 0,38 — 0,40 

c. Hence when we draw near to the limiting case 7, — 7’, all 

four curves will evidently approach to the straight line 9, = 4, 

which cuts the angle of the coordinates in two equal parts. Fig.5 is 

to a certain extent already a representation of this case. 

If, however, 7, is very small, so that 72/7, approaches to 0, then I 

passes evidently into the straight line 9, =47,; II into g, = 24, ; 

Bros eso into the ¢,-axis; IV into g.— — 47, = "0; so 

again into the g,-axis. Of this fig.6 gives already an idea. 

As to the two maxima and the two points of intersection, we 

have finally the following summary. 

M, M 
Bip 0 90,5. 0,9 1 ke 0,1 0,5 041 

gr =4 4,2 6,1 262 o | 0,0012 0,26 8,2 ov 
| 

n/p =4 4,0 4,2 12,4 © | 0 0,0228 1,13 20,8 oo 

S, S, 
Tjp—=0 01 0,5 0,9 %1|0 0,1 0,5 0,9 5 
nT =8 7,6 5,9 5,85 410 0 0 TRE: 

afr =4 4,0 4,2 5,55 4 | 0 0,045 2,51 644 oo 

And in this way I think that the ideal case a= 0, a’ =0 has 

been sufficiently elucidated. 
35 
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Physics. — “J/sothermals of mirtures of oxygen and carbon dioxide. 

L. The calibration of manometer and piezometer tubes”. By 

W. H. Kersom. Communication N’ 88 from the Physical 

Laboratory at Leiden, by Prof. H. KaAMERLINGH ONNEs. 

(Communicated in the meeting of September 26, 1903). 

§ 1. With a view to the investigations of isothermals, eritical 

and condensation phenomena, of which I hope to give the results in 

a following paper, I have carefully calibrated a manometer and a 

piezometer tube. The results of these calibrations have been reduced 

according to a method to which Prof. KaAMERLINGH ONNEs has drawn 

my attention. According to that method the bore of the tube is repre- 

sented by some terms of a series of Fourier, the coefficients of which 

are derived from the observations. Thus we start from a continuous 

representation of that bore in opposition to the discontinuous variations 

which we must adopt when we derive mean bores from the length 

of the mercury column at different places, and regard them as bores 

at the middle of the column. From the following may be judged 

What can be reached by means of this method. *) 

§ 2. The manometertube was constructed after the model described 

in Comm. N° 50 of the Phys. Lab. at Leiden, *) differing herein that 

with a view to the higher pressures a ring was blown on to the 

part 4,°), thus preventing the tube from moving along the cement 

in consequence of which the thinwalled part a, would be pressed 

against the steel of the flanged tube, while the tube /, is bent 

parallel to the length of the tube with the same purpose and in the 

manner as has been described in Comm. N’ 69 (These Proce. HI March 

30, 1901, p. 625). The stem (c 

had a length of 50 em, the innerbore was 0.83 mim., the outer bore 

, of fig. 4 Comm. N° 50), graduated in mm, 

6 mm., the capacity of the reservoir a, was about 25 ec, the widened 

part d, above had an inner bore of 2.6 mm., an outer bore of 9 mm. and 

had been taken so long that the manometer, filled with hydrogen, could 

indicate pressures from about 60 to about 190 atmospheres. The upper 

cylindrical part of the experimental tube for the investigation of the 

1) In consideration of the circumstance that with these tubes observations have 

been made which will form the subject of following papers, we shall give already 

here forsthe sake of simplicity some data on stem calibration, together with some 

remarks on the way in which the further data about these tubes are obtained. 

2) These Proc. II June 24, 1899, p. 29, 

5) See plate I. fig. 4 of that Comm. 
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mixtures was originally long 50 em. and divided in mm.’s, had an 
inner bore of about 2.6 mm., an outer bore of about 7 mm. 

The relation of the bores of the graduated parts of the manometer 
tube and the experimental tube at different places was determined 
by repeatedly moving a mereury column of about 10 cm. length 

over 5 em. and then measuring its length. To effect this the manometer 

tube was placed in a horizontal position and the places of the ends 

of the mercury column were read with an eye-glass. We avoided 

parallax by taking care that the nearest graduation on the glass 

should be seen to cover its image on the mercury. For the wider 

experimental tube this method could not be used owing to the 

change of form of the mercury meniscus at the ends of the column 

in consequence of gravitation. Therefore the experimental tube was 

provided with a glass cock to which a narrow glass capillary had 

been connected. From this the air escaped only slowly under the 

excess of pressure of 10 em. mercury. Then the tube was placed 

vertically after a mereury column of the length mentioned had 

been admitted. The latter could each time easily be moved over 5 

em. and the position of the ends read. 

Then a longer mercury column was admitted into the tube in order 

to derive the mean bore from its weight. The bore of the above 

mentioned tube under the great reservoir (/,), and also the volume of 

the reservoir were then determined by weighing the mercury. 

§ 3. As an instance of the process of the calibrations and the 

Tene BE Bee Ts 

ie u ae 1 | ; | 
et 
Et UN MEE 

| ggg | 33 | 40.04 | 

14.988 | 41.31 | 40.02 | 

4980 | 11.30 | +00 

| 24.76 | 11.30 | +0.01 

| 30.08 | 14.31 | 40.02 | 

| ap, On" 44.25 | —().04 

39.90 | 11.20 —0.09 

#492 | 1118 | OM 
| En, | 

| 

mean: 44.29 
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ealeulations the data about the manometer will be given. The gra- 

duated tube has been calibrated twice, in 1901 CA) and in 1902 (B). 

[ shall give here the data and the calculations concerning cali- 

bration B. Calibration A has been made in entirely the same ways; 

the results of it will be given at the end of this paper and compared with 

those of B. Table L shows the results of the calibrations with the 

mercury column; column JM contains the means, / the length of 

the mercury thread, 4 the difference from the mean length. The 

temperature could be considered as having remained constant. 

Cope age a be 

Ends of the mereury column: 

Ist position: 3.795 49.98° temp. 20.7 

2d ) 30,35 in the graduated stem,... _ 9,25 mm. above 

the division of the 

thin capillary e, ; » 20,65 

3d » 2.80 49.00 » 90.6 

~ Weight of the mercury (in vacuo): 3.3777 gr. 

Caleulation : 

Let » be the bore of the tube at an arbitrary place, indicated by 

the coordinate .v (from O to 50). We may put: 

Lis, -f- d 

where s, is a particular, normal, bore. 

The volume between the 2 divisions p and q will be: 
q mal ae 

ae == |. dp | (Sr ONEENS — p) | dede <« . Gaal} 

p p p 
The length of the mercury column : 

qgq—pa=m+h 

if » — the mean length (comp. table I). If Vj represents the volume 

of the mereury column then: 
g 

Vie SSS an Sn A H ad. da. 

pP 

We may choose s„ so that : 

WN Sic Vie 

then : 
q q 

we 
N= d.d«=— [(d.dz 

SNe « 

p p 
. d . . . . . 1 . . 

if d = —. If we knew the form of the function d/, we might derive 
Sy 



a number of equations from table 1 to determine the coefficients 

occurring there. Although the form of that function is unknown, yet 

d for wv between O and / must be representable by a series of Fourrmr. 

It may now be asked whether it is possible within the limits of the 

accuracy given by the observations, to represent «d by some terms 

of a series of Fourier. Therefore | have put: 

NT 2x SAT 
d! == a’, COS ie a ae GOS — FL +- Gy. COS ———="5 

where / is the length of the tube. 

The term a’, is omitted, because, in connection with the cireum- 

stance that 4 represents the difference between the length of the 

mercury Column and the mean length, we could expect beforehand 

that it would become small. 

q 

For — A= {d'.dv we then find, if we bear in mind that 

pP 

g¢—p=m-+A, where A may be put small: 

oye ei geet oie rel? 
Ls — U; = Sdn 91 me + A COS 97 mt | COS jh - soe 

l wv JT | 2n q + P 
Je un a 6) —— DO LOR Th | ORs at edhe gy 2 

a ee / bo ce DE i) 

| 2l ST ST 3a qg+p 
u. = sin — wn A COS — ad COS — ——— , 

te re | OP SG 

For the case under consideration /= 50, mm == 11.29, so that if 

as in table I we put: se af: 
2 

Le a, }11.05 + 0.94 A | COS 7 M 

Reta del) whee | ' a, ae 0200 =i om M viet (a 

| | Sa 
4- a, 9.28 + 0.48 A | COS 3 M. 

The data of table I now lead to the equations combined in table 

HI: first I have derived from table I the values of £ for M = 10, 

15 ete, as this offers some advantage in the caleulations (the value 

L with M==6.90 is kept, as it did not seem advisable to me to 
extrapolate as far as J/ = 5). 



TABLE III, TABLE Ib. 

SDA A0 1B ar eb MG Ol a 5. Be 

2004 =" = B07 AT + 0.00 8’, 

25902 ==). ble S801 a 8.83 a’ — 6.24 5’, 

OL == Sada 5 la! -+ 0.00 5', 

== 0.01 = 0.00 a’, — 10.38 a’, + 0.00 a’, 16 24 b 

— 0.02) = = 3.190, Bla Lola, + 0.00 8, 

HEDDA => GAT nea RE 

J- 0.09 =— 8.88a, + 3.044, 2.73a, + 0.000, 

SO d= — 10. Aa 888 oe tas Ss a + 6.26 U', 

By 

equations combined in table IV. 

means of the method of least squares '), we find the normal 

TABLE IV. TABLE [VÒ. 

AWG 8) a. — 102 a ISO Oboes) SE 

— 17.92a', + 401.4 a,— 283la, — 0.6606 = 0 — 60.33 b', 

El 30:65 a = 28.3 ol EDES —0 ANO 

Bd S= 0 B AE Be EO DIS 0 

These equations yield : 

a’, = — 0.00908 , | 

a, == SO 0008 bs; (4) 

a’, = — 0.00391 

By means of the equation (3) we can now calculate the values of 

A for the different values of J/ in order to judge whether they 

agree sufficiently with the values given by the experiment. Then in 

the second number we may assign to 4 the values of table I, and 

so use the coefficients given in table HI, as these terms have little 

influence on the result. It now appeared that it was advantageous 

1) Although each of the equations (3) contains 2 quantities deduced from obser- 

vation, I have not applied here the method described in Supplement N° 4 to the 

Communications from the Phys. Lab. of Leiden, These Proc. VY Sept.27, 1902 p. 

236 on the reduction of equations of observations containing more than one measured 

quantity, because Jf in comparison with /, may he supposed to be accurately known, 
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to add a fourth term to the equation (3), viz. one that contained the 
Vrt WER: 

factor sin = M. Independent of this, I had arrived at the same 

conclusion in the caleulation of the calibration A. Therefore I put: 

‘ i NT ' 2x f SA ; F Dart 

d-=a RH + A COS +- a; COS = + hb EN S= p (5) 

l l / 

so that we had to add to the second member of (2): 

21 Or Dar Don Sr, 
+ b', Sa sin —m-+ A cos —m } sin ease! NE 

Bx Dy ee eee 
and to the second member of (3): 

> on 
Lb, 5.24 =— 0.20 al sin ra DE ee 4 (3h) 

To the equations of table III we had to add the terms combined 
in table III+, to those of table IV to the first members the terms 

given in table 1V4, and also the fourth equation given there. These 

equations gave : 

oe = — ().00915 \ 

a, = 0.000796 | 

: \ TR RE BEDE ED 
4,=— 0.00402 

pa = OOO KOA Se 

By means of these we have derived from the equation (3) with 
the supplementary term (3) the values for 4 for the different values 

of VW. The results are given in table V under the heading 4,, while 
column A, shows the observed values, and the last column contains 

ery Io. EN Hh Ve 

Bt AN et A, AT | 
| Se ek whic om 

| 6.90 | 40.403 | + 0.41 270,007 

| KORE | 0.669: | == 0204 + 0.029 

eee at (020 | =r 02024 A 0.000 

YA) + 0 006 + 0.01 | — 0.004 

95 + 0.015 | 4 0 01 + 0.005 

30 | + 0.007 + 0.02 | — 0,013 

| 35 | — (). 028 OMZ + 0012 | 

| 40 007 | — 0.09 + 0 O17 

15 — 07 — 0.418  — 0.002 | 
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the differences. From this we derive for the probable error: 0.009, 

which with regard to the accuracy is permissible, so that the 

equation (5) with the coefficients (6) well represents our observations. 

From equation (1) follows for the volume between the divisions 

Q and Q: 
q 

je fame. 

0 

Q'—Q+q and 
Q 

rn i Ta () a’, “9 ( F Gig ate icy Q ; 20', tn Om Q 
== en 77) ea IL Sra + —— sin? — — |. 

gee 0 n 

where 

Fa d 2 : 5 2 4 
0 

Table VI 

computed im 

this table we 

gives for the values for Q from O to 50 the values 

this way for (}, the reduced readings. By means of 

may inter alia judge of the irregularity of the tube. 

TAB TB VI 

| 

| G (Al | Q QQ! | Q QQ! 

| | Biases 
| | | 

| 0 0.000 | 17 16.878 | 34 33. 864 

| 0.987° || 18 | 17.878 || 35 | 34.866 

| 2 1.975 | 19 | 18.878 || 36 35 869 

| 3 | 9.969 | 20 | 49.878 || 37 | 36.8725 

he 3.950 | 91 DOET wies 1e 81877 

5 | 4.938 | 22 | 4.877 || 39 | 38.882 

6 5 927 || 23 22 8755 || 40 39.888 

7 nik oaks | % | 93.874 || A | 40.895 | 

8 | 7.908 || 2 | 94.872 || 42 | 44.903 | 
| 9 | 8.900 | 26 | 25.870° || 43 42.911 

| 40 9 893 | 27 | 26.868 | 44 | 43.9208 

| 11 | 40.888 | 98 | 27.867 || 45 | 44.931 

| 12 | 44.884 | 29 | 98.865 || 46 45.949 

| 43 | 42.881 || 30 | 99.864 || 47 | 46.954 | 

14 | 13.879 || 31 | 30.863 || 48 | 47.966 

15 | 14.878 || 32 | 31.863 || 49 | 48.980 

16 5 878 | 33 | 32.863 || 50 | 49.903 
i 



The data of table IH} enable us now to determine the normal bore s,,. 

By means of table VI we find for the reduced length of the mercury 

column at 20°.6 C. the values : 

46.232 cm. 

46.215 em. 

mean: 46.223° em. 

Hence. at 20° U: 5, = 0:0053948 cm’. 

Krom the data of table IL we may also derive the volume of the 

widened part d, (fig. 4 of Comm. N° 50). The bore of the capillary 

e, Was measured with a microscope by comparison with a fine 

graduation on glass by means of a micrometer eyepiece. The bore is : 

0.000801 em”. We then find for the volume of the part d, between 

the division 50 on the graduated stem and the mark on the capillary 

at 20° CL: 044259. ce: 

Using the value found for s,, we may derive from table VI the 

volumes J’,& between the division O and the division Q, and then, 

using the volume found for the widened upper part, the volumes 

from division Q to the mark on the narrow capillary. 

The calibration A has been made and reduced in entirely the 

same way. The results of either are combined in a table which 

indicates the volume for each centimeter division Q from O to 50. 

Table VII is an extract from that table. 

eke EH VER 

Q Va | VR 0, diff, 

0 0.44161 § 0.41209 O44 

5 | 0.38487 0.38545 0.45 

10 0.35800 0), 35872 0.20 — 

15 | 0.33195 0.33183 OAT 

| 20 0.30441 0. 30485 0.14 | 

95 | 0.27734 0977910 OS 

30 | 0.25028 0.25098 0.28 | 

35 | 0.29357 | 0.929400 | 0.19 | 

40 | 0.419673 0.196905 | 0.09 | 

45 | 0.46038 | 0.46970 | 049 | 
50 | 0.44189 | 0.14939 | 0.35 

| 
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Column V4 contains the volumes from the mark on the narrow 

‘apillary to the division Q at 20°C., as resulting from the calibration 

A, Vz as resulting from the calibration B. The last column shows 

the percentage differences. The mean percentage difference between 

V4 and Vz in the complete table amounts to 0.19 °/,, for the part 
from 0 to 41 inclusive, which only was used in the following 

observations: 0.17°/,. For our purpose this agreement is sufficient. 

From the fact that J’, 

accuracy might be improved by more determinations of s, and of 

"4 is always positive it follows that the 

the volume in the widened upper part. I hope to revert again to 

this subject in a following paper. 

§ 4. To determine the capacity of the reservoir a, with 4, (see 

fig. 4 le.) and also the bore of the part /,, the manometertube, 

which at the end e, was provided with a cock with a fine point, 

was exhausted by the mercury vacuumpump and then filled with 

mercury in a reversed position until the mercury stood above at 

f, (in the drawing below). A quantity of mercury was drawn 

off twice and weighed so that we could determine the bore of /, 

at different places. The level of the mercury in the tube was read 

by means of a cathetometer. Then so much mereury was drawn off 

that the mercury still stood in the graduated stem ¢,, and this was 

weighed. This served to determine the capacity of a, + 6,. The 

following results were obtained: the portion 7, is divided into milli- 

meters, the centimeterdivisions are marked from O to 6, O being 

nearest to a,. It appeared that the bore could not be put constant; 

I have put: 

ese 1 + ax), 

and found : 
a= 0.0058. _, 9 88023564" (em), 

so that 

‚A= 0.3564 } 40,0029 Q | Q. 

Table VIII (p. 541) contains the volumes from the division O to 

the division Q at 20° C. 

For the calculation of the volumes of the menisci I have used 

SCHALKWIJK’s table occurring in Comm. N°. 67°). For the volume 

between the division O on /, and the division O on c, I found at 

DO" we 25021 tec 

In the calibration of an experimental tube if will in general be 

1) These Proc. Ill Jan. 27, 1901, p. 488. 
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necessary to take into account an electromagnetic stirrer, consisting 

of a soft iron rod in glass. In my case it consisted of a cylindrical 

portion with two bulbs at either end. The bores were measured 

with a micrometer serew, the length with a pair of sliding compasses. 

Each time when the experimental tube had to be refilled with a new 

quantity of gas, it had to be opened at the top in order to be 

cleaned. Because the stirrer had to be brought in, it was not possible 

to seal on a thin capillary as had been done for the manometer 

tube. Nor could the stirrer be placed into it beforehand, as this would 

be a hindrance in the cleaning and especially in the calibration with 

mercury. The volume of the top portion was determined each time 

after the measurements by cutting off so much from the top that on 

that piece one division at least was well visible (the upper divisions 

over a length of about 5 mm. were lost in the sealing). The fracture 

was ground flat, the piece after being cleaned and dried was entirely 

filled with mercury and the superfluous mereury was removed by 

sliding a properly cleaned flat piece of glass over the ground off 

end. The mercury was weighed, the position of the ground end 

was observed with regard to the divisions of the tube with a cathe- 

tometer and from this the volume of the top portion was derived. 

Physics. — ‘‘/sothermals of mixtures of ovygen and carbon diovide. 

IT. The preparation of the mixtures and the compressibility 

at small densities.’ By W. H. Kersom. Communication N°. 88, 
continued, from the Physical Laboratory at Leiden, by Prof. 

H. KAMERLINGH ONNES. 

(Communicated in the meeting of September 26, 1903). 

§ 1. In this paper I shall deseribe the preparation of the mix- 

tures of accurately known composition in the mixing apparatus 



( 942°) — 

described by KAMERLINGH Onnxes and HYNDMAN, the determination 

of the compressibility of carbon dioxide and some mixtures of carbon 

dioxide and oxygen at ordinary pressures, together with the results. 

§ 2. The substances. To obtain the carbon dioxide I used the 

method followed in the Physical Laboratory at Leiden >), which 

together with the improvements made in the last years will be 

described in a paper on the apparatus and methods used in the 

Cryogenic Laboratory. 

The purity of the carbon dioxide thus obtained appears from the 

increase of the pressure at the condensation at 25°.5 C. which amounts 

to only 0.07 atm. 

The oxygen was prepared from potassium permanganate in the 

way described in Comm. N°. 78, These Proc. IV, April 1902, p. 768. 

§ 3. The preparation of the mietures, the determination of the com- 

position and the compressibility of the mixtures at ordinary pressures. 

For the preparation of the mixtures I had at my disposal the appa- 

ratus described in Comm. N°. 84, These Proc. V, March 1903, § 21. As 

the operations required for the preparation of a mixture of accurately 

known composition are deseribed there, I need not enlarge here on 

the details of this subject. [ shall only mention that the apparatus was 

connected by means of the cock 7, (see plate Il of that paper) to 

the apparatus for the preparation of oxygen, by means of cock 7, 

to the carbon dioxide reservoir, before which there was a drying 

tube filled with phosphorous pentoxide, and also to the experimental 

tube that had to be filled. After the mixture had been prepared, | 

have investigated in the volumenometer /’ the deviation from the law 

of Boyur, in order to be able to express the volumes of my mixture 

at high pressures in terms of the theoretical normal volume. Although 

would have been sufficient, for my investigation an accuracy of : 
Sh 1000 

| have gone a little further because in itself the knowledge of the 

deviations from the law of Borre at ordinary pressures is important and 

the apparatus without difficulty admits of a higher degree of accu- 

racy. Taking all possible precautions an accuracy of —W might 
k sl 10000 - 

be reached. Yet 1 was satisfied with an accuracy of zond To judge 
J 

of this the following may serve: 

') Comp. among others Kuenen, Arch. Néerl. t. XXVI, p. 3 and VerscHarrett 

Zittingsversl. Juni 95, Comm. N°. 18, Leiden. 
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Measurement of the volume : 

In order to judge of the accuracy we shall proceed as if we 

had to consider a quantity of gas measured in the first large bulb 

Eb, above (see 1. ec. plate II fig. 1). There the relative error is 

largest as the small bulb 4%, above is only used for auxiliary 

measurements. The cathetometer used certainly reads well at 0.04 mm. ; 

let the error be 0.02 mm. With a bore of 6, of about 200 mm’, 
i 

50000" 
The height of the mercury meniscus read in the volumenometer was on 

this gives an error of + mm’; on 250 cc. 

an average 0.140 em. I have supposed that the volume of the mereury 
; 3 

meniscus is found by multiplying the bore by Ai of the height. The 

mean height undoubtedly lies between the half and the whole height (ef. 

SCHALKWIJK Comm. N°. 67, These Proc. I] Jan. 1901 p. 488), so that the 
1 

error is certainly smaller than ae of the height, say Hence this ge 

1 . 
gives g 1 mm.=—018 mm., on the volume an error of 

og. Mmm > Or deal In order to reach an accuracy of Pica 
? 10000 

more detailed investigation of the volumes of the mercury menisci 

at this radius (7.8 mm.) would be required, in the way as SCHALKWIJK 

Le. has done for radii from 0.5 to 4 mm. 

The variation of the volume due to temperature can accurately 

be accounted for. 

Variation of volume owing to difference of pressure in and outside 

the volumenometer: 

If we avail ourselves of the circumstance that the thickness of the 

wall is small as compared with the radius, a calculation applied to 

each bulb individually gives: 

dV 31—wp (pi—p.) k 

ao i oe 
tne te Pert 

or for our case, putting: = 6500 K.G./mm.’, w= > with h2=39 

mm., d = 0.5 mii: 
Tr 

au == 0.00000177 (pi— ) == UN (CUD; p V Pi Pe 

if pi and p, are expressed in centimeters of mercury; so that for / I ‘ 
dv 1 : ; 
~==——.. For this a correction is applied 

] 0000 
Pi— Pe == OG em: 
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hence the error of the correction owing to the coefficient not being 

precisely known, may be neglected. 

The volume in kh above MK which could not be determined or 
by means of mercury, may be determined with sufficient accuracy 

volumenometrically, as we have to do with proportions of much 

larger volumes. 

Measurement of the pressure: 

In most cases it will be possible to follow the rule of making 

the adjustment of the mercury in the volumenometer at a mark so 

that the pressure of the gas above it is not less than 0.5 atm. For 

a measurement of the pressure 4 cathetometer readings are required; 

let us put for the probable error of the result: 2><0.02—0.04 mm; 

iis is/om 40cm. 2 Only at the volumenometrical determina- 

tion of the relation of £4, and what is above it to “4, the pressure 

was smaller, but this relation, being, as it has been said, only used 

as an auxiliary quantity, need not be so accurately known. The 

same may be said of the measurement of the remainder of the first 

gas in /, after as much gas as possible has been transferred to 

the mixing vessel /. 

Although # had been accurately vertically mounted, so that the 

mercury menisci of both Z,, and “4, could be seen sharply without 

altering the focusing of the cathetometer telescope, it yet appeared 

that the windows Zh, were not exactly vertical, but that they all 

deviated from this position in the same direction at an angle estimated 

at 0.2° by means of a level fastened at right angles to a flat piece 

of steel. Therefore as the windows are not placed perpendicularly 

to the line of vision of the cathetometer telescope, refraction occurs, 

which causes an apparent displacement of the mercury meniscus of 

ER hase 
n 

em., d being the distance from the meniscus to the window, 

‚the angle of the normal on the window and the horizon, n the 

refractive index of water. In our case (d=8.6 cm., n = 1.33) this 
= > 1 

displacement amounts to: 0.0075 em. This gives on 5 atmosphere an 

error of As we have to do with relations of quantities to each 
5000: 

of which a correction in the same sense would have to be applied, 

the error in the result is smaller. If a higher degree of accuracy 

is wanted, the angle formed by the windows and the vertical will 

have to be determined more accurately, so that the correction may 

be applied. For our purpose this was not necessary. 
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Correction for the temperature of the mercury : 

If the pressure amounts to say 0.5 atm., measured as the difference of 

two mercury columns of 76 and 38 em. respectively, the temperature of 

the long column must be known precisely to within 0.5, if an accuracy 

of is required. We must assume that this is possible if the 
5000 

mercury columns together with the thermometers are packed in wool. 

The difference between the indications of the thermometer at the 

lower end and at the upper end of the barometer Aar. did not as 
a rule amount to more than O0°.5 C., hence we may accept that the 

uncertainty caused by this in the knowledge of the temperature did 

not exceed by much 0°.25 C. For the difference of the temperature 
of the mercury in MW and HE a correction is applied. 

The capillary depressions are largest in the volumenometer, and 

of the order of say 0.07 mm. The uncertainty here is surely much 

smaller than the errors resulting from the windows not being vertical. 

Corrections for the difference in level between the meniscus in 

Bar below, and in JZ, and also those for the reduction of the pres- 

sure immediately above the mercury in £ to the mean pressure of 

the gas above it, may be applied with sufficient accuracy. 

Measurement of the temperature : 

During the time of one measurement (25 minutes) the temperature 

by means of a thermostat of SCHALKWIJK *) can certainly be kept 

constant at O0°.03 C., while if the water at constant temperature 

flows rapidly enough through #, the temperatures at the lower and 

at the upper end did not differ more. The temperature was read on 

a thermometer 7% connected with the stirrer Zr, which therefore 

could be placed in different positions. The thermometer was 

graduated in 0.05, so that 0°.01 could be easily read; it has 

been repeatedly compared with a standardthermometer tested at 

the Reichsanstalt. As therefore the error in the measurement of 

temperature does not amount to 0.03 C., the accuracy is certainly 

1 1 

0.03 X 300 = 10000 
A portion of the volume (in the tubes Ady, and bg, which 

have an inner bore of 1.2 mm.) is not enclosed in the jacket. This 

volume is a little less than 1 cc. For its temperature which is put 

equal to the temperature of J/ a correction is applied. If in a 

measurement in the first bulb “4, we assume that in the temperature 

of that portion there is an error of 5°, the error in the mean 

1) Comp. Comm. NO, 70, These Proc. IV May 25, 1901, p. 29. 
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Date: 7 Feb. 03. 

Time: 12.56. 

Temp. bath : 20.07. 

Mercury level in Z/,: Top 2.5 69.500 

Basis. 2S 69.373 

Mark 4 on Zy... 2.8 69. 405 

De ths EE 2.8 69.504 

Manometer M: Top... 1.2 SN OSE 

Basis. 2.0 SS 426 

Temp. M: 15.6. 

Barometer Bar, : 

Upper men.: Top. 3.2 78.372 

BABS: arnel 3.0 78.266 

Lower men: Top.... 2.2 0.5 + 0.052 

Basis... | 22 0.6 + 0.044 

Temp. Bar. below: 14.4 

above:15.3 | 

Lower men.: Basis.. | 2:4 0.6 + 0,042 

ODE te. Pee: 15 0.5 + 0.046 

Upper men.: Basis... VE 78.262 

Op ss ee | 2.2 78.370 

Manometer JZ: | 

Temp.: 15.4, | | 

Basis. | eee ee aa eee) 88.420 
| 

Lope aoe ee 0.8 88.577 

Mercury level in Hb, : | 

Mark Biko Me edt 69.502 

» de ee A | 22/2 69.400 

Basis: te 4 eee 2.3 69.368 

Top nt 938 69.494 

Temp. bath: 20.08. 

dhmne 129, 

Re en u ES 



temperature of the whole becomes 0.02 and may be disregarded, 

especially in consideration of the fact that the difference in tempe- 

rature between the jacket and the surrounding atmosphere as a 

rule is less than 5° and therefore the error made will certainly be 

smaller. 

Hence only in very unfavourable cases the error in the result 

will be larger than NS and we may expect that in most cases 

the error will not exceed this amount. 

To judge of the course of a measurement L have given in table LX 

(p. 546) the experimental figures of an adjustement for the determi- 

nation of the deviation from the law of Borie of the mixture of 

0.2 oxygen with 0.8 carbon dioxide. Column A contains the readings 

of the level (see Comm. N°.60 These Proc. III Sept. 29, 1900 p. 312), 

B the readings of the cathetometer. 

The volumenometer had beforehand been calibrated with mercury 

by Dr. C. Zaxrzuwskt. Hence we knew at the same temperature the 

volumes of the bulbs /,, measured between the middle marks on 

Eb, Lbs. 

In the apparatus used the mercury could not be read while it stood 

the glass screens Zy, and also the bores ,, Kb, Lb,, 

in £b,, because owing to a former manipulation in the blow-pipe the 

bore at that place was not perfectly cylindrical. There the sum of 

the volumes of the two neighbouring bulbs had been measured. 

To test this and also to determine the volume of 4, with what 

lies above it I have determined volumenometrically the relation of 

the different volumes with dry air free from carbon dioxide. To 

account for the deviation from the law of Boyre I could make use 

of coefficients of KAMERLINGH ONNES’') series: 

Ba Cade s Bih ein veele pea At OE he kn 
A A a Pp a 

put kindly at my disposal, which accurately represent to within’ 

0.2°/, the conduct of air as indicated by Amacar’s experiments. The 

three first coefficients are for 20° C: 

IS 1.0738 

Ba = — 0.40495 Xx 10—-° 

On == 3018 10x", 

We find for the relation of the volumes V7, and WV, which are 

filled with the same quantity of gas at the same temperature to 

pressures p, and p, to the first approximation: 

1) Comm. NO. 71. These Proc. [IL June 29, 1901, p. 125. 
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if p, and: p, are expressed in atmospheres (OC, 45° northern latitude). 

A second approximation where the coefficient C{ would occur is 

not necessary with a view to the accuracy required. 

TABLE Xa. 

A ta C E 

TABLE Xo. 

A ee MEE En! 

Zi 8 878 | 
Vo ders El, | 0.005085 | 

te a fy] MATE 

ze |1.8913 | 1.8910 | — 0.016 Tb, 0.000675 

EI, 0.000314 
Jd af 9396 1.94 }22 MGS V5 Se de ee EI, 0 000165 

Ys | 4.9499 1.420 — 0.0:2 Eh. 0.000135 | 
| | 

Table X shows the results of the calibration. There we have 

called: V, the volume above Mb, V, the one above Mb, V, the 

one above ZM, ete. Column A of table Xu gives the relations ot 

the volumes according to the mercury calibration, 4 according to 

the volumenometrical determination, (' the percentage differences. 

Column / of table X4 gives the relation of the volume of 1 mm. 

of the indicated bore to the entire volume above it. If may be seen 

that the the In 

following calculations the mercury calibration has been adopted as 

agreement between two calibrations is sufficient. 

being the more accurate. 

For the calculation of the composition we derive from the meas- 

the 

(oxygen in carbon dioxide) are combined in table XI. 1 contains the 

urements in volumenometerdata, as those for the mixture 0.2 

data of the oxygen in the volumenometer, 5 refers to the oxygen 

which has remained in / after the transference of the greater part 

into F, C refers to the carbon dioxide. 

TA Ba eA 

A B C 

Volume ..... 0.99979 ¥, | 0.98905 /, 0.99994 V, 

Pressure..... 4) 396 | 0.380 66.964 

Temperature 19.81 19 53 19.83 
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First of all we may derive from 7 the pressure which the remainder 

of the oxygen would have exerted in the volume 0.99979 WV, and 

at a temperature of 19°.81 C. In this calculation the law of Borne 

may be applied with sufficient accuracy. We then find: 0.022 em. 

The pressure which the quantity of oxygen transferred to the mixture 

would exert in the volume 0.99979 J7,, at 19°.81 C. is then represented 

with sufficient accuracy by : 

40.396 — 0.022 — 40.374 cm. 

The pressures of the oxygen and the carbon dioxide may be reduced 

to the same temperature 19°.82 C., by deriving coefficients of pressure 

variation from the series gives in Comm. N°. 71, or by means of 

the value for oxygen 0.003674 found directly by Jonny, and the 

value 0.0057 11 which follows from Crarputs’ data (Trav. et Mém. 
du Bureau International des Poids et Mesures. t. IL p. 124) for the 

“real” coefficient of pressure variation of carbon dioxide at 20° C. 

and an initial pressure of 1 atmosphere *). 

We find for the oxygen: 40.575, for the carbon dioxide : 66.959 em. 

lf p,, V, are the pressure and the volume of the first gas, p,, V, 

of the second, if may be easily found that the number of molecules 

of the first gas is proportional to: 

os ae 
Bx, ; 

bap, 
AN 

that of the seeond to: 

pa. 
ED e © 

lis 42 s 

ned 

where, at least with regard to the denominators, p, and p, are 

expressed in atmospheres. We find from the data of Comm. N°. 71, 

These Proc: Iti June 29, 190% p. 180 and. 132: 

for oxygen : 

— 1.074237 

B (ea C7 4475 Os 

1) We shall not consider here the variation of the coefficient of pressure-variation 

with the initial pressure: this variation would be for a difference of 50 em. in 

the initial pressure according to Cuapputs, Le, 0.000034, which with a reduction 

of the pressure for 1° difference of temperature would give an error of only 

se . Keeping in view the fact that such large differences in the temperature 
30000 

do not occur, this may he neglected, 

To S 
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For carbon dioxide we may use the value derived directly from 

observation which will be given later: 

Ap 
ee 

Ar 
Aon 

-= — 0.005675. 

These values may also be taken with sufficient accuracy for the 

temperature used (19°.82 C.). The composition of the mixture considered 

is easily found to be: 0.19942 (oxygen in carbon dioxide). 

§ 4. In the volumenometer | have determined the compressibility 

at ordinary pressures as indicated in Comm. N". 84, These Proc. V 

March 28, 1908, p. 641, for the mixtures with molecular proportions 

of 0.1994 and 0.3072 (oxygen in carbon dioxide), and also that for 

the pure carbon dioxide. Although this has already been done by 

REGNAULT'), AMAGAT®), Fucus’), Lpuc’) and lately by Cuapruis*) at 

seemed to me important to make that determination with the same 

carbon dioxide and in the same apparatus as for the mixtures, so 

as to have the most favourable circumstances for the comparison of 

the conduct of the mixtures with that of pure carbon dioxide. 

Table XII gives the values directly derived from the observations 

for volume, pressure and temperature belonging to each other. The 

columns A, B and C refer to different adjustments with the same 

quantity of gas. 

fies low Oh Opm SI 

a. Carbon dioxide. 

A b C 

Volume ..... (0.99969 V, | 0.99995 V, 0.99958 Vy 

Pressure... .. 11.261 | D8. 662 113.327 cm. 

Temperature | 19.99 20.02 19.97 

hb. Mixture with molecular proportion : e — 0.1994. 

A B 

Volume 1.00028 VY, | 0.99934 7, 

| Pressure .... 97.708 d1.818 cm. 

Temperature | 20.08 | 19:95 

1) Mém. de I'Inst. de France. t. XXI, p. 329. 

2) Ann. de Chim. et de phys. (4) t. 29, p. 246, 1873. 

3) Wied. Ann. Bd. 35, p. 430, 1888. 

4) Recherches sur les Gaz, p. 56. 

5) Tray. et Mem. du Bureau Internat. des Poids et Mesures, t. XIII, 1903. 



e. Mixture with molecular proportion : 2 == 0.3072 pro} 

Rs | A B 0 
EET Ne = | = = 3 

VaolhbanEe ar | 0.99975 V, | 0.-99983 /, O1999T2 | 

| Pressure.... AS 188 39.839 Aso cine 

| Temperature | 20.10 | 20.14 20.14 

As an instance for the calculation we shall consider the last 

mixture more in detail. First the pressures were reduced to the 

mean temperature 20°.13 C., by means of the “real” coefficient of 

07 

C, 48.193; 59837 and 115.748 cm. respectively. If p,, Y, and p,, 
le 

3 

1 (Op 
pressure variation — (GE) at 20° 00034 This. gave for A, B, 

respectively represent a aera er pressure and volume, 

we have to the first approximation, which for our case is sufficient: 

PV, BA 
dn bn ED ee eZ == 

Pr K, SA 

where p, and p, are expressed in atmospheres. From this we may 
2 

Dj 

derive En In the case considered we found: 

A 

Ba oe 
from with G2 ——— == 0:003579® 

A 
A 

UAR oP HO Oke — 9.008407 

Me ee OD 493 at. AOS 

In the same way for carbon dioxide at 20°.00 ©. : 

from A with B: de — — 0.005814 

AC 
TA AE OE = (005536 

mean : — 0.00567 5. 

and for the mixture 0.2 at 20°.00 C.: 

Bi 
—= — — 0.003847. 
as 

If the coefficient of pressure variation were known (mean coetti- 

cient between O° and 20°) we could easily derive A4, for the 

different cases. For if for the mixture 0.3 at == 20.13 in the equation: 

1) Comp. p. 993, 



we put v4 = 1, we obtain: 

1 + ay - 20,15 == A4 = Ba ; 

if a, is the corresponding coefficient of pressure variation. 

From the two relations between Ay and by, A4 may be derived 

and then A4, may be found from the relation *): 

An == AAE D.0036625 tj < See 

A difficulty arises from the uncertainty of @, for the mixtures : 

an error in @, passes over into A4, 20 times magnified. This may 

be avoided in the following manner: 

As normal temperature we shall temporarily adopt 20° C., and 

then we write KAMERLINGH ONNES’ equation for the area of the 

pressures considered here: 

pV = Vn, \är + en fe ae 

Vis the volume really occupied by the gas, Wy, the normal 
volume at 20° C., viz. the volume occupied by the quantity of gas 

considered at 20° C. and 1 atmosphere. 

Now: 

iF 0.0056625 kre 
Ar = hee a Del -20 

5 al 1 + 20 X 0.0036625 \ 

== Ke |! + 0.0084125 (¢—20) ee ee a 

A comparison with 

E eee oy Ba Vn 
p Ve VN Aa + ey f ee eet > see 

Where Wy is the normal volume at O° C., gives the relations: 

Ay Vy AR: VN. | 

Ba.Vy=BK. Vy, (5) 

whence : 

Ba BR 

RE (9) 
a Aj, 

Hence it is given that for the mixture 0:3 at 20.13 C.: 

a =e ONO EE 
A 

From (5)@ollows, putting ¢=20% 426 and V— Vv: 

1) Comp. Comm. N'. 71, These Proc. I[f June 29, 1901, p. 130. 



LOLS jp == AK -+ Bx. 

AK represents the coefficient of pressure-variation of the mixture 

(the mean coefficient between 20° and #, if the original pressure (at 

20° C.) is 1 atm. From these two relations A, may be derived; it 

must be remarked that now an error in ep passes over diminished 

into the result. By means of (6) Ax, may be derived from Ap. 

So | found for the mixture under consideration : 

for 20°13 C.: Ar = 1.003969 . Be — — 0.003521. 

Further I accepted for @,4: 0.008445, found by linear interpolation 

according to w between the value 0.005454 for carbon dioxide derived 

from Crappuis’ data, and the value 0.003425 for oxygen derived 

from Joniy’s data. It then follows that Ax, = 1.008524. 

The different values thus found are combined in Table XIII. 

RA Bel Er EIT 

| | 4m | 2 | Weight. 
5 = ET ed | | 

Carbon dioxide | 4.00574 0 | | 

Er 9 
Mixture 0.2 | 1.00888 | 0.1994 | — 

ee Oe3 4.00352 | 0.3072 | 1 | 
| | ' 

Oxygen | a | 1 | 1 

For oxygen Am, is derived from the data for A 
on p. 549. 

A, and B4, given 

I have put: 

Arn = V + a, (le)? + Za, w (le) Ha, 2%, 
and have caleulated the coefficients by means of the method of least 

squares. There wv as compared with „ly, — 1 may be considered as 

perfectly accurately known. L found: 

a, = 0.00570 

ee 0.00142 

a == 0.00065. 

In table XIV (p. 554) the values (' derived from them are com- 

pared with the values derived directly from observation Q. 

In order to derive the coefficients A4, from the coefficients dk, 

an accurate knowledge of the coefficient of pressure-variation is 

required. In a following paper, however, will be deseribed how the 

coefficients Ap, may be used to derive from the volume of a gas 



O C | O—C 

‘Carbon dioxide] 1.00574 | 1.00570 | + 0.00004 | 

Mixture 0.2 1.00388 | 1.00413 | — yay 

» 0.3 | 4.00352 | 4.00340 | + 12 

| Oxvgen | 4.00064 | 4.00065 | — 1 
| | 

| 

measured at about 20° C the theoretical normal volume of that 

quantity of gas (at O° C). 

Physics. — “/sothermals of imictures of oxygen and carbon diowde. 

ITI. The determination of isothermals between 60 and 140 

atmospheres, and between —15 C and ==60° °C.” By Woe 

Kresom. Communication N°. 88 (8" part) from the Physical 

Laboratory at Leiden, by Prof. H. KAMER LINGH ONNEs. 

(Communicated in the meeting of October 31, 1903). 

§ 1. During my measurements of the isothermals of mixtures of 

oxygen and carbon dioxide it appeared desirable to take several 

precautions and to make some modifications in the usual methods. 

They will be deseribed here in connection with and in behalf of 

following papers on the results obtained. 

§ 2. The arrangement. The manometertube and the experimental 

tube whieh beforehand had been cemented into a steel flanged tube 

(comp. Comm. N°. 70 V, These Proc. IV June 29, ‘O01 p. 107) were 

placed into sfeel pressure cylinders. For the shapes of these see also 

Comm. N°. 43, These Proce. T Jume 25;°1898; p. 83, fig. 2. The 

arrangement as drawn there has been modified, viz. the two pressure 

eylinders into which the aforementioned tubes were placed were 

entirely filled with mercury. They communicated at their lower ends 

by means of a steel tube and of a steel T-piece with each other and 

with a third pressure cylinder. This was filled partly with mercury 

partly with glycerine. To obtain pressure, glycerine was forced into 

it by means of a SCHÄPFER-BUDENBERG pump. This arrangement offers 

the advantage that the tubes filled with gas do not come into contact 

with the glycerine, and the mereury which is forced into the tubes 

only slightly with the glycerine. In this way it was very easy to 

redetermine the normal volume after lifting out the experimental tube 

from the pressure cylinder, while the mercury menisci in the tubes 
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kept good during a very long time and no or very little soil was 

deposited in the tubes. 

The pressure cylinders and the connecting tubes had been well 

cleaned beforehand with benzene, which was removed by heating 

while air was sucked through. The connections were tightened by 

leather washers soaked in paraffin. The packing which had to prevent 

leakage of mercury along the pivot of the high pressure cocks through 

which the mereury passed which was to be forced into the observation 

tubes, consisted of rings cut from selected Spanish corks. During the 

observations the two observation cylinders were disconnected from 

that where the pressure of the glycerine was transferred to the 

mercury in order to be independent of leakage that might occur in 

the pump or in the glycerine lead’). A perfectly tight fit of this 

enclosed portion even at the highest pressures was secured. 

§ 3. The measurement of the volumes. The determination of the 

normal volume was made in the same way as has been deseribed 

in Comm. N°: 70 V. These Proc. JV June 29, 1901, p. 107 and in 

Comm. N°. 78, These Proc. VI April 19, 1902, p. 761, especially the 

same precautions for the constant temperature and pressure were taken. 

The normal volume was determined at least twice before and 

twice after the measurements. It must be recorded, however, that 

this was not done with the first quantity of carbon dioxide of which 

the isothermals from 25°.55 C. to 37.09 C. were investigated, because 

the experimental tube had broken, while in the case of the manometer 

we may profitably substitute a direct comparison with a standard 

manometer, to which comparison | shall refer later. 

| found for the normal volume of the hydrogen manometer: 

22 Sept. 02: Le CL: 

5 23.194 

=f AoA 

UE NOM DA ane 

As the first 8 measurements are not made in the bath of constant 

temperature IT have in the calculation of the mean assigned the 

weight 3 to the last determination and have adopted Wy = 23.2107 cc. 

From the following the advantage of a hydrogen manometer may 

appear ®). Most of the determinations with the first mixture (0.1 

oxygen in carbon dioxide) were made with an air manometer. During 

the experiments phenomena occurred which pointed to variations of 

1) Small variations of pressure could then be applied by screwing slightly in 

or out the pivol of one of the fine high pressure cocks in the enclosed portion. 

2) Comp. Comm. NO, 50, These Proc. Il June 24, 1899, p 29. 
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the normal volume of this manometer. The manometer was removed 

from the pressure eylinder and the normal volume redetermined, and 

it appeared that from 22.114 ce. (May 9 1901) i had fallen to 

22.056 ecc. (Aug. 28 702). After this the manometer has been cali- 

brated for the second time (calibration 2) ') and filled with hydrogen; 

of each of the isothermals determined some points have been tested 

by means of the hydrogen manometer. Column (' of table XV gives 

the mean relation of the pressure measured with the hydrogen mano- 

meter and that measured with the air manometer, where for the 

normal volume of the latter we have taken the mean between 

those before and after the experiments. Column A gives the date, 

B the temperature relating to the isothermal. 

TABLE XV. 

A B. | G | 

20 June ’02 17.60 | 4.0020 
| 

23 » » 91.99 41 .0016° 

Oye eae) 93.29 | 41.0013 

Mi ) » 95.20 | 1.0019 

mean : 1.0018 

From column C we cannot derive a regular course in this short 

period, so that for these isothermals T have multiphed all the pres- 

sures measured with the air manometer by the coefficient 1.0018. 

On June 5, 6 and Aug. 21 points of the border curve have 

been determined. These could only be brought to harmonize with 

those determined later with the hydrogen manometer by multiplying 

the pressures by coefficients which are combined in the following 

table together with that afore-mentioned. Hence this shows the course 

of the variation during that period. 

If we compare these figures with the values for the normal volume 

before and after the measurements, it appears that almost the entire 

variation has taken place during this last period. From May OL to 

1) Comp. this Comm. I. p. 554. 



PABLE XVI, 

; | 
5/6 June’02 | 4.0021° 

90/26 » ») | 1.0018 

| 0.9997 

June “02 the manometer was but seldom used, and the pressure 

during that time was low, while the pressure in the months June— 

Augustus 02 was often and during a long time from 60 to 125 

atmospheres. Hence it seems that this variation is much greater ata 
high than at a low pressure. 

A similar variation of an air manometer with the time, probably 

owing to the absorption of oxygen in the mercury, has also been 

noted by KurNeN and Ropson (Phil. Mag. Jan. ’02 p. 150). 

In the mixtures of the molecular proportions 0.1 and 0.2 of 

ae ; 1 
oxygen the variations of the normal volume were less than 1000" In 

those cases we have accepted for the normal volume the mean 

of the values before and after the measurements. 

On the other hand, in a mixture with a molecular proportion of 

0.38072, which for some weeks had uninterruptedly been exposed to 

high pressure, the normal volume of 72.878° ec. before the expe- 

riments (15 June ’03) had fallen to 70.980 ec. after the experiments 

(13 Aug.). It being highly probable that the variation of the normal 

volume involves a considerable variation in composition, the results 

of the measurements with this mixture which with regard to the end 

condensation pressures and volumes extended to —14°.7 ©., will 
not be given here. 

This also shows how very important it is that we should be 

able to determine the normal volume after the measurements *). 
From the observation of the volume occupied by the gas at a 

temperature of about 20° C. and a pressure of about 1 atmosphere 
we derived the volume which the gas would occuppy at 20°C. and 

Latm. (75.9467em. mereury at Leiden, comp. Comm. N°.70, These Proc. 
IV June 29, 1901. p. 111). Use was made of the coefficient of pressure 

variation given in this Comm. II, p. 553, and the law of Borre 

was applied. By multiplication by the values of the coefficients 

Ak, given in table XIV p. 554 under C, we find from this the 

volume which the gas would have occupied if from an infinitely 

1) Comp. Comm. NO, 50. These Proc. IL June 1899, p. 29, and NO. 70, Y. 

‘These Proc. IV, June 29, 1901, p. 107. 
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large volume at 20° C. it were reduced to a pressure of 1 atm., 

and it had followed the laws of the ideal gases. We then find the 

theoretical normal volume (at 0° ©.) by means of the coefficient of 

pressure variation (= coefficient of dilatation) for the ideal gaseous 

state. As the calculations of the correction that according to Comm. 

N°’. 71 (These Proc. IV June 29, 1901, p. 125) must be applied to 

the coefficient of pressure variation of pure hydrogen in order to find 

that coefficient for the ideal gaseous state were not finished when I 

began my calculations, | have adopted for this the value 0.0036625, 

which in Comm. N°. 71 was given as a first approximation. The 

corrections, however, which accordingly must be applied to the 
results, will certainly lie far below the degree of accuracy which | 

could attain in my experiments of the isothermals at high pressures. 

After what has been said on the calibrations’), the measurement of 

the normal volume and the reduction to the theoretical normal volume 

| can confine myself to a short note on the measurement of the 

volumes. The top and the base of the mercury were read with an 

eye-glass, parallax was avoided in the way described before (Comp. 

this Comm, I p. 533). In this manner 0.1. mm. could be read. We 

assumed that the mercury meniscus in the graduated stem of the 

experimental tube has the form of a spherical segment, hence by 

multiplication of the bore by half the height the volume may be 

found with a sufficient degree of accuracy, our method of reading 

considered. When the mixtures split into two phases, the position 

of the liquid meniscus was also read. Corrections were applied for 

the expansion of glass due to heat and to the inner pressure. 

§ 4. The measurement of the pressures. The pressures were 

measured with a hydrogen manometer, ranging from 62 to 196 

atmospheres *). 

In the first part of this Comm. (p. 532 ff.) I have discussed the 

calibration, in $ 3 of this paper the determination of the normal 

volume. We need only add that the hydrogen was prepared as 

deseribed in Comm. N°’. 27 Zittingsversl. V, Mei 1896 p. 42. 

From the means of the values of W4 and Jy of the table 

from which table VIL forms an extract and from the normal volume 

1) Comp. this Comm. I, p. 532. 

°) It appeared that the manipulations of the stems of the manometer- and the 

piezometer tubes in the blow-pipe, as for instance the sealing of the top of the 

latter, had to be made with special care and the tube had to be cooled very care- 

fully and slowly, else tensions will rise in the glass and consequently when high 

pressure is applied (in these experiments 140 atm. was reached, the manometer 

has stood 195 atms. several times) the tube will burst. 



given in $ 3, while the volume of the: narrow capillary above 

between the mark and the place where it is sealed was accounted 

for, a table was derived. This new table gives for each division Q the 

density d4 of the hydrogen when the mercury reaches that division 

at a temperature of 20° C., expressed in terms of the normal density 
(0° C., 1 atm. 45° NL.) as unity. For the values of Q between 

25 and 50 the table increases by 0.5; hence also for the higher 

values of the pressure (as far as (2 = 40) the error made by 

interpolating linearly is less than 1 atm. 

_ To derive from these densities the corresponding pressures we must 

know the isothermal of hydrogen at 20° C. Measurements of this 

have been made by SCHALKWIJK: they do not, however, exceed the 

density 54. An extrapolation from these observations for the densities 

wanted is not allowed with a view to the mean error of his determination 

of the C of the series of KAMERLINGH ONNES (cf. SCHALKWIIK’s Thesis 

for the doctorate, p. 115). Observations at higher densities have been 

made by Amacar (from 100 to 3000 atms.) The isothermal for hydrogen 

at 20° C. derived from AMAGAT's data: 

PUA yy) == 1.07252 + 0.0007194 4 + 0.000000672 4? 
(ef. _SCHALKWIJK'S Thesis for the doctorate p. 121) does not agree, 

however, with that from ScHALKWWk’s observations. From these 

A LL Pha: (ef. lc. oe B A 

hence p=61.157, whereas from the isothermal given by Amacat 

for instance, follows at d4 

we derive at p= 61.157 : d4 = 54.897. ScuaLKwuk’s observations 

have been made very carefully especially nis determination of the 

normal volume (see Comm. N°. 70, V, These Proc. IV June 29, 1901, p. 

107). Tf with this we compare the way in which Amacar has determined 

his normal volume (Ann. de Chimie et de Physique, t. 39, 1898, p. 83) 

it seems not entirely without reason if, while waiting for more 

accurate determinations of the isothermals of hydrogen at higher 

densities, we make those of AMAGAT agree with those of SCHALKWIJK 

54.897 
~~ 

Je) 

by multiplying all the volumes of the former by the factor 

So we obtain: 

PU Ag == 1.0705 + 0.000717 d4 + 0.00000067 d4?. 
To test this we compare the value of pva,, at da = 1, viz: : 1.0712 

resulting from it, with the value of pv4,, which follows from 

the value of the coefficient of expansion according to CHAPpPuIs : 

a, = 0.0036606 *), [viz: 1.0732. The difference is 500” so that the 
H . 5 

1) See ScHaLKwijk, Thesis for the doctorate p. 116, 
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equation found, which deviates from AMAGat’s observations at higher 

densities nae does not deviate from the observations at smaller 
» 

densities by more than — . 
; 500 

The following term in the series of KAMERLINGH ONNES would be 

Da ; 
a If we derive a value of 4 from the data given in Comm. N*.71, 

These Proc. IV June 29, 1901, p. 132, for hydrogen at 0°C., 15°.4C., 

99°.25 C. and 200°.25 C., we find that this term for d4 —= 150 

would yield in peg, : 0.0009, so that if we omit this term at the 

Ì 
highest pressures an error of less than 1000 is made. As there exists 

already some uncertainty about the exact shape of the isothermal, 

I have omitted this term. 

The values pra,, caleulated thus for the different values of da of 

the table mentioned at the beginning of this section, have been added 

to this table together with the values for p derived from them‘) 

When the isothermal of hydrogen at the densities occurring here 

will be known more accurately, the pressures given here will require 

a correction for which the afore mentioned table may be useful. 

The temperature of the manometer differed at most a few tenths 

of a degree from 20° C. The temperature coefficients for hydrogen 

at 20° C. are found from the value of A4, (given in Comm. N°. 71) 

of the series of KAMERLINGH Oxnes and Amacat’s values of ba and 

('4 (given in SCHALKWIJK’s Thesis for the doctorate, p. 120), for the 

temperatures 0° C, 15°.4 C. and 47°.3 C., observing the reduction 

mentioned to obtain the agreement with SCHALKWIJK’s isothermal. 

TABLE XVII. 

ee ee pn je 
| Ep /_Òp | Op 
| ) = ) ae, 

| # DT July) LIN BD Valle AOT Jv 
| | | | 

| | | | 
ee | | 200 | 0.714 150° je Osbat 100 _| 0.349 
| | | | | 

M90) SOB 140 | 0.494 90 | 0.314 

| 180 | 0.640 || 130 | 0.458 80 0.279 
| | 

| 170 0.605 120 | 0.422 70 0.248 

| 460 | 0.567 110 0.385 60 0.208 
| | | 

1) This table has been given in my thesis for the doctorale, 
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| of table XVII gives the temperature coefficients thus ’ 

Ju 

0 
Column ( E 

found for the different pressures p. 

Also a correction was applied for the difference in level of the 

mereury columns in the manometer and the experimental tube, for 

the expansion of the volume of the manometer tube caused by the 

mner pressure, and for the difference in capillary depression in the 

two tubes. For the latter a separate experiment has been made to 

determine the depression in a tube of the same inner bore as the 

manometer tube. This correction was 0.01 atmosphere. 

The manometer was read in the same way as the piezometer 

(see p. 558). The level of the mercury in the manometer tube and 

the temperature of this were read before and after the reading of 
the meniscus and the temperature of the experimental tube. The 

temperature of the manometer could be read to within 0°.05. 

After the isothermal determinations the hydrogen manometer was 

compared with the standard manometers (Comm. N°.50, Proc. June 1899) 

which have been very accurately compared with the open manometer 

by SCHALKWIJK (Comm. N°. 67, Proc. Dee. 1900 and Jan. 1901, 
Comm. N°. 70, Proc. May and June 1901). To render this possible 

the hydrogen manometer had been constructed so that the lowest 

pressure which could be read on it could still be measured with 

the standard manometer IV 5. Table XVII gives under the heading 

A the pressure as measured with the hydrogen manometer used by 

me, under the heading B the same pressure measured with the 

standard manometer. 

TABLE XVIII. 

A B 

EN 
64.04 ; 64.040 | 

| 

64.02 | 64.02 | 
| 

Obviously the agreement is quite satisfactory. This comparison 

comes in the place of the determination of the normal volume after 

the measurements, and also of more determinations of the normal 

hore of the graduated stem. (Comp. p. 540). As the there mentioned 

mean percentage difference 0.19 "/, is principally due to the difference 

1) For the way in which this comparison has been made comp. VERSCHAFFELT, 

Thesis for the doctorate p. 17, 
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between the two determinations of the normal bore, this comparison 

highly improves the accuracy of the manometer. 

The thermodynamical equilibrium in the experimental tube was 

reached by means of an electromagnetic stirring apparatus; to 

secure the equilibrium of pressure between the experimental tube 

and the manometer I waited 5 minutes after each adjustment before 

reading. Of each isothermal two series of observations were usually 

made, one beginning with the lowest and ending with the highest pres- 

sure, the other in reversed order. Only rarely the results of these two 

differed as much as anit To judge of this see table XIX, which relates 

to the isothermal for 22°.68 C. of a mixture of 0.1047 oxygen in 

carbon dioxide. Here v represents the volume, p, and py the corre- 

sponding pressures in the two series, with a constantly rising and 

a constantly falling pressure respectively, Zp the difference, vu, and 

Yiy.¢ the volumes of the liquid also in the two series, ry, the 

difference between them. 

The agreement of the pressures is satisfactory, that of the volumes 

of the liquid leaves to be desired. Although this is partly explained 

by the circumstance that the volume of the liquid cannot be read 

so accurately because the form of the meniscus is not so sharply 

determined as is the case with mercury, and parallax could not 

so easily be avoided as with the mercury menisci, it yet appears 

that, if we desire to investigate this subject more fully, more care should 

be taken to procure equilibrium by stirring and waiting. 

§ 5. The constancy and the measurement of the temperatures. The 

manometer was surrounded by a jacket with flowing water kept at 

constant temperature by a thermostat, as described by SCHaLKWIJK 

(Comm. N°. 

regulator described in Comm. N°. 78 (Proc. April 1902 p. 762). 

70, Proc. May ’OL) with the modification in the thermo- 

In the same way the experimental tube was kept at constant 

temperature by means of a second thermostat. This differed from 

the former in the following respects: 

The connection between the heating bath and the mixing bath, 

the mixing bath and the connection between the mixing bath and 

the observation bath have been insulated more carefully by means 

of wool, paper and felt; this was necessary because greater differences 

of temperature with the surrounding atmosphere occur here. 

To the glass portion of the thermoregulator a side-tube with a 

cock is sealed on, which facilitates the admission of a quantity of 

mercury from a mercury reservoir, which by means of an india 

rubber tube is connected with that side-tube, into the thermoregulator 
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TABLE XIX. 

0.012159 58.66 | 58.60 | +0.06 | | 
| 41384 | 60.88 |.60.92 | —0.04 | | | 
|_40605 | 63.97 | 63.31 | —0.04 | | 
(0.009826 | 65.745 | 65.775 | —0.03 | 

| 9047} 68.96 | 68.31 | —0.05 | 
|__s200 |. 70:90, | 70.94 | —0.04 | 

74805} 73.47--| 73.51 | 0.04 | 

peor 76.070) Ten 7 0.08 
| 50085 78.725 | | de. difference in saturationvolume: 

50178 78.755 | —0.03 | be. —0.000009 | 
5546 | 79.955 | 79.98 | —0.03 | 0.000217 | 0.000180 | -L0,000037 
5157 | 81.26 81.398 | —0.13 397 4033 | cm 6 
4168 | 82.88 (82.80: | —0.01 | G12 583 | + 29 
4379 | 84.708 | 84.768 | —0.06 | 746 B72.) Eien A 
4309 | | 85.05: 4 | | 59! 
4978 | 85.92 | 625 | 
4258 eo Hees oe | 288 

4243 85.40 95 De 
4219 | 85.54 125 
42455 | 85.54 ec. difference in saturationvolume : 

4220 Soe | PO On ed —0. 000005 
39918) 87.108 | 86.955 | 40.15 

3604} 90.24 | 90.99 10.02 | 
| 

| 

3049 | 99.995 | 99.085 | 0.21 | 
| 

2752 | 112.638 [142.74 | —0.08 
| | 

2612 | 194.64 194.36 | +0.98 

and hence the adjustment for different temperatures). The narrow 
part of the glass tube where the supply of gas is reeulated, has 

1) A similar arrangement has been described by Frrepiinper, Zeitschrift 
fiir physikalische Chemie, Bd. 38 p. 401, 1901. 

Proceedings Royal Acad. Amsterdam. Vol. VI. 
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been graduated in mm. over a length of 4 em, which facilitates a 

finer adjustment by moving up and down the supply tube. 

For temperatures higher than 35° the water streamed succes- 

sively through two heating baths, each provided with a thermo- 

regulator; the first brought the water to 35° C., the second to the 

desired temperature. To avoid exchange of heat with the surrounding 

atmosphere the last bath was coated with asbestos, except where 

it came into contact with the flames.” 

One thermoregulator had been constructed for higher temperatures, 

filied with xylene and goes as far as + 90° C., the other for lower 

temperatures was filled with benzole, of which the coefficient of 

expansion was determined at 0.0014 and goes from —40 to-+ 40° C. 

For temperatures below that of the water supply, the water 

streamed between the overtlow and the heating bath through a zine 

vessel insulated with felt, where small pieces of ice were continually 

brought in. 

By leading the water back to the overtlow after it has flown 

through the observation jacket by means of a membrane pump *) 

through tubes enclosed in wool, we could make measurements to 

about 1°.9 C. For the experiments with the mixture 0.3, mentioned 

in $ 38, we used the current of solution of caletumehloride at constant 

temperature, described in Comm. N°. 87, Zittingsversl. Deel XII 

Juni 1903 (see Pl. TH of that Comm., which shows the whole arran- 

gement with the thermostat and the observation bath). 

For temperatures above 30°, and also for temperatures as much 

again below the temperature of the room, it appeared necessary 

to replace the observation bath, which first consisted of a simple 

glass tube, by a vacuum jacket *). After this the difference in tem- 

perature at 34°C. over a height of 33 em. without stirring amounted 

to 0°.02 C. Moreover we have always stirred before each observa- 

tion. The water was insulated from the copper piece with which 

the jacket was fastened to the steel flanged tube of the experimental 

tube by a layer of sulphur. This prevented the cement from softening. 

In order to prevent variations of temperature of the gas compressed 

in the experimental tube owing to conduction of heat along the 

mercury column to the mereury in the compression tubes, we took 

care that in the observations, where the mercury meniscus was lowest 

the mercury column still stood over a length of 40 ems. in the jacket. 

1) Comp. pe Haas, Thesis for the doctorate fig. I. 
2) Comp. Comm. N°.85, Versl. Deel XII Juni 1905, p. 214. The case acting as 

a spring was placed as low as possible to leave room for the coil which moves 

the electro-magnetic stirrer. 



(“565 ) 

The temperature of the experimental tube was read with an eye- 
glass to within O°.OL on an “Einschlussthermometer”, divided into 

O°.1, with a scale on milkglass. From time to time this was 

compared at different temperatures with a similar thermometer tested 

at the Reichsanstalt with the air thermometer, while the variation 

of the zero of the latter in the mean time was accounted for and 

also the temporary depression of the zero, which, after the thermo- 

meter had for a long time been heated at 48° C., amounted to 

0.028 6. 

6. Reduction of the observations. In cases where, in contrast 

to the determination of the plaitpoint and the point of contact of 

the mixtures and. the critical point of carbon dioxide, the greatest 

possible constancy of the temperature was not absolutely necessary, 

the temperature during the determination of an isothermal which 

lasted on an average from 35 to 4 hours was allowed to vary a few 

hundredths of a degree. For the reduction to one temperature, 

temperature coefficients for the different volumes were derived from 

the observations. 

In the two series, one at an always increasing, the other at an 

always decreasing pressure, pressures were measured, corresponding 

to different volumes, which im the two series differed but little. 

Pressures were derived from them for the same votume and then 

the mean was found. When it appeared that these pressures agreed 

sufficiently (comp. § 4) we have afterwards simply taken for two 

corresponding points the mean of the volume and the pressure. 

Physics. — ‘‘J/sothermals of mixtures of oxygen and carbon dioxide. 

IV. Lsothermals of pure carbon dioxide between 25° C. and 

60? CL and between 60 and 140 atmospheres.” By W. H. Krrsom. 

Communication N°. 88 (4% part) from the Physical Laboratory 

at Leiden, by Prof. H. KAMERLINGE ONNEs. 

§ 1. Reason for the investigation of carbon dioxide. Although the 

isothermals of carbon dioxide have been extensively investigated by 

AMAGAT, I have vet determined a number of isothermals together 

with its critical point. I was led to it by the following considerations : 

1st. it was desirable that I should be able to judge of the purity 

of the carbon dioxide which I used for the preparation of the mix- 

tures, and it seems that this judgement may best be derived from the 

increase of the: vapour pressure with condensation at a stationary 

temperature ') ; 

1) Comp. Comm. NO. 79. Proc. April 1902. 
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gnd, difficulties had arisen about some quantities at the critical point 
of carbon dioxide, which are important for the theory of the mix- 

tures. AMAGAT, for instance, had determined the critical pressure at 

72.9 atm., while VerscuarreLt from AMAGAT’s isothermals derived 

73.6 atm. *). Obviously this may give rise to an error in the deter- 

mination of the data of the critical point of the mixtures, if as in 

Comm. N°. 59%) the logarithmical systems of isothermais are shifted 

over each other. Moreover in Comm. N°. 75, Proc. Dec. 1901 p. 299, 

Ox ve 
for {|—] at the critical point from Amagat’s isothermals: 7.3 

Or 

had been derived; from his determinations of the saturated vapour 

pressures: 6.5. This points to an uncertainty in the determination 

of the critical volume. Amacar has determined the critical point 

and the vapour pressures in different apparatus and hence probably 

also with other carbon dioxide than the isothermals; by determining 

the two in the same tube with the same carbon dioxide I hoped to 

arrive at more certainty on these points. 

ged, By comparing the isothermals of the mixtures after Ravmau’s 

method with isothermals of carbon dioxide observed in the same 

experimental tube some systematical errors which might occur in the 

observations are eliminated from the determination of the critical 

data of the mixtures. In this way an error in the determination 

of the diameter of the graduated stem of the experimental tube 

would have no influence on the critical pressure and temperature of 

the mixture. 

§ 2. In the following tables ¢ is the volume expressed in terms of 

the theoretical normal volume, p the pressure in atmospheres (O° C., 

45° Northern latitude), vj the volume of the liquid. The points of 

the beginning and the end of the condensation are marked by the 

letters De and ec. For the point be we adopted the point where 

after having decreased the volume there appeared for the first time 

with proper stirring a liquid “Schlier” on the wall, or after having 

increased the volume with proper stirring only such “Schlier” 

remained. These two points agreed sufficiently. The point ec could 

be observed sharply, as with a small variation of the volume the 

last part of the phase disappeared or reappeared. Especially here, 

however, phenomena of vetardation had to be avoided by forcible 

stirring. Jj, stands for the theoretical normal volume, the meaning 

of Ax, is explained in the 2"¢ part of this Comm., p. 552. 

1) Comp. Comm. NO, 55. Proc. April 1900. 

2) Proc. Sept. 1900. 
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First carbon dioxide. 

Before the measurements: Vijv = 71.020° ce. 

Ag = 1.00570 

a. Isothermal of 25°.55 C. 

| 
No.. v p | pe | tig 

I 
| 

| | | 
4 0.008573 63.12 | 0.544 15, | 

| 

9 7812 | 64.36 5028 | te 

3 7046 64. 42 4539 | 0.600420 | 

| 4 62275| 64.44 | 4011 850 | 
5 5504 | 64.44 3545 | 0.001976 | 

Bere 4837 | 64.40 | 315 | 1664 | 

7 4068 | 64.39 | 2619 | 9088 | 
8| 3205 | 64.49 2065 2507 | | 
9 | 3085 | 64.37 1986 | £652 | 

10 2869 | 64.41 1848 2) 
u 2728 | 64.431) | 18025) ec 

12 2645 | 70.94 1876 | 

13 | 2520 | 80.655 2033 

144] 2488 | 02 97 2967 | 

| 45 2366 | 105.79 2503 | 
(ao | 2300 | 199.55¢ | 2830 | 
| 17 2970 | 138,49 3142 | 

—— a) 

1) We shall later revert again to the purity of the carbon dioxide, as il appears 
from the increase of pressure at the condensation, 

*) Here the liquid meniscus reached the part of the tube where through the 
sealing in the blow-pipe the marks no longer were visible. 
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Isothermal of 28°.15 C. 

4 | 0.009238 

8565 

78075 | 

7030 

6950 

6673 

6300 

2670 

9546 

DAAG 

_ 20 En OT 

~1 Le is aN 5) a 

2060 | 

9037 | 

2097 

be 

0.00290 | 

O47 

0.001625 

2189 

) 

ec 

¢, Bordercurve in the 

Beginning condensation 

neighbourhood of the 

| 

| Temp. v | P 

oek, hed. 
| | 
| 30.05 | 0.005594% | 71.47 

30.82 4833 | 72.725| 

d. 

Temp.: 30.98 Pressure: 72.93 

Comp. footnote to the 

For the determination 

End condensation 

critical point. 

Temp. | v p 
| | 
| | 

30.11 | 0.003398 | 
| 

30.81 | 3725 | 79.74 
| 

Critical point : 

preceding table. 

of this comp. § 5. 

Volume: 0.00443 *). 
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e. Critical isothermal : (80.98° C.) 

— 0.010068 

0.009314 

| 99 | 

| jemen 

8582 

7809 | 

7031 

6275 

2362 

63085 | 

HORT 

71.95 

| 106.48 

| 419.35 

158.65 

| 

„3988 

„3718 | 

„2906? 

Ra 

Isothermal of 31.89° C. 

0.010086 

0.009814 | 

8570 

i 

| 0.4€ 

0.4577 

0.2707 

0.2460 

().2365 

0.2443 

0.2587 

0.2790 

0.2995 

0,394 | 
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gq. Isothermal of 34°.02 ©. h. Isothermal of 57.09 C. 

| No. | p BA Bask A ‚No. v ee ee 

| 4 | 0.010067 | 65.18 | 0.6562 1 0.010863 | 64 56 | 0.7013 
| 2 | 0.009337 | 67.295, 0.6983 2 | 10093 | 66.c0 | 0.6752 
| 3 | 8560 | 69.49 | 0.5948 3 | 0 009339 | 69.99 | 0.6474 | 
| 4} 7791 | 74.64 | 0.55845 |-4 | 8554 | 71.73 | @6435*| 
3) 70238) 73.65 | 0.5173 | | 5 | 7810 | 7441 | 0.5788 | 
| 6 | 6255 | 75,24 | 0.4712 | | 6 7059 | 76.40 | 0.534 | 

tz | 55265) 76.60%) 0.4226 a | 6287 | 78.58%! 0.4940 | 
18 | 4672 | 77.57 0.3624 | | 8] 55955} 80.47 | 0.4446 
| 9] 391 | 78.38%) 0.3113 | 1 9| 4770 | 82.44 | 0.3947 
1 40 | 3243 | 81.41 | 0.26305 10 | A01 | 83.89 | 0.3365 
1411 9955 | 96.16 | 0.9546 | [44 | 3230 | 88.89 | 0.9874 
[42 | 92746 | 95.02 | 0.9609 (42 | 2799 | 103.08 | 0.2885 
13 | 2614 | 105.95 | 0.2770 | [43 | _ 2609 | 419.97 | 0.3142 
14 2510 | 119.53 0.3000, | 14 | 2495 | 136.01 | 0.3393 

15 | 42 | SEC an 136.66 | 0.3316 

Second carbon diovide’). 

sefore the experiments: Vijy = 69.647 ec, weight 2 

ier 3 OE 
Mean 69.641 . 

?. Isothermal of 41°.95 C. i. Isothermal of 48°.10 C. 

No | D fe ee No. p ie: | po 

1 | 0.011546 | 64.85 | 0.7487 1 | 0.012311 | 65.20 | 0.8027 | 
2 | 40794°| 67.28 | 0 7262 24 41572 | 67.69 | 0.7833 | 

| 3 | 40047 | 69.81 | 0.7014 | 3 107875| 70.52 | 9.7607 | 
4 | 0 009214 | 72.78 | 0.6704 4 | 0.009970 | 73.61 | 0.7339 | 
5 | 8486 | 75.48 | 0.6405 5 | 9932 | 76.61 | 0.7073 | 
6| 7640 | 78.57 | 0.6003 | 6 | 8442 | 80.07 | 0.6760 | 
7 | 6915 | 81.31 | 0.56225 7 7678 | 83.38 | 0.6402 | 
8 GI81 | 84.04 | 0.51948 8 6899 | 87.07 | 0.6007 
9 | 5320 | 87.18 | 0.4638 | 9 | 6118 | 90.90 | 0.5561 | 

40) 4530 | 90.43 | 0.40825 40:| 5380 | 94.78 | 0.5099 | 
144] 3778 |_ 94.40 | 0.3555 | 11 | 4570 | 99.62 | 0.4552 
142} 3087 | 405.01 | 0.3242 142} 8823. 405.50 | 0.4033 | 
| 13 | 2817 | 117.96 | 0.3323 IKE, | 21295\ 119.38 | 0.3736 | 
[44 92 | 134.85 | 0.3563 | 14 | 2864 | 135.56 | 0.3883 

1) Because the experimental tube has broken, the first quantity was lost. As, 
however, the fracture occurred below the graduated portion of the stem, the 

advantage mentioned in § 1, sub 3 remained. 
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|. Isothermal of 57°.75 

1 | 0.013174 66.27 | 0.8720 

2 12356 | 69.90 0.8550 

Lad 11586 | 72.48 | 0.8363 

4A 1C807° 15.49 QO S151 

| 5 | 100095 78 99 | 0.7906 he oh | 
| 6 | 0.009271 | 82.49 | 0.7648 

| 1 | R482 | 86.62 | 0.7347 | 

| 8 | 7668 | 91.16 | 0 6990 | 

| 9 | 6930 95.73 | 0.6638 | 

10 6113 | 101.32 | 0.6194 

41 | 5372 | 107.06 | 0.5754 

| 412 | 1596 | 114.45 | 0.5960 | 

| 13 3785 | 126.10 | 0.4786 

44} 34945) 435.81 | 0.4647 | 

§ 3. To simplify later calculations I have calculated for the 

isothermals e, f, g, h, i, k, ¢ the values of pr for regularly increasing 
1 

densities i . Therefor each value has been interpolated from 4 points 
Uv 

derived directly from observation; only fér the extreme values we 

have interpolated between 8 points). So we find the values given 

1) For this we used the formula of Lagranee, which may be easily written in 
the following form: 

d—d, , (d-—-d,) (dd) (d—d,) ee ee a, 
ded, (d,—d,) (d,—d,) (d,—4d,) 

(d—d,) (d—d,) (d—d;) 
Be Ur ne sa 

terde) (d,—d,) (d,—d,) (d,—d,) 
where 

>) y a ; d,—d, 

Pee Ei) ay 5 

' d,—d, 

ba Pare 
Bate ee Pl ee 

P represents pv, while — is represented by d. Supposing that d lies between 

d, and ds, the two last terms of P become relatively small and they may be 

easily calculated with a sliding-rule. 



(vem 

in table XN; the first column gives the different densities (expressed 

in terms of the theoretical normal density), the following columns 

the values of pv belonging to if, each time for the temperature 

mentioned at the head of the column. 

TAB LER 

Isothermals of carbon dioxide. 

30.989} 3,809. | 4028 4 374008 tpg el 40. 10° | Siete 

1400 | 0.6355. | 0.6411 | 0.65288 | 0.6719 | 0.6997°{ 0.734) | 0.7203 

120 | 0.5653 | 0.5715 | 0.5844 | 0.6036 | 0.63835 | 0.6712 | 0.7985 

440 | 0.5037 | 0.5094 | 0.5240 | 0.5440°| 0 5746 | 0.6135 | 0.6743 | 

460 | 0.4499 | 0.4566 | 0.4708 | 0.4918 | 0 5237 | 0.5640 | 0.6273 

180 | 0.4039 | 0.4106°! 0.4954 | 0.4466 | 6.4796 | 0.5212 | 0.5864 

200 | 0.3646 | 0.3716 | 0.3863 | 0.4081 | 0.4416°| 0.4847 | 0.5594 

4 | 0.3387 | 0.349% | 0.3754 | 0.4094 | 0.4536 | 0.529965| 

0.3109 | 0.3296 | 0.3477 | 0.38195| 0.4964 | 0.4994 

960 | 0.2806 | 0.2875 | 0.3021 | 0.2943°) 0.3557°| 0.4048 .| 0 4812 

980 | 0.9611 0.2680 0.£825° 0.3052 | 0.3423° 0.3872 0.4699 

200) |) 022448) 0.25214) 022677 1102291551905 3302 4 03763 

320 | 0.2333 | 0.2440 | 0.2590 | 0.2835 | 0.3245°| 0.3737 

340) 17022273. |) (09221 4 (022554) OPSOMER ROSSA 

360 | 0.2305 | 0.2401 | 0.2588 | 0.2900 | 0.3362 

380 | 0.9427 | 0.9530 | 0.2742 | 0 3073 

400 | 0.2690 | 0.2800 | 0.3031 | 0.3376 

420: 10731691 0.3230 

§ 4, rj was reduced to the same temperature for the isothermals 

a and # in the following way: From the height of the liquid meniscus 

we directly derived the volume of the vapour phase: rj. If 7, is 

the specific volume of the existent liquid phase, 7, the specific volume 

of the vapour (as unity we always have here the theoretical normal 

volume), we find: 

dpa: id OE LINE vr de, 

AT gh pd Pe Sd TE 
2 



After the vapour volumes have thus been reduced to one tempe- 

rature, the liquid volumes are derived from this. We have assumed 

in this that +, and », are functions of the temperature 7 only and 

not also of v, as Dre Hen and others think. On this supposition 

we can derive 7, and v, from each pair of observations of vj, at 

different + and at the same temperature. The values calculated thus 

have been combined in table XXI together with those derived directly 

from observation. 

TABLE XXI. 

Isothermal of 25°.55 C. Isothermal of 28°.15 C. 

; | eas 
Nrs. On Vo | Nrs | V4 Vo | 

| | Ie he | i - | 

2 0.(07812 | habe 0.006673 

3and7 0.002799 | 1136 | | 7and9 | 0.003043. | 6680 | 

{and Ss 2819 | 7722 | Sand 10 9008 | 6709 

teal | 
Dand9 | 2809 | 1147 roel 3014 

| | | | | 

11 2798 | ee et a 
ER TU yy te same rll ee | mean 0.008016 | 0.006684 

mean | 0.0028035 | 6.0077735 | - EN 

We see that no regular variation in the values of 7, and 7, can 

be remarked, so that this justifies with regard to these experiments 

our assumption of the dependence of v, and v, on the temperature 

only. 
In the calculation of the mean values of ©, and v, in table XAT 

we have accorded the same weight to the value borrowed directly 

from observation as to the mean of the values derived from the 

other observations. 

§ 5. For the determination of the critical point the following may 

serve: The thermostat was adjusted at a few hundredths of a degree 

below the critical temperature (the temperature above which no 

stationary meniscus is observed). By letting a small quantity of water 

of higher temperature into the mixing bath, the experimental tube 

was brought to a few hundredths of a degree above the critical 

temperature, and the substance was well stirred. Then the tempe- 

rature falls very slowly. If the volume dies between certain limits, 

the following phenomena may be seen: A blue mist is formed which 



at a definite place becomes denser and denser). At a given moment 
“striae” appear, the substance boils and rains, a meniscus is formed. 

From the very first, the latter is perfectly sharp and flat, it remains 

at the same place also after stirring. The temperature was observed 

immediately after the appearance of the striae, then the pressure and 

the volume and then the temperature was determined again. So we 

obtain the pressure for one or a few hundredths of a degree below 

the critical temperature. For this a correction has been applied. 

If we allow the temperature to rise, we still see a meniscus 

during a considerable length of time after the temperature in the 

bath has risen to a few hundredths of a degree above the critical 

temperature. If disappears immediately, however, when we stir. 

Hence this is no phenomenon of equilibrium. 

So we could derive the temperature and the pressure directly 

from observation. For the volume this was not possible, as owing 

to the effect of gravitation the phenomena described above occur 

at different volumes, so for instance in my observations with a 

volume: 0.008924 (stirrer below), where the meniscus appeared 

in the immediate neighbourhood of the top of the tube, and with a 

volume 0.004281 (stirrer above) where the meniscus appeared 1 mm. 

above the mercury. 

The method generally used for the determination of the critical 

volume consists in determining some liquid and vapour densities 

at temperatures below the critical, and then using the rule of the 

rectilinear diameter of Carmrerer and Marmas. To this end we 

have drawn on a diagram the densities resulting from the data of 

§ 4, table XXI and $ 2, c, as a function of the temperature, and 

the diameter has been drawn onit. A deviation from the rectilinearity 

could not be stated with certainty. For the critical density, expressed 

in terms of the theoretical normal density we derive from this diagram 

239, hence for the critical volume 0.00418. 

; : a “dp” ‘Op 
Another method is this: At the eritical point ( | = {| — 

: d1 COëT 01 u 

(for the proof see for instance Comm. N°. 

dp . 
To determine a we have combined in table XXII under O 

( 
COEX. 

the vapour pressures resulting from § 2; for the temperatures 25°.55 C 

and 28°.15 C we have taken the means from the different values 

for the pressure. 

1) If the temperature is kept constant, the mist during a considerable length 

of time (say 10 minutes) does not change to the eye. 
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TABLE XXII. 

Temp. O. C. O—C. 

95.55 64.40 64. 41 + 0.01 

28.15 68.43 GS.43 0.00 

30.05 71.45 71.44 NRO 

30.82 12.12 TENG ROS 

| 
30.98 | 72.93 | 

If we calculate for the different values the coefficient f for vaN 

DER WaALs’s formula *): 

Pp 4 DEP. 
loy Zz == J rn i ? 

Pk fi! 

we find with mereasing temperature regularly decreasing values of 
1 

jy. If in the development in powers of mi we take one term more, 

so that we arrive at the formula: 

den EN (Seen 
log nn fg ik 

Pk 1 3 1 

and we calculate the values of f and g which give the best agree- 

ment, we find very nearly g = //. Then I have put: 

pl „ET Te 
log —=f —— SS 

; Pk 4 fi 

and found f == 2.914°. By means of this we obtain the values for 

p given in column €. The agreement is quite satisfactory, only for 

the temperature 30°.82 C. there is a considerable deviation : the same 

is also found in the comparison of the saturation volumes so that 

here we have probably to do with an error of observation. 

From this we find at the critical point: 
4 ip 
Ee LD, 
dT coër. 

From the determinations of the isothermals we cannot with cer- 

Op N 

zi at the same volume with 
OEE 

the temperature, as may be best derived from table XX. Therefore | 

tainty derive a definite variation of ( 

Op Nm, _ ane 
have derived nl for the different densities from the isothermals 

OT J. 

of 30°.98 C. and 48°.10 C. and found the following values: 

) Continuitiit I p. 158. 
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TABLE XXIII. 

100 0.581 200 1.405 300 9 304 

120 0.742 220 1.570 320 2 624 

140 0 898 240 BST 40 3066 

160 1066 260 1 S86 

180 1233 £80 2 O62 

If from this we interpolate in the same way as in $ 9 we find that 

Op ‘ ee 

Ge) = 1.610 for the density 225.50, to which belongs the volume: 
( gE 

0.00445. 

This value does not agree with that derived above from the densities. 

The difference is larger than can be ascribed to the errors in the 

observation. The deviation is im the same sense as follows from 

AMAGAT’s experiments. The following might serve as an explanation 

of this difference : 

According to a remark of Prof. KAMERLINGH ONNEs from whom a 

new paper on the cause of the deviations near the critical point may 

be expected (comp. Comm. N°. 74, Arch. Néerl. serie IL, t. VI, p. 887) 

the appearance of the mist in the neighbourhood of the critical 

point seems to indicate that a part of the substance condenses round 

numerous centra equally distributed over the whole space. That only 

in this area this appears so distinctly, might be ascribed to the cir- 

cumstance that here small forces are sufficient to cause great variations 

of density. These condensations might have a perceptible influence 

for instance on the saturation volume although the variation of the 

pressure would not become perceptible in consequence of it. 

In a comparison of mixtures with pure substances according to 

the law of corresponding states we must disregard those conden- 

sations, as they do not occur at corresponding points (in mixtures 

near the plaitpoint). Hence our purpose will probably be served best 

if we adopt for the critical volume: 0.00448, as this value according 

to a thermodynamical relation results from determinations not so near 

to the critical point, and where therefore particular phenomena which 

occur in its immediate neighbourhood have played no part. 
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The following quantities are further feund at the critical point, 
which are necessary for the comparison of the observations with the 

theoretical results of Comms. N°. 75 and N°. 81: 

ey: 
= ae 

pata 
: Ei) = 6.712. 

Pk ada” I: 

dp ) vl uf O7p 
<a | == — 422, hence C Si jae 26.9 
(5 Ov, jp ea ae Pk d Tov) ji ci 

Here, in agreement with the value of the coefficient of expansion 

for the ideal gaseous state accepted in this Comm. IIIf, p. 558 we 

have put: 7, = 273.04. 

Physics. — ‘‘/sothermals of mirtures of ovygen and carbon diowide. 

V. Zsothermals of mixtures of the molecular compositions 01047 

and 01994 of oxygen, and the comparison of them with those 

of pure carbon diowde?. By W. H. Kursom. Communication 

N°. 88 (5% part) from the Physical Laboratory at: Leiden, by 

Prof. KAMERLINGH ONNES. 

(Communicated in the meeting of October 31, 1905.) 

§ 1. The following sections contain the tables about two mixtures 

of carbon dioxide and oxygen. For the meaning of 7, p, vig. and 

the determination of the d.¢.- and the ¢.c-points I refer to this Comm. 

IV § 2. Of the end condensation point it should be remarked that over 

a definite area below and above the plaitpoint temperature the meniscus, 

in consequence of the effect of gravitation, disappeared in the tube, 

The data about the plaitpoint were derived directly from the 

experiment. On the phenomena near the plaitpoint [find the following 

remarks among my notes of the observations: When the volume 

increases from the homogeneous (liquid) state a blae mist gradually 

forms itself. As the volume increases (small variations at a time) 

this becomes denser. If the volume increases still more, layers of 

different degrees of vefrangibility suddenly appear, which quickly 

move amone themselves. When we stir, however, they still dissolve 

into the thiekening blue mist. At a given moment, after the volume 

has been increased again a little, these layers begin to concentrate 

towards the middle of the tube, at the top and at the bottom it 
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becomes clear, small bubbles or drops are seen to move from below 

and from above towards a certain point in the tube. At last a 

meniscus appears there. This remains at that place. The temperature 

at which these phenomena were observed was adopted as the plaitpoint- 

temperature of the mixture considered, the volume and the pressure 

as plaitpoint volume and pressure. 

If the temperature is a little higher, the meniscus appears lower 

in the tube. The exact point where it appears cannot be observed 

with certainty: drops are seen to move from above to below, and 

bubbles from below to above more and more regularly towards one 

place; at this place the meniscus will appear, but this place is rising 

already before the meniscus has properly formed itself. When it is 

formed, it generally still rises. If the temperature is still higher the 

meniscus is distinctly seen to rise from the bottom of the tube. At 

the lower end a quantity of liquid is gathered by the drops which 

fall from the top to the meniscus. The same holds, mutatis mutandis, 

for temperatures below the plaitpoint temperature. 

Of the data about the point of contact only the temperature could 

accurately be (to within O°.01) derived from the experiment. To 
determine the pressure some points at the beginning and at the 

end of the condensation to within O°.1 of the point of contact 

were observed; they were drawn and the point where the tangent 

is at right angles with the axis of temperature was found. This 

gave the pressure of the point of contact with sufficient accuracy. 

Then the point of contact volume was deduced from the isothermal. 

The molecular proportion of oxygen will be represented by we, 

Vijy is the theoretical normal volume, for the meaning of Ax,, 

comp. this Comm. IL p. 552. 

§ 2. First mirture of carbon diowide and ovygen. 

a 0.1047. 

Before the measurements: Viv — 69.743 cc. 

After 48 Hs 6725 

mean: 69:734 … 



a. Border curve. 

Beginning condensation. End condensation. 

| Tem p- v p Temp. v p 

17.535 | 0.098552 66.08 11.68 | 0.002597. | 85.52 
17.63 8483 66.40 14.78 2757 87.09 
19.48 7708 69.48 17.525 2949 88.25 
20.19 7362 71.59 | 17.68 2986 88.929 

20.28 7288 71.94 19.38 3195 | 88.465 
1 48 6709 | 74.85 | 20.19 3202 | 88.35 
99 06 6456 76.24 20.28 3323 88.35 
99 38 6098 71.85 21.48 3664 | 87.35 
92 83 5860 79 44 29.09 3880 | 86.58 
09.87 5829 79 26 29.43 4069 86.03 

| 22.98 5697 79.95 29.80 4301 85.34 
23.93 5366 81.46 99 88° 4324 | 85.12 

29.98 AAA | 84.90 
23.18 4663 | 84.16 

6. Isothermal of 17°.60 C. 

No. v p pv Dlig. 

1 | 0.011384 | 58.35 | 0.6642 
IES 10695 | 60.46 | 0.6412 | 

‚_3 | 0.009826 | 62.62 | 0.6153 
| 4 9047 | 6484 | 0.5866. 
En 8503 -| 66.24 | 0.56395 | de 

6 | 74895| 67.85 | 0.5'82 | 0.000338 
ety, 67125| 69.54 | 0.4668 571 
hag 6108 | 71.42 | 0.4344 826 
| 9 5935 | 74.65 | 0.49595 879 
40 5385 | 73.39 | 0.3952 | 0.001105 
11 5157 | 74.96 | 0.3830 1194 
12 44865 | 77.42 | 0.3460 1502 
13 437195 | 77.68 | 0.3402 1556 
14 3482 | 83 35 | 0.2902 2189 
15 2954 | 88.30 | 0.2608 | ec 
16 9848 | 91.715] 0.2612 
17 97495 | 97.38 | 0.2648 
18 9572 | 109.13 | 0.2807 | 
19 2466 | 123.34 | 0.3042 | 

38 
Proceedings Royal Acad. Amsterdam. Vol. VI. 
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c. Isothermal of 20°.29 C. 

No p p | pv Viig. 

1 | 0.011699 | 58.86 | 0.6886 

2 44384 | 59 72 | 0.6798 

3 40605 | 61 94 | 0.6569 

4 | 0.009826 | 6431 | 0.6319 

5 9047 | 66.62 | 0.6027 

6 8900 | 67.15 | 0.5976 

7 2969 | 69.04 | 0.5709 | 

a | ty ROO RO 

9 7291 | 71.98 | 0.5248 | be | 

10 6713 | 73.07 | 0.4905 | 0.000267 

14 5035 | 75.32 | 0.4470 | 5965 

12 5157 | 77.9% | 0.40195 968 

13 4468 | 89.88 | 0.3614 | 0.001360 

14 4379 | 81.39 | 0.3564 1445 

15 3640 | 85.85 | 0.3125 | 2230 

16 3501 | 86.91 | 0.3043 | 2540 

47 3395 | 88.98 | 0.2944 | ec 

48 3132 | 91.50 | 0.2866 

19 9959 | 95 64 | 0.2830 

20 9997 | 97.76 | 0.2832 

ar 9759 | 104.46 | 0.28825 | 

99 9613 | 144.89 | @.3002 | 

93 9597 | 195.195 | 0.3162 | 

d. 

2} 
v 

Plaitpoint isothermal (2199:0.). 

v | p | pe | Pia. 

0.012159 | 58.36 | 0.7026 | 
11384 | 60 52 | 0.6889 

0.009896 | 65.32 | 0 649 

socg | 70.37 | 0.5849 | 

6748 | 75.37 | 0.50595 | 

6400 | 76.42 | 0.4891 | be 

5935 77.64 | 0.4608 0.000210 

5157 | 80.34 | 0.4443 | 638 

1379 |. 88.76 | 0.3668 | 0.001169 | 

3878 | 86.60 | 0.3358 | pp | 

3613 | 88 74 | 0 3206 | 

3054 | 97418] 0.2966 | 
0769 | 109.96 | 0.3025 | 

9598 | 193.75 | 0.3215 | | 



e. Isothermal of 22°.68 C. 
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No. v | p | po 

AO OT2I59 4)  b8s6a 07420 

2 11384 | 60.99 | 0.6933 

3 10605 | 63.29 | 0.6742 

4 | 0.009826 | 65.76 | 0.64615 

a 9047 68.285 | 0.6178 

6 8269 70.92 | 0.5865 

7 748S° | 73.49 | 0.5504 

8 6712° | 76.09 | 0.5108 

9 5045 78.74 | 0.4656 

10 5546 79.97 | 0.4435 

11 bi5 81.33 | 0.4494 

42 4768 82.89 | 0.3952 

13 4379 821s" OA 

14 4309 | 85.05 | 0.36645 

15 4278 | 85.22 | 0.3646 

16 4258 | 85.35 | 0.3634 

17 4943 | 85.40 | 0.3623° 

18 4219 | 85.54 | 0.3609 

A 19 4218 85.53 | 0.3608 

20 39915 | 87.03 | 0.3474 

21 3604 | 90.23 | 0.3252 

22 3049 99:19: 0025 

23 AoA | 412: 07 HOEST 

24 2612 | 124.50 | 0.3252 

be 

“Lig 

0.000198? 

ec 

400 

1) To explain the irregular course of #1, here, we refer to this Comm. III, p. 562, 

while we remark that the variations of vj, with the temperature and with the 

volume become very large in this area, so that a small error in the latter may 

give rise to a large error in the value of 75, 

38% 
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J. Point of contact isothermal (23°.29 C.). g. Isothermal of 25°.20 C. 

No. v p Pte ity | No. v | p | po 

4 | 0.019159 | 58.95 | 0.7168 | 4 | 0.012159 | 59.81 | 0.72795 

2 11785 | 60.04 | 0.7075° {9 11384 | 62.14 | 0.7074 

3 11384 | 61 21 | 0 6968 | ae 10605 | 64.59 | 0 6850 

4 10605 | 63.59 | 0.6744 4 | 0.009826 | 67.23 | 0.6606 

5 | 0.009826 66.09 | 0.6494 5 9047 69.97 | 0.6320 

6 9047 | 68 70 | 0.6215 | 6 8269 | 72.78 | 0 6018 

7 8269 | 71.34 | 0.5899 7 7490 | 75.69 | 0.5669 

8 | 7400 | 74.04 | 0.5545 8 | 6712 | 78.59 | 0.5276 

9 67125| 76.71 | 0.5149 9 5935 | 81.69 | 0 4848 

EO 5935 | 79.48 | 0.4717 10 51565 | 84.85 | 0.4376 

1 5546 | 80.80 | 0 4431 u 4768 | 86.61 | 0.4430 

12 5157 | 82.23 | 0.4244 12 | 4379 | 88.70 | 0.3885 

13 4768 | 83.78 | 0.3995 | 13 3.915} 91 40 | 0.3648 

14 4379 | 85.88 | 0.3761 14 3609 | 9497 | 0 3427 

15 3991 | 87.97 | 0.2544 | 45 3229 | 101.13 | 0 3266 

| 16 3605 | 91 26 | 0.3290 16 9846 | 114.98 | 0.3273 

147 3046 | 101.03 | 0 : 077 17 9710 | 124.35 | 0.3370 

18 97915 | 112.40 | 0.3138 = 

19 9646 | 124.08 | 0.3283 

Point of eae, | 

0.005005 | 82.83 | 

This mixture has been prepared in a simpler mixing apparatus 

than that referred to in this Comm. II § 3, and the pressures are 

measured with an air manometer and then reduced to the indications 

of the hydrogen manometer used later, as said in III § 3. 

Of the border curve it may be remarked that below 19°.38 C. 

the end condensation pressure decreases at a falling temperature, 
which has not been observed by VeRSCHAFFELT in mixtures of carbon 

dioxide and hydrogen at the temperatures at which he observed. 

Between the plaitpoint- and the point-of-contact-temperature there 

was retrograde condensation of the first kind (temporary liquid phase). 

ie an aen a 
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$ 3. Second mieture of carbon diowide and oxygen. 

2 == 0:1994 

Ax, = 1.00413. 

Before the experiments: Viv = 69.608 cc’. 

After __,, as Gd S55r 

mean: 69.581° „ 

a. Border curve. 
Beginning condensation. End condensation. 

No. | Temp. v p No. | Temp. v p 

1 10.06 | 0.0092335 | 66.35 1 | 10.09 | 0.003205 | 102.485 

2 12.155 81905 | 71.57 2 12.20 3633 | 100.055 

3 14.125 TN RT 3 14.41 39945 | 97.375 

4 16.01 5803 86.02 4 16.00 4784 92.57 

Be WeiG<23 5580 | 87.84 | Beli lav oe 5156 | 90.55 

6. Isothermal of 9°.62 C. 

No. v p | pv | Usg. 

4 | 0.009795 | 64.05 | 0.6274 

2 9412 | 65.36 | 0.6152 | be 

3 8742 | 66.89 | 0.5881 | 0.000124 

4 7948 | 69.46 | 0.5497 308 

5 7147 | 74.79 | 0.5131 470 

6 6404 | 74.92 | 0.4798 672 

ay 5500 | 79.65 | 0.4381 909 

| 8 A811 | 84.23 | 0.4052 | 0.001122 

9 4022 | 91.55 | 0.3682 1464 

| 10 3338 | 100.07 | 0.3340 | 2221 

| 11 316% | 102.67 | 0.3248 | ec 

| 12 9874 | 412 0 | 0.3233 ke 

| 43 | 2742 | 121.35 0.3327 | 

44 | 2699 | 125.18 | 0 3379 | | 

| 15 £632 | 129.33 | 0.3404 | | 

‚16 asst | 135 67 | 0.3502 | 
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t. Isothermal of 11°.35 C. 

| Ne. D p | pv | Vig. 

| 4 | 0.010341 | 63.46 | 0.6562 
| 2 | 0.009505 | 66.25 | 0.6298 

3 8763 | 68 905| 0.6038 
4 8629 | 69.37 | 0.5986 | be 
5 7950 | 70.95 | 0.56405} 0.000217 
6 7203 | 73.53°| 0.5297 384 
of 6396 | 77 C2 | 0.4926 573 | 

8 5608 | 81.44 | 0.4550 781 
9 4829 | 86 40 | 0.4172 | 0.001097 

40 4097 | 92.84 | 0.2204 1376 
| 44 3712 | 96.79 | 0.3593 4707 
12 3446 | 100.08 | 0.3449 | 2336 

| 43 3397 | 100 89 | 0.3427 | ec 
14 3280 | 703.24 | 0.3385 
15 3028 | 110.48 | 0.3345 
16 9853 | 449.44 | 0.3398 
17 9718 | 198.44 | 0.3491 | 
18 | 96.1 | 137.56 | 0.3605 

d. Plaitpoint isothermal (12°.51 C.). 

ae ne | lig. 

1 | 0.010259 | 64.42 | 0.6609 

2 | 0.009570 | 66.77 | 0.6390 

3 8741 | 69.74 | 0.6096 

4 8040 | 72.27 | 0.5811 | be | 

5 7197 | 75.46 | 0.5409 | 0.000201 

6 6378 | 78.56 | 0.50105 439 

7 5597 | 82.66 | 0.4627 67 

8 4772 | 88.24 | 0.4211 | 0.00104 

9 3981 | 95.61 | 0.3806 1360 | 

10 3606 | 99.65 | 0.3593 | pp 

1 3299 | 105.38 | 0.3476° 

12 3057 | 112.34 | 0 3434 

13 2870 | 121.71 | 0.3493 

ye re 
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e. Isothermal of 14°.04 C. 

No. v Pp pv Vig. 

1 | 0.010318 | 65.06 | 0.6713 
2 | 0.009504 | 67.91 | 0.6454 
3 8726 | 70.87 | 0.6484 
4 7926 | 74.06 | 0.5870 
5 7272 | 76 79 | 0.5584 | bc 
6 7095 | 77.46 | 0.5496 | 0.000043 
7 6337 | 80.59 | 0.5107 | 0.000265 
8 5694 | 84.05 | 0.4786 57 
9 4761 | 90.15 | 0.4299 786 

10 4402 | 93.46 | 0.4401 888 
u 4066 | 96.35 | 0.3918 933 
12 3947 | 97.55 | 0.3850 | ec 1 
13 3700 | 100.97 | 0.3736 
14 3287 | 109 15 | 0.3588 
15 3002 | 118.66 | 0.3562 
16 9893 | 128.20 | 0.3619 

J. Isothermal of 15°.41 C. 

No. | v p pv Vig. 

1 | 0 010276 | 66.02 | 0.6784 
2 | 0.009515 | 68.77 | 0.65438 
3 8763 | 74.71 | 0.6284 
4 7991 | 74.91 | 0 5986 
5 7159 | 78.62 | 0 5628 
6 6435 | 82.05 | 0.5280 | se 
7 5971 | 84.325 0.5035 | 0.000139 
8 5604 | 86.34 | 0.4838 998 
9 5229 | 88.74 | 0.4639 397 

10 499° | 90.31 | 0.4515 367 
u 4844 | 91.44 | 0.4429 387 
12 4667 | 92.81 | 0.4334 361 
13 4538 | 93.84 | 0.4958 273 
14 4460 | 94.43 | 0.49415 164 
15 MA9 | 94.87 | 0.4492 | ec 
16 4045 | 98.88 | 0 4000 
47 3692 | 103.36 | 0.3816 
18 3253 | 113.06 | 0.3678 
49 3008 | 122 03 | 0.3671 
20 9891 | 133.17 | 0.3757 
a 9732 | 141.72 | 0.3872 

!) Here we also had retrograde condensation of the first kind, although this 
does not appear from the values given. 
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g. Point of contact isothermal (16°.27 C.). A. Isothermal of 17°.66 C. 

No. | p | p pe | ie | 0 Pp | pv 
| 

4 | 9.010312 | 66.34) 0.68418 | 1 | 0.010273 | 67.26 | 0.6910 

2 | 0.009519 | 69.28 | 0 6595 | 2 | 0.009510 | 70.47 | 0.6673 

3| 8701 | 72.58 | 0.6315 | 3| 3683 | 73.60 | 0.6301 
4 7955 | 75 77 | 0.6028 | 4 | 7920 | 76.98 | 0.6097 

5 7163 | 79.27 | 0 5685 | | 5 | 7161 | 80.58°| 0.5774 

6, 6389 | 83.20 | 0.5316 6 | 6359 | 84.77 | 0 5290° 

7| 5034 | 85.31 | 0.5105 | 7] 5610 | 89.45 | 0.5001 
8 5592 | 87.57 | 0.4897 | 8 4843 | 94.59 | 0.4581 

9} 5298 | 89 80 | 0.4695 9| 4087 | 102.08 | 0.1472 
10 4824 | 99.79 | 0.4473 10 | 3688 | 108.02 | 0.3984 

44.| 4133 | 96.05 | 0.4259 | [1 | 3280 | 117.36 | 0.3849 

| 12 | 4031 | 100.54 0.1053 | 142 | 9973 | 129.44 | 0 3848 

13 3617 | 106.6° | 0.3888 | '3 | 9816 | 14.18 | 0.3976 

| 14 | 328% | 14 28 | 0.3753 | 

45 | 3053 | 122.29 | 0.3734 

16 |. 9857 | 133.275 | 0.3808 

17 | 9759 | 140.71 | 0.3832 

‘Point of contact: | 

0.005322 89.20 

§ 4. Comparison of the mixtures according to the law of corre- 
sponding states with carbon dioxide. In Comm. N°. 59, Proc. Sept. 
1900 methods are discussed for a graphical comparison of isothermals 

of mixtures with those of a simple substance. Here as well for 

7 

a function of logv for the different temperatures. (For the absolute 
zero we accepted — 273°.04 C.). If the law of corresponding states 

also holds for mixtures of normal substances it must be possible to 

1) was drawn as carbon dioxide as for the two mixtures log 

1) As the temperatures are so high that in the theoretical isothermals no nega- 
; 5 pv : 

live pressures occur, the drawing of log 7 offers no difficulty. 

en 



make the corresponding isothermals of the different diagrams coincide 
by shifting them only in the direction of the loy v-axis. 

I found that it was not possible to place the diagrams in such 

a way over each other that the isothermals of the whole system 

coincided ; I, however, succeeded for the large volumes. According to 

KAMERLINGH ONNes this signifies that in the mixture the coetficients 

A,B,C,D,E,F of his series do not hang together with the coefficients of 

the pure substance at corresponding temperatures in such a manner as 

would follow from the law of corresponding states, but that for the 

volumes where the terms with D, /, # in comparison with the others 

are still so small that we may neglect the differences between these 

terms and those given by coefficients which would obey the law 

of corresponding states, the diagrams will coincide over such a large 

range of temperature that B and C may still be regarded as corre- 

sponding functions of temperature, hence a critical temperature and 

a critical pressure holding for this range of volume and temperature 

may be deduced from the law of corresponding states. 

On the plate the diagrams are placed over each other so as 

to give the best agreement for the larger volumes. In the hori- 

eee . pv 
zontal direction logv is drawn, in the vertical log rik The complete 

lines refer to carbon dioxide, the dash lines to the first mixture, 

the dash-dots lines refer to the second mixture. The points for 

carbon dioxide are enclosed in cireles, those for the first mixture in 

triangles, for the second in squares. The different isothermals are 

indicated by the letters a, 6, ete., with which they are communicated 

in IV $ 2 and V $$ 2 and 3. The points at the beginning and the 

end of the condensation are marked by 6.c. and e.c.; they are con- 

nected by curves which thus separate the homogeneous area from 

the area where separation occurs. Finally the plaitpoints and the 

points of contact are indicated by P and R, A is the point adopted 
according to IV § 5 for the critical point of carbon dioxide. 

It appears that the agreement for volumes larger than the critical 
is very satisfactory. In the smaller volumes, however, considerable 

systematic deviations from the law of corresponding states occur. 

We have already used these diagrams to determine the critical 

temperature, pressure and volume in the sense as explained above 
for the different mixtures. Although these results are satisfactory 

they will not be given here, as more accurate results may be expected 

from the same operations with diagrams projected on double the 

scale for the part concerned. 

If on a p7-diagram we draw the point of contact- and the plait- 
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point eurves, they are seen to touch each other at the end (critical 
point of pure carbon dioxide) in agreement with Comm. N°. 81 

$$ 9 and 14 (Proc. Oct. 1902). In the investigated part the curves 

do not show the point of inflection found by VerscrarreLT with 
mixtures of hydrogen and carbon dioxide (Comm. N°. 47 Proc. Feb. 
1899); they are always concave towards the Z-axis. 

Physics. — ‘Jsothermals of mixtures of oxygen and carbon dioxide. 

V. Lsothermals of mixtures of the molecular compositions 0.1047 

and 0.1994 of oxygen, and the comparison of them with those of 

pure carbon dioxide.” By W.H. Kersom. Communication N°. 88 

(6t part) from the Physical Laboratory at Leiden, by Prof. 

KAMERLINGH ONNES. 

(Communicated in the meeting of November 28. 1903). 

§ 5. According to § 4 (p. 586) the observations allowed of a 

more accurate determination of the data for the critical point of 

the mixtures for the range of the larger volumes and the range of 

temperatures over which the observations have been made, in the 

sense as it has been explained there, than it was possible from the 

drawing given there. To this end diagrams were projected on 

double the scale for the points in the homogeneous area for which the 

volume is larger than 0.005; in these diagrams 0.0005 is represented 
pv 

7 

of the critical pressures independently and to test the relation of the 

critical temperatures of mixtures to that of pure carbon dioxide, 

by 1 mm. both for log and for /ogv. To determine the relation 

Vv 

diagrams were constructed for the same area, where log is drawn 

as a function of log p; here 1 mm. represents: on the log p-axis 

v 

0.00025, on the log axis 0.0005. 

$ 6. The diagram for the mixture which had been transferred on 

tracing paper and in the middle of which a cross of axes was drawn 

in order to permit an accurate judgment of the agreement of the 

systems of axes for the two diagrams, was placed over the diagram 

for carbon dioxide, so that the log v-, and log p-axes respectively 

coincided, and then they were shifted until to the eye the isother- 

mals of the mixture coincided with the system for carbon dioxide. 



W. H. KEESOM. Isothermals of mixtures of oxygen and carbon 

dioxide. V. Isothermals of mixtures of the molecular com- 

positions 0.1047 and 0.1994 of oxygen, and the comparison 

of them with those of pure carbon dioxide. 
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Then we measured off for the isothermals of carbon dioxide which 

lay between those of the mixtures, the situation of the former with 

regard to the two neighbouring isothermals of the latter ; this was 

done for a number of points distributed at regular distances. Let 

T, and 7, be the temperatures of the two neighbouring isothermals 
of the mixture, and 7” the temperature which for the mixture cor- 
responds to that of the isothermal of carbon dioxide considered, then 

tom 
we obtain a great number of values for the relation pr 

3 1 

We assumed that the isothermals coincided best when the mean 

square of the differences of p and the mean p were as small as 

possible. 

Table XXIV, which refers to the comparison of the log p-diagram 
of the mixture 0.1 with that of carbon dioxide shows in the 34 column 

the afore-mentioned mean square of the differences, viz. for the 

isothermals of 41.95° C. and 37.09° C. of carbon dioxide (after reduction 

to the same temperature interval 7’;—7’,) combined, for the different 
superimposings of the coinciding systems indicated in the 1st column, 

while 1.85 of the mixture coincided with the values of log p for 

carbon dioxide given in the 2d column. 

et Bels Hi XXIV. 

I | 4.8850 | 0.012165 

fo | 18840 0.010535 

III | 1.8829 0. 004783 

IV 1 .8821 0004440 

V 4 .8810° 0.006221 

Accepted: 1.88235 

In table XXV we find the data for the critical points of the mixtures 

thus found, combined with the data about the plaitpoints and the 

points of contact, and also the critical points of carbon dioxide and 

oxygen (the latter according to OLSZEWSKI). *) 

1) It here appears that in the diagram given in § 4 (p. 587) in order to 

obtain the best agreement for the area of the larger volumes, the isothermals of 

the mixture 0.1 must be moved 5 mm. to the left, those of the second mixture 

6 mm. to the right. The conclusions about the non-correspondence at the smaller 

volumes, however, still hold, the deviations even increase. 



a Ty, l Dep Tar |P zpl | Par Pak pl Der Ork 
| 

| gege _ ———s = | | === _ 

0 304 .02|304.02/304 02/72 93/72.93/72.93 (0.00443 | | | | | 
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0.41994) 285 55/289 31 '272..92,99.65 89.20 67.30 3606 5322 431 
| ' | | 

| lee (ie = = i= Joe ie Ai! | 
id ol ss ROI UEA Ke ED, DO (50.7 

| | | | 

The values of 7’, derived from different diagrams and belonging 

to different coinciding isothermals, did not differ more than 0.5 deg. 

: ; > Tar : : Z 

We obtain for C, = ——— for the mixtures 0.1 and 0.2 re- 
T Pektek 

spectively: 3.485 and 3.446, in sufficient harmony with the value 

3.45, derived on p. 577 of this Comm. IV for carbon dioxide. 

About the critical data the following may be remarked: vz shows 

a maximum in the range investigated; for « between 0.1 and 0.2 

Pak descends much slower than between 0 and 0.1; the same holds 

in a less degree for 7. 

$ 7. To calculate the quantities introduced in Comm. No. 75, (Proc. 

Dec. 1901): 
A En 1 (dpe 

Price eae Ag eee ete. 
a ye da 10 1 Me dv 10 

I have represented several quantities of Table XXV as functions of „. 
Observations for more values of « would be required to determine 

with some certainty how say vor depends on x. As it appeared 

that in consideration of the critical volume of oxygen, the data of 

table XXV, could not be satisfactorily represented by a quadra- 

tic function, I have added a term with «* and have derived the 

coefficients from the data for carbon dioxide and oxygen (putting 
herefor C, equal to the value for carbon dioxide) and the two 

mixtures. In this way I found: 

Tr, == Tril — 0.6563 wo + 0.8350 x? — 0.6715 #%. 

Pek == pk {1 — 1.0871 « + 4.1885 «#? — 3.4063 2°}. 

Vek == ve {1 + 0.5422° « — 4.0810 x? + 3.2183° a*}. 

Tip: = Tr {1 — 0.25792 « — 0.2349 x7}. 

Pap! pr {1 + 1.66389 wv + 1.5775 w? — 3.5462 z%. 

i. Ty {1 — 0.2474 «w + 0.0898 a? — 0.8352 «°}. 

Por = pe ft + 1.4953 zo — 1.9113 «7 + 0.1112 xf. 
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The data about ot could be represented very accurately by a 

quadratic function. 

We may expect that for values of w outside the range of obser- 

vation these formulae will show important deviations from the 

experiment, because errors in the observations for «=0.1 and 

« = 0.2 pass over increased into the values for the other range. This 

holds especially for Zij, pr and vor, which are exposed to so much 

more sources of errors than the other quantities. 

§ 8. From the formulae given above we find: 

a ——0.6563 , B= — 1.0871, 

EE 1 + ie es (=) ) == 0.54225, 

Uk de )x—0 

while « — 3 = 0.4808. That this value does not agree better with 

the value of y found directly, while in § 6 we found that for the 

xk Vak 2 : 
zeal — was properly satisfied, is due to 

xk 

two mixtures the relation 

the representation by the above-mentioned functions, which may be 
expected to show just at the limits the largest deviations with regard 

to the differential quotients. 
L /dP pl ; : : p 

With a view to this the agreements between FN a and 
k De feet 

BAT AES, ihe dae 
pa and between — eat and ~(#) must be 

Mey. de ei Pk da ri) Pk da 0 

considered as satisfactory. 
f 1 /dT u 

The values of « and 8 derived from the values of — 
Pr dps 

I UD . 
and — (=) by means of the formulae (2a) and (26) of 

Pk die ssp 

Comm. No. 75 and the values found in this Comm. IV (p. 577 
On 3 Ox 

for the coefficients C,, | —]} and C, -}] occurring there, and 
Or Owor 

: j | earn a Abe 1 (dper 
the values of « and 2 derived from — (= and — 

ey? dr C=) Gf k da i tf) 

(as according to Comm. No. 81, Proc. Oct. 1902, p. 350 the same 

formulae hold for these quantities) have been combined with the 

values derived from the critical points A in Table XX VI, where the 

first column indicates from which point the data have been derived. 

1) Comp. VeRsCHAFFELT, Comm. N°. 81, Proc. Oct. 1902, p. 325. 



(0925) 

EA BRIENEN 

| x | —0.6563 | —4.0874 | 

| P | —0.6864 | —4.2490 | 

| R | —0.6174 | —0.9892 | 

For this application of the formulae of Comm. N°. 75 it should 

be borne in mind that in the derivation of them we have used the law 

of corresponding states, while in $4 (p. 587) it appeared that already 
at the critical volumes deviations could be detected. As long as w, 

however, is very small, the points / for the different mixtures will 

lie in an area where according to KAMERLINGH ONNES (comp. § 4) 

the law of corresponding states may be considered to hold at least 

to the first approximation, so that then we find an « and a 3 for 

the critical points for that area. The same may be said of the points 

R. From the numbers given it appears that the values of @ and § 

with relation to those points, at least to the first approximation, agree 

with those relating to the critical point of the mixtures for the area 

of the larger volumes. 
For the slopes on the p7-diagram for the plaitpoint- and the point 

of contact curve with small v, we find: 
Th. / 

She 5 Ip 

el We ee ( a = = 0024, Pk GE pl Pk dil r 

values which agree sufficiently. 

For the slopes of the curves which in the same diagram connect 

the points A and ?P we find: 

Papl|—Pxk 
For the mixture 0.1: ————— = 2.021 

Tipt — Tak 

For the mixture 0.2: ' 2561. 

For the curves which connect AK and PR: 

+ 5 4 Par ro Pxk a 
For the mixture 0.1: ————— = 1.421 

Tar — Tar 

For the mixture 0.2: 15506: 

From either side, therefore, there is an approach towards the value 

1.610, which both quotients must have for very small z. 

$ 9. From the formulae given in $ 7 it would follow that the 

largest plaitpoint pressure to be expected in mixtures of carbon 

dioxide and oxygen would be 132 atms. (with z— 0.57), while the 

largest value for 7,— 1, would be expected to be 15°.7 C. (with 

ore 
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xv = 0.63). The last value will probably be too large, as the curves 

which, according to the afore-mentioned formulae, represent 7, and 

Ti as a function of we, and which for «=O almost touch each 

other, do not do so for «=1 and hence for larger « yield too 
large values for 7, — Top. 

§ 10. Purity of the carbon dioxide. The values of « and 8 found 
and the increase of vapour pressure found at 25°.55 C. with the 

condensation: 0.07 atm. (comp. this Comm. IV, p. 567) allow us 

to judge of the purity of the carbon dioxide used. By means of 

formula (9) of Comm. N°. 79, Proe. April ’02, which for the unities 

used in this paper may be written 

(v,—v,) (Pp, —p,) = Ar @ (ek He *—2) 

if 

A, = 1 + 0.0036625 t 

and 
T dp p (v‚—v,) 

k= ta— -— nm 
Pp ele A; 

we find, on the supposition that the admixture were oxygen, and 

using for a and 3 the values derived from the point KA: 

me 000002 

§ 11. Retrograde condensation. Im the annexed plate we give 
for the two mixtures investigated curves which represent Viig as 

function of v according to the tables given in sections 2 and 3 

(p. 5979 Af). The curves for the different temperatures are marked by the 

letters, by which the corresponding isothermals have been indicated. 

The numbers on the plate hold for the unity 0.00001. 

Physics. — “/sothermals of mixtures of oxygen and carbon dioxide. 

VI. Influence of gravitation on the phenomena in the neigh- 

bourhood of the plaitpoint for binary mixtures. By W.H. 

Krrsom. Communication N°. 88 (7th part) from the Physical 

Laboratory at Leiden, by Prof. KAMERLINGH ONNES. 

(Communicated in the meeting of November 28, 1903). 

§ 1. In this Communication V, § 1 (p. 577) it was remarked 

that the liquid meniscus at the end of the condensation over a certain 

range of temperatures appeared or disappeared in the tube. KUENEN 

(Comm. N°. 17, Zittingsversl. May 1895) was the first who explained 

these phenomena by the theory of vaN DER Waars on the influence 

of gravitation on the thermodynamie equilibrium in mixtures. (Contin. JI 
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p. 30). The following pages may show that there is also a quanti- 

tative agreement between the phenomena and that theory. 

§ 2. In the mixture with the molecular proportion 0.1047 of 

oxygen the meniscus by increasing the volume at 21°.86 C. appeared 

at the top of the tube, at 21°.94 C. it was formed at the mark 
44.99 (stirrer below, mercury meniscus at 41.66); at 22°.17 C. the 

meniscus appeared at the bottom of the tube, at 22°.09° C. it was 
formed at the mark 43.93 (stirrer below, mercury meniscus at 41.57). 

The top of the tube was at the mark 47.40 (cm). 

In the mixture of the molecular proportion 0.1994 the meniscus 

appeared at 13°12 C. at the bottom of the tube, at 13°.07 C. it 
appeared at the mark 38.5 (stirrer above, mercury meniscus at 37.4); 

at 11°.89 C. the meniscus appeared at the top of the tube, at11°.92 C. 
it appeared at 42.3 (stirrer below, mercury meniscus at 37.7). The 

top of the tube was at the mark 42.97. We may assume that for this 

mixture the limits between which the meniscus appears in the tube 

are: 13°.10 C. and 11°.90 C. 
In these observations the volume from the homogeneous state was 

increased by small variations; in this case the meniscus even without 

stirring appears quickly at its definite place, which is not altered 

by stirring. If on the contrary we start from the state where separation 

into two phases occurs and the volume is decreased, the meniscus 

only disappears after stirring and then suddenly; hence it seems 

that in the former case the equilibrium is established much sooner *). 

§ 3. In order to be able to compare the observations discussed 

above with theory, I have found what may be deduced for it if 

«© is supposed very small. It may be easily derived from conside- 

rations of VAN DER Waars (Contin. I, p. 30 ff.) that the phases 

which are in equilibrium are determined by the following pair of 

equations : 

ML (l—e) Morf 0? 074 
Ede = AM Ae orl aaa Ë + (MM) u | an 

U Ov? Ov Or | 

zal) 
M (l—e) 4 Mr 0 fw | 

Edy == —_—____—— — ad — adh 
| v (5 Ow ee ) i fe 

Here w is the free energy for the molecular quantity of the mixture, 

v the molecular volume in ee, J/, the molecular weight of the 

substance of which the quantity in the mixture is indicated by « 

1) Compare with this what has been remarked in this Comm IV p. 574 about 
the circumstance that the equilibrium was not immediately reached after the 

healing of carbon dioxide at the critical point. Comp. also Govy, C. R. t. 116, 

p. 1291 and Marrras, Le Point critique des corps purs, p. 89. 
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(admixture), J/, that of the other substance, while 

ee Op) (wp dea 

~ (dv? /\ 0a? (ne 

The equations (1) determine on the y-surface a curve which 

according to KurNeN (I. c. p. 6) I call the gravitation-curve ). 

From (1) we derive: 

M_(1 — wv) + Mo 

dn (5) F v 

dit gr En Ow pr Ge) a ( Jarne) 

Ov? v Owdv Ov? 

begr 

f Een Be Pay Nat dn dv 
From this equation it follows that at the plaitpoint = (=). 

pT 
hence the gravitation-curve touches the isobar, and accordingly also 
the spinodal curve, for which #=0O. Then also at the following 
point of the gravitation-curve which passes through the plaitpoint, 

A : dv Ov 
to the first approximation — = { — |, or at the plaitpoint 

dagr Òz/r 

dv 0» 2 

doler 0a? De 

By means of this we have for a point of the gravitation curve 

which passes through the plaitpoint, in the neighbourhood of the 
latter: 

OLN (0% OLEN (Oe of EN (dv Dr 
En (el + Ov? Ie) 

BE 
; 

in which equation the differential quotients of /” and » must be 

taken at the plaitpoint. If here we put w7,, small, we may reduce 

this form using reductions as in Comm. N°. 75, § 7 (Proc. Dec. 

1901), to the first approximation to: 
0°» 

LRT) ae 
wae? 

& Tyl dp\? 

Ow) y 7 

in which relation the differential quotients of p must be taken at 
the eritical point of the simple substance. 

Er 1 2 

F =o (2-2 7,1) 

> 1 
og (@— Tp!) 

1) Comp. also Kuenen, l.c. Fig. 2. 

2) This has been demonstrated for the gravitation-curve on the J-surface for a 

constant mass in a different manner by KueNeN, l.c. p. 8. 

39 
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If also in the second member of the equations (1) we put # small 

we may integrate the latter to 

5) 1 5 Tol Òz)or M 
CE) mm 
3 (Be (MRT)? (0*p PI: 

Ov? /r 

From this equation we may easily derive the value of #7,7 if the 

mean composition XY, the height of the tube / and the place where 
the meniscus appears are given, and hence also «7; — X, if this 

takes place just at the top or at the bottom of the tube. Let Zy, 

be the plaitpoint temperature belonging to the composition X, 7,7 the 

temperature at which the meniscus appears just at the top of the 

tube, 7%.,; the same for the bottom of the tube, then we obtain: 

5 iets Sia) dan Pd Vo MH dT 
BMR Dr dp) der” 

EN Do T 

and for Zi, the same formula with the other sign. 

If as in Comm. N°. 75, $ 2 we introduce the law of corre- 

sponding states this formula becomes: 

ves ty aes On | AT yy) 3 M,gH : 
Tol Tx = — 7 X Ipa 5 er ee) (a 

ror. C 
: do? 

gh constant en m2) 

dl ‘pl 

AL 

where for we still could substitute the form given in Comm. 

N°. 75 equation 2a. 

§ 4. In the comparison of formula (3) with the observations 

mentioned in $ 2 1 have assumed that for the area of the plait- 

points the law of corresponding states holds to the first approximation, 

and I have taken for « and 3 the values derived from the observations 

of the plaitpoints (comp. this Comm. V, $ 8). 

Ow? 

(Comm. Suppl. N°. 6, Proc. June 1903, p. 121) from the series of KAMER- 

dar 
For ( I have taken the value — 5.3 calculated by VeERSCHAFFELT 

3 (Oa 
LINGH ONNEs, which value with C,=3.45 *) gives Be (; ) = — 218 *). pa 

With the value A = 5.8 em., and the critical density for carbon dioxide 

1) Comp. this Comm. IV, p. 577. 
*) Comp. Comm. N°. 75,, Proc. Dec. 1901, p. 307. 



M : 
— = 0.443, derived from the data of this Comm. IV, we find, 
Vk 

supposing that formula (3) were to hold as far as the value « = 0.1047: 

Popi — Poni = 0.23": 

The agreement with the value found in §2 (between 0°.15 C. 
and 0°.31 C.) is better than might be reasonably expected with the 
suppositions made. The circumstance that for the second mixture 
1°.20 C. was found for this shows that for this value of « terms 

with «* ete. have already a preponderating influence. 

Physics. — “Hysteretic orientatic-phenoment.” By Prof. H. E. J. G. 
pu Bors. (Communicated by Prof J. D. vaN par Waars). 

(This paper will not be published in these Proceedings). 

(February 25, 1904). 
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The following papers were read: 

Chemistry. — “The melting point lines of the system sulphur 

+ chlorine.’ By Prof. H. W. Bakuvuis RoozeBoom and 
A eA ATEN. 

(Communicated in the meeting of January 30, 1904). 

The boiling point lines of this system have already been described 

at the meeting in May 1908. These led to the view that the com- 

pound §,Cl, in the liquid and vaporous condition is but very little 

dissociated and also that further compounds occur at a not too low 

temperature in liquids with a higher proportion of chlorine. 

40 
Proceedings Royal Acad. Amsterdam. Vol. VI. 
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A closer study of the changes in volume which take place in these 

liquids and of the velocity with which this happens has rendered 

it probable that SCI, is chiefly formed and in addition also SCI, 

The equilibrium between S,Cl,, SCI, SCI, and Cl, which takes 

place in the liquids is not modified to any extent by cooling below 

O° and remains totally unchanged at those low temperatures at 

which these mixtures may deposit solid substances. This gives rise, 

during the solidification, to very peculiar phenomena which, up to 

the present, have not been noticed with other systems but which 

may be explained by the views of the phase doctrine. 

On the other hand nothing noteworthy occurs with mixtures con- 

taining 50—100 atomic per cent of 5. These behave entirely like 

mixtures $,Cl, +5. The melting point of 5,Cl, (—80°) is lowered 

by sulphur to F; the melting point of sulphur is also lowered by 

SCH from B.i(420°). to 3. 

At a low temperature the solubility of 5 in S,Cl, is very small. 

The solubility or melting point line of 5 consists of two curved lines 
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FC and CB, which at C=96° join at an angle. The top line relates 

to monoclinic, the lower one to rhombic sulphur. 

Mixtures of O—50 atomic °/, sulphur may on cooling, give as 

solid phases Cl,, $,Cl, and SCI, 

The manner in which they are successively deposited may be 
best explained by first observing in what manner the solidification 
of a mixture of these three substances would take place when the 

SCI, could be considered as an independent third component. 

This would be the case if this compound did not dissociate in the 

liquid condition and also was not formed from liquid SEK and Cl,. 
The system would then behave as a ternary system, the solidification 
phenomena of which could only be completely represented by a 
spacial figure. 

We may also, however, disregard the constitution of the liquid 

and express its gross composition only in Cl, and S,CI, which is 

all the more justifiable as there is no means of determining the 

amount of SCI, in the presence of Cl, and SCI. 

We then obtain a representation in a plane (see fig. 2) which is 

the projection of the spacial figure *). 

In this figure EH and HA 

are the solidification lines of 

the binary mixtures SCI, and 

Cl,, EK and KD those of SCI, 

and S,Cl,, AG and DG those 

of Cl, and §,Cl,. 

The ternary mixtures whose 

compositions lie within the 
region LHAG first deposit solid 

chlorine, those in IKDG solid 

S,Cl, and those in HEKI solid 

SCI. For each gross composi- 

E 

tion there exists a greater or 

smaller series of molecular 

arrangements which cannot be 

JCP, SCly gen represented in the plane, but on 

which the temperature at which 

the one or other solid phase 
commences to be deposited depends. (Some mixtures may even sepa- 

rate more than one phase according to their molecular composition). 

Fig. 2. 

1) We must then accept as components: 3 Cl and S,Cl, in order that the 
middle of the abscissa axis represents the composition SCI. 

40% 
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This difference is further shown by the different crystallisation paths 

which on further cooling are traversed by mixtures of the same 

gross composition. 

These crystallisation paths start in each of the regions mentioned 

from the point representing the melting point of the solid phase, 

that is from A, D and E respectively, and indicate the series of 

mother liquors which remain, during a continued cooling, at each 

temperature. The crystallisation paths in the first region end in HI 

or IG, those for the second in KI or IG, for the third in HI or KI. 

The lines I and II schematically indicate two similar paths in the 

last region, the vertical line EE is a third one which applies to a 

liquid of the gross composition SCL, 

As soon as the crystallisation paths arrive at HI, KI or GI, the 

subsequent solidification takes place along these lines, each time 

with deposition of two solid phases: Cl, + SCI, on HI, SCI, + SCI, 

on KI and Cl, + 5,Cl, on GI. 

Finally the last liquid solidifies in I to a ternary eutecticum of 

the three phases. 

This would be the state of affairs if — as has been said — SCL, 

S,Cl, and Cl, were miscible in all proportions without transformation. 

If, however, SCL, were a dissociable compound whose formation 

and decomposition led to complete equilibria at all solidification 

temperatures, then instead of the solidification deseribed another 

would occur along the lines AH’, H’E’K’, K’D causing the system 

to appear as a binary one in which occurs a compound which 

enters into equilibrium with its components in the liquid condition. 

The position of these lines within the figure of the ternary system 

is determined by the degree of dissociation of the liquid compound. 

If this is extremely small, these lines approach to AH, HEK and 

KD, if very large they approximate to AG and GD and the com- 

pound does not appear as a solid phase. Solid Cl, is deposited along 

AH’, solid SCI], along H’H’K’, solid 8,Cl, along K’D; H’ and K’ 

are two eutectic points where complete solidification takes place. 

These three lines are not only the first series of solidifying points of 

the different mixtures, but at the same time the crystallisation paths 

of all mixtures. 

Now with mixtures of S,Cl, and Cl, neither the first nor the second 

case is quite realised. At the low temperatures at which the soli- 

difications take place, Cl,, S,Cl, and SCI, behave as independent 

components ; for instance Cl, and $,Cl, may be mixed in the liquid 

condition without entering into combination and in this way the 

two solidifying lines AG and GD (fig. 1 and 2) of these mixtures 
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have been determined. Neither does SCI, undergo decomposition at 
those low temperatures. If, therefore, it were possible to isolate pure 
SCL, all imaginable mixtures thereof with Cl, and S,CL, or with 

both might be obtained and the further portions of fig. 2 could then 
be constructed. This, however, is not the case. | 

On account of the extreme minuteness of its crystals and the low 

temperature at which crystallisation takes place, the compound SCL, 

cannot be isolated in a pure condition and cannot, therefore, be 

added in definite proportions to Cl, or S,Cl,. By exposing various 

mixtures of these compounds to temperatures of O° and higher it is 

possible to cause the voluntary formation of those quantities of SCL, 

which are in equilibrium with Cl, and S,Cl, at the temperature 

chosen. As these do not change much with the temperature, the 

same series of mixtures is fairly well retained on cooling to the 

erystallisation temperatures. The number of ternary mixtures whose 

crystallisation may be investigated is, therefore, restricted to one for 

each gross composition. 

We, therefore, always obtain for the first solidifying points a series 

such as AH’E’K’D in fig. 2, just as if we were dealing with a 

binary mixture in which a dissociable compound occurred. If, however, 

the equilibrium in the liquid does not change when Cl,, SCI, or 

5,Cl, crystallises out, the system on solidification must behave as a 

ternary one. 

This should have appeared in practice by the fact that the curve 

of the first solidifying points did not also represent the path of 

crystallisation, and, therefore, the mother liquor left after cooling 

each mixture to a lower temperature differed in composition from 

that given by the point on the curve corresponding with the 

temperature in question. Owing to the nature of the crystals, 

however, it was impossible to remove the mother-liquor with a 

pipette. 

It was, however, possible to prove in the case of a liquid of the 

gross composition SCI, that this does not completely solidify to SCI, 

at EK’, but only commences to deposit SCI, at that temperature 

(—30°), which quantity increases on further cooling, but in such a 

manner that no complete solidification takes place below —80°. In 

the points on both sides of E’ the continuity is still more pronounced 

and this makes the accurate determination of even the first solidifying 
points very difficult. 

In the second place the solidification of the different mixtures 

ought not to be complete in H’ or in K’, but only in Lafter traversing 
the crystallisation paths H'L and KL. 
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This is confirmed qualitatively but the exact determination of the 

lines HI and K'L and consequently also of the ternary eutecticum 

proved to be impossible. 

In this way no more was obtained than is indicated in Fig. 1, 

namely the solidification lines AG and GD for the mixtures of Cl, 

and $,Cl, in which no compound had formed and besides these the 

series of the first solidifying points AH, HEK and KD for the par- 

tially combined liquids formed at O°. 

These lines therefore correspond with the accentuated lines in 

Fig. 2. The true melting point of SCL, without decomposition ot 

the liquid (EB Fig. 2) is therefore not vet known. If SCI, could have 

been prepared in pure crystals, this might have probably been 

determined as it would presumably be situated below the tempera- 

ture where the liquid compound shows perceptible decomposition. 

This is rendered more probable by the observation that notwith- 

standing their minuteness the crystals of SCL, when rapidly heated, 

are quite permanent up to — 20°. 

Fig. 1 does not agree with fig. 2 in an important point. In 

the latter DK is placed above DG, in the first DK is found below 
DG. DG represents the lowering of the melting point of 5,Cl, by 

added Cl, when this remains unchanged: DK when a portion of it 

combines with a part of the S,Cl, to SCI, according to the equation 

S.C, 43 01, = 28E 

If we now compare the total amount of the foreign molecules 

which occur along with the 5,Cl,, for the same total amount of 

Cl,, these numbers are smaller in the case of, a partial formation 

of SCL, than when this is not the case. According to this supposition 

DK ought to be situated higher than DG. 

As in practice, the reverse position was found we must look for 

a cause which may explain this fact. We find this by supposmg 

that besides SCI, there is also formed in the liquid a considerable 

proportion of SCL, according to the equation 

SCL CL = 2 SOL, 
By taking this view the number of foreign molecules mixed 

with the S,Cl, becomes greater owing to the formation of SCI, than 

without this. 

The formation in the liquid of an amount of SCI, exceeding that 

of SCL, which had already become probable by the dilatometric 

experiments has, therefore, been confirmed. The slow crystallisation 

of SCL, will now be better understood; but the liquids between Cl, 

and S,Cl, should now be considered not as ternary but as quater- > 
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nary mixtures. If during the crystallisation SCI, in the solution does 

not vield SCI, according to the equation 

3 SCI, = SCL, + SCI, 

solid SCI, ought to be found somewhere on the way to complete 

solidification. This point could not be decided. 

Chemistry. — ‘“Fnzymactions considered as equilibria in a homo- 

genous system.” By A. W. Visser. (Communicated by Prof. 

C. A. Lopry Dr BRUYN). 

(Communicated in the meeting of January 30, 1904.) 

1. A number of facts exist which indicate that the reactions 

created by enzymes are reversible. Crorr-Hint.") succeeded in partly 

converting a concentrated solution of glucose into a disaccharide with 

the aid of maltase and reversibly the disaccharide into glucose. He 

supposed it to be maltose but afterwards EMMeERLING *) proved it to 

be isomaltose; the fact however remains that maltase may cause 

a reversible formation of polysaccharides. Recently, Crorr-Hir *) 

has further proved that there is formed from glucose by means of 

maltase a new crystallised biglucose called revertose, he thinks 

it probable that also maltose may be formed *). Kasrre and 

LOEWENHART °) and afterwards Hanrior") found that the fat-splitting 

enzyme lipase is capable of resolving butyricester into butyric 

acid and alcohol and on the other hand of forming the ester from the 

decomposition products. EMMERLING 7) noticed the regeneration of amygd- 

alin from nitrilglucoside-amygdalate and glucose under the influence of 

maltase. KE, Fiscuer and FRANKLAND ARMSTRONG *) prepared with the 

aid of Kefir-lactase a disaccharide from a mixture of galactose and 

glucose called isolactose, which up to the present could not be 

isolated in a state of purity. The same authors also found that 

kefir-lactase forms a disaccharide from glucose alone and that 

emulsin does the same from a mixture of glucose and galactose. 

J.G. S. 73, 634 (1898). 
*) Ber. 34, 600, 2206 (1901). 
5) J. G. S. 83, 578 (1903). 
+) All these experiments show that the substance supposed to be maltase still 

contains other ferments. 
5) Am. Ch. J, 26, 533 (1901). 
6) GC. R. 132, 212 (1901). 
7) Ber. 34, 3810 (1901). 
8) Ber. 35, 3151 (1902). 
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From several experiments 1 have made, L think the conclusion 

may be drawn that it is probable that saccharose may be rege- 

nerated to a slight extent from glucose and fructose by means 

of invertase, whilst it may be taken as proved with tolerable 

certainty that salicin may be regenerated from saligenin and glucose 

by means of emulsin. 

If, with the usual precautions, a N/, solution of saccharose *) is 

exposed to the action of invertase, the former is resolved into 

glucose —+ fructose and the liquid shows a final polarisation 

of — 3°.26 *). 

If a similar solution is inverted by N/, HCl the final polarisation 

becomes — 3°.42. 
A solution containing the same amount of glucose and fructose *) 

as is formed after total inversion of a N/, solution of saccharose 

also gives a final polarisation of — 3°.42. 

A solution containing equal quantities of glucose + fructose and 

which showed at the start a polarisation of — 12°.46 gave after 

two months action of invertase a polarisation of — 12°.29. These 

experiments have been repeated a few times. 

A N/,, solution of salicin, resolved by emulsin into saligenin and 

glucose, gave a final polarisation of 1°.03 whilst a solution containing 

as much saligenin and glucose as ought to be formed by the 

complete decomposition of a N/,, solution of salicin shows a polari- 

sation of 1°.18. Such a solution which contains the same amount 

of emulsin as the N/,, solution of salicin gave after a month 

a polarisation of 1°.03. 

The formation of  saliein, which shows that the reaction is 

reversible, may be proved qualitatively in the following manner. 

The glucose was got rid of as much as possible by fermentation 

and after filtering, the saligenin was completely removed by agitating 

the solution with ether. The liquid was now concentrated to about 

5 cc. on the waterbath. To one half of it was added a drop of 

ferricchloride solution (1:10); this gave no coloration showing the 

absence of saligenin, a mere trace of which would give a blue 

coloration. The remainder was evaporated to dryness and gave 

with H, SO, a red coloration (formation of rutilin). 0.5 ec. of a 1 °/, 

1) All solutions mentioned contained 0.5 °/) of sodium fluoride to prevent 

bacterial action: all apparatus and utensils were also previously sterilised. 

2) A Lippich-polarimeter was used. The readings were accurate up to 0°.02 

and all observations were made at 25°. 

5) [ have to thank Mr. Atperpa VAN EKENSTEIN for supplying me with these 

perfectly pure sugars. 



salicin solution and 1 gram of glucose was diluted with a 1 °/, 

saligeninsolution up to 50 e.c.; the 0.005 gram of salicin present 

could be detected in the manner described. Great care must be taken 

to ensure the complete removal of the saligenin, as this also gives 

a red coloration with strong H, SO, 

I think these experiments warrant the conclusion that the 

resolution of saccharose by invertase may be probably considered 

as an equilibrium reaction and that this is tolerably certain in 

the case of the action of emulsin on salicin. 

As regards the last reaction, TAMMANN had come to the conclusion 

that, although incomplete, it is not however a limited reaction, as 

the limit did not undergo retrogression on adding the products of 

decomposition. Tammann however has not worked with sterile 
solutions so that, as others have already observed, his experiments 

are not conclusive. Moreover, the figures found by TamMmann for 

the concentration in the condition of equilibrium at 0? and 25° 

differ not inconsiderably from my own. 

2. Dynamical researches as to the action of enzymes have soon 

shown that certain decompositions do not proceed in such a simple 

manner as in the case where acids are employed. Although 

O’Suntivan and Tompson first believed that the hydrolytic resolution 

of saccharose by invertase is represented by the same simple 

formula (for reactions of the first order) as that for the same 

reaction by H-ions, TAMMANN and Dveraux have demonstrated that 

such is by no means the case. This has been confirmed by subsequent 

researches particularly by those of Henri. The reactioncoefficient of the 

system saccharose + invertase calculated according to the logarithmic 

formula appeared to inerease ; for the system salicin 4- emulsin it 

appeared to decrease with the time. So Tammann comes to the 

conclusion that the enzymes do not conform to the same laws as 

the inorganic catalyzers and that these laws will not readily be 

traced, and Dvcraux is of opinion that the laws of physical chemistry 

do not apply at all to enzym actions. 

As the dynamic investigation of the action of ferments had only 

just commenced, these conclusions could hardly be accepted as final. 

The exhaustive researches published in 1901 by Vicror Hexrt *) 

and afterwards continued ® have indeed proved that the course of 

ferment actions may decidedly be expressed by a formula. It has 

already been observed that the resolution of saccharose by invertase 

proceeds more rapidly than is expressed by the formula for reactions 

1) Z. phys. ch. 39. 194 (1901). 

2) Lois générales de l’action des diasases. Thèses, Paris, Février 1903. 
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of the first order: it was therefore obvious to assume here an acce- 
1 

lerating autocatalysis, a reaction for which OsrwaLp *) had worked 

out a formula. Henrt has now followed this course indicated by 

Osrwarp and deduced an empirical formula which, when applied to 

his experiments led to coefficients which may be taken as practi- 

cally constant for N/100 to N solutions. Hnri accepted a theory 

of the mechanism of the action of invertase according to which the 

ferment should enter into combination with saccharose as well as with 

fructose (according to an equilibritm-reaction). By now trying diffe- 

rent values for the equilibrium constants of these two reactions, he 

arrives at two figures, the introduction of which into the formula 

leads to the said constants. L believe to have succeeded in proving 

that Hrnr’s views are not correct judging from his own experi- 

mental data and from my own observations. 

Recently Herzoe *), for the resolution of salicin by emulsin, (where 

on applying the formula for reactions of the first order the coeffi- 

cients regularly decrease) has applied Osrwarp’s formula for reactions 

with negative autocatalysis *) to Hexr’s and TAMMANN’s experiments 

on the said reaction; he has found that this formula leads to 

reaction coefficients which may be considered as constants. ‘These 

constants change with the initial concentration of the saliein solutions. 

Herzoe however observes that Osrwarp’s differential equation for 

negative autocatalytic transformations is incomplete “and that it 

would be better to give it the form of a reaction of a higher 

order”. This was already done by me some time ago. 

3. Given the fact (now toleradly well substantiated) that enzym- 

actions are equilibrium reactions, I have taken a view of the theory 

of these decompositions different from that hitherto accepted and first 

deduced formulae giving the relation between velocity of reaction 

and chemical equilibrium. These formulae differ from those at present 

applicated to this case ©); L have deduced them for mono-, bi- and 

trimolecular equilibrium reactions *), first tested them in well-kwown 

cases (ester formation ; the transformation studied by KUsvmr *) ete) 

also by ScHoorr’s observations on the action of sugars on urea °) 

which L have myself extended and subsequently applied them to the 

observations of Henri as well as to my own series of determinations 

relating to the saccharose and salicin resolutions. The results of this 

1) Lehrbuch, II, 2, 262. 
2) These Proc. VI November 28 1903, p. 332, 
8) Lehrbuch Il. 2. 270. 
4) Osrwarp's Lehrbuch Il, 2, 251, e.v. 
6) Z. phys. ch. 18, 161 (1895). 
6) Rec, 22. 31, Dissertation, 1902. 
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application are very satisfactory. I have further been able to develop 

for the activity of the enzymes an intensityformula wherein, besides 

the concentrations of the solutions, the constants found experimen- 

tally oeeur and which I believe, gives a fair representation of the 

quantitative progress of the enzym actions as studied by previous 
observers and myself. 

+. These mathematical deductions and the details of the other 

results obtained by me will be published fully elsewhere. | may 

only remark further, that my results show that, starting with a N/, 

saccharosesolution (171 grams per litre) we arrive at a final con- 

dition where fully 1 gram of saccharose still remains present. The 

inversion therefore proceeds to an amount greater than 99 °/,. This 

seems also the case in the resolution of salicin. 

My experiments further show : 

1st. that the two ferments invertase and emulsin retain their 

quantitative activity for some weeks in properly sterilised solutions. 

2nd, that the average factor for the change of the velocity of the 

saccharose decomposition with the temperature equals 2 for 10° 

between O° and 25°. 
dd, that by a change of temperature from O° to 25° the equili- 

brium is displaced very little or not at all, which quite agrees with 

theory as the caloric effect of the reaction is very small. 

4th that at a definite temperature the change in concentration of 

the enzymes has no influence on the equilibrium but only on the 

velocity; the latter, as in other catalytic actions, is directly propor- 

tional to the enzyme concentration. 

5th, that as already observed by Henri, the intensity of the 

invertase is smaller in proportion as the quantity of invertsugar, 

present with the same amount of saccharose, is greater. 

6. that the intensity not only depends on the quantity of invert- 

sugar but also on the quantity of saccharose present in the solution ; 

it is smaller when this quantity is greater. 

This last conclusion does not agree with that of Henri (Theses, 

p. 72) where he states that the addition of saccharose at the 

commencement of a reaction has no influence on the velocity of the 

inversion, but accelerates it when the addition takes place in the 

middle of a reaction. 

7. that, as duly required by theory, the reversal of the reactions 

between glucose and fructose and between glucose and saligenin 

proceeds very slowly and requires several weeks. 

The results of Hknri’s experiments are in accordance with the 

intensity formula, which I have deduced. 
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Anatomy. — “The foetal membranes and the placenta of Phoca 

vitulina.” By A. J. P. vax DEN BROEK. (Communicated by 

Rrof. Ju. Bou). 

(Communicated in the meeting of January 30, 1904). 

Some time ago a seal in an advanced state of gestation was sent to 

the anatomical Laboratory of the Amsterdam University. As neither 

the foetal envelopes nor the placenta of the pinnepedal carnivores have 

been described in detail, | was very gratified to be entrusted by the 

Director of the Laboratory with the task of carefully examining these 

organs. The preparation turned out to be in very good condition and 

well enough preserved for microscopic examination. 

Whereas a more detailed description wiil be published in another 

place, the following may be given here as the principal results of 

my investigations. 

The gravid uterus was U-shaped, the convexity being on the cranial 

side. The organ, which was somewhat flattened dorso-ventrally was 

lying in transverse direction, so that the fundus uteri was situated 

in the righthand part of the body. This U-shaped curve was ac- 

companied by a twisting of the organ, so that the left ovarium, 

entirely enveloped by an ovarial bag, was medially situated. 

The greater part of the ligamentum latum had become absorbed; 

the ligamentum rotundum, a very powerful cord, ran from the front-, 

respectively hind-wall of the uterus, that is: from the spot where 

the ovarium was lying against the uterine wall, running down in a 

slanting direction across the latter, towards the abdominal wall. The 

ostium uteri, filled with a mucous clot, showed an aperture of +3 em. 

Close to the top of this ostium, which formed an oval foramen in 

the middle of the portio vaginalis, the foetal sac, rather strained, 

could be felt. All this seemed to indicate that the animal, being in 

labour, had gone ashore, when it was caught. 

On opening the uterus by means of a longitudinal incision in the 

organ, along the convexity, the following was noticed: The wall of 

the uterus is extremely thin in proportion to the voluminous organ, 

a little more than 1 mm., but increases in thickness towards the 

vagina. The muscularis of the wall of the latter, however, is rather 

thick (1 em.). 

The chorion, as well as the placenta, is only loosely attached to 

the walls of the uterus all over. It appears that the foetal sac reaches 

down to the ostium uteri. On detaching the placenta I found septa 

of cellular tissue adhering to the inner surface of the wall of the 

uterus, which, just there, is somewhat thicker, 
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The placenta forms a perfectly closed girdle, situated about the 

middle of the foetal sac, or, with regard to the uterus, in the 

curve of that organ. 

The uterine surface presents a lobated structure, the various irre- 

gular lobes being separated by pretty wide fissures, and as moreover, 

the placenta is comparatively thin, it is not very compact. 

The circumference, measured at the surface of the uterus, is 66 

em., the width, which is the same all over, 32 cm. The edges are 

not stumpy and thick; rather thin. Several thick bloodvessels emerge 

from the sides of the placenta, branching off into the chorion so 

abundantly as to leave not a single part of it without a supply of 

vessels. On splitting the chorion and the placenta along the convex 

curve of the foetal sac, the amnion becomes visible. This is quite 

disconnected. There was no direct contact between the two tissues 

anywhere, nor with the placenta, the amnion not covering the foetal 

surface of the placenta, but branching off at the placentary end of 

the umbilical cord. The amnion, like a bag with thin walls, invests 

the foetus pretty closely, especially along the back. Only behind 

the tail-end of the foetus, which is turned towards the fundus uteri, 

we find another part of the amnion that is not taken up by the 

foetus, but filled with a substance that is soft to the toueh. The 

amnion is partly vascularized, partly devoid of any vessels ; especi- 

ally in the immediate vicinity of the umbilical cord a vascular part 

is noticeable. Here the amnion membrane seems also to be somewhat 

thicker and to consist of two layers, which are moveable one over 

the other. Here we find the umbilical sac, in the shape of an 

elongated organ, connected with the amnion right along, lying against 

this membrane. 

As the amnion has not coalesced with the foetal surface of the 

placenta, the latter can be at once examined after opening the 

chorion. Of an insertion proper of the umbilical cord into the 

placenta there can hardly be any question, the vessels dividing and 

branching off long before they reach the placenta. 

These ramifications enter the placenta at a rather considerable 

distance from each other. Slips of the allantois, which lines the 

placenta, cover these vessels, which therefore are found in dupli- 

catures in this membrane as soon as they leave the cord. The 

main canals of each of the two umbilical arteries branch off 

into a girdle-shaped half of the placenta, and with fairly large 

ramifications spread further into the chorion. When the convex 

surface of the amnion is slit open very little foetal fluid runs out. 

The foetus is found to be lying with its muzzle towards the ostium 
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uteri, its back turned upwards. It also appears that the available 

space behind the tail-end of the foetus is filled up with about 3 liter 

of lanugo, some of which was also adhering in places to the body 

of the foetus. In the skin itself there were no remains of the lanugo- 

covering, which consisted of short, straight hairs, all of the same 
pearl grey colour. Speckled or black hairs were not found. 

The umbilical cord has a length of only 12 em. so that the animal, 

at the time of birth, is bound to pull out the placenta along with 

the membranes. The skin is continued for about 1 em. along the 

umbilical cord, which is compressed sideways along its whole length. 

Taking into consideration the thickness of the umbilical cord there 

is only a small quantity of connective tissue. The three umbilical 

vessels are not twisted around each other. The outer surface of the 
umbilical cord is yellowish, shining, and feels hard. 

A microscopical examination gave the following results: 

The umbilical cord is covered with an epithelium forming a pave- 

ment of several layers, which forcibly reminds one of the epithelium 

of the epidermis. The lower layer of cells consists of high cells of 

a somewhat cylindrical shape, lying close together, with large round 

nuclei. Towards the surface the cells grow flatter, their limits being 

well defined in the layers immediately following the basal one. As 

the cells flatten down, the nuclei grow less prominent. Finally, 

forming the outside layer, there is a horny surface with lamelliform 

structure, in which, (by means of staining with haematoxyline) the 

remains of nuclei can be traced in places. This horny layer is sharply 
marked off from the epithelium-layer. 

Where the amnion leaves the umbilical cord, this epithelium of 
many layers changes into a simple epithelium. 

In the cord itself there are in section five channels of unequal 

width and with a wall of uneven thickness. 

The two umbilical arteries and the vena umbilicalis have a very 

thick muscular coating of circular muscle-fibres. The muscle-cells 

show a lamelliform arrangement, the lamelli being separated by 

connective tissue. 

Elastic filaments cannot be traced. Towards their lumen the blood- 

vessels are covered with an intima, which is not clearly defined 
towards the periphery. 

In the walls of the blood-vessels we find, almost right up to the 

intima, the lumina of vasa vasorum, belonging to the system of the 

vessels proper of the umbilical cord, to be mentioned presently. 

A fourth lumen is that of the second vena umbilicalis. The wall 

of it clearly shows an intima, round this there is a circular muscular 
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coating, and then, right round this, a coating of bundles of muscles 

running lengthways, but not adhering close together. In the walls of 

this vena I have not noticed any bloodvessels. In the lumen I found 

here and there some blood-corpuscles. In following up this partly 

obliterated vena towards the foetus, it is found to divide itself into 

two branches shortly before the foetal insertion of the umbilical 

cord; the two branches run together a little way down, then one of 

them splits up again and three branches can be traced right up to 

the front abdominal wall, where they lose themselves. Towards the 

placenta this vena also splits up into ramifications, which grow finer 

and finer and finally branch off into the tissue of the umbilical cord. 

The fifth lumen in the umbilical cord is situated in the foetal half 

between the two umbilical arteries ; towards the placenta these approach 

each other and the vessel runs alongside of them. This lumen is 

of an irregular shape, somewhat compressed and provided with an 

epithelium composed of cells that are flattened and arranged in several 

layers, the respective limits not being distinctly defined. 

This lumen runs right through the cord till close to the placenta 

where it suddenly stops. There is no communication between this 

lumen and the yolksac. That we have here a continuation of the 

allantois-channel is proved by its original position between the two 

umbilical arteries, which position I also noticed inside the abdominal 

wall. I did not notice any remains of a yolk duct with certainty. 

The stroma of the umbilical cord consists of cellular tissue with 

exceedingly fine fibrils pursuing a circular course. Underneath the 

epithelial coating this circular direction is deviated from and the 

curve becomes irregular. Round the vessels there is no distinct system 

of circular fibres. Between the two arteries the character of the 

stroma changes somewhat, it is of a looser construction and contains 

a few longitudinal bundles of smooth muscular tissue. These can 

best be seen by staining with polychrome methylen-blue (Unna) and 

can be traced right through the whole cord. By the side of this the 

profusion of the bloodvessels belonging to stroma funiculi proper 

seems remarkable. 

These vasa propria funiculi umbilicalis are met with right along 

the funiculus, most of all in the foetal part. They appear to be con- 

nected with the vasa of the subcutaneous cellular tissue of the abdo- 

minal wall. Arteries as well as large veins filled with blood are 

noticeable. The distribution is somewhat irregular. Especially round 

the umbilical vessels they are heaped up together, entering the walls 

close up to the intima. I have not been able to ascertain the existence 

of a connection between the vasa propria funiculi and the vasa 
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umbilicalia. As far as I know, a case of the presence of vasa propria 

funiculi in any animal was not on record. 

This isolated case suggests the general peculiarity of the vascular 

system of seals, to which attention has already been drawn by 

Hyrru *). I may add that the immediately surrounding parts of the 

allantois were also very rich in vasa propria, which, however, were 

generally of smaller size. 

A microscopic examination of the chorion, or rather of the wall of 

the outermost and widest embryo-sac, shows us that there are two 

layers, an outer one and an inner one, connected by extremely 

loosely woven cellular tissues; between the two layers the blood- 

vessels are situated. The outer, or uterine layer, the chorion proper, 

is lined with a simple cylindrical epithelium about 20 u high. The 

nuclei are oval-shaped and in the basal half of the cell; the proto- 

plasm is finely granulated. Cell limits are distinctly visible. The inner 

lining consists of one layer of flat cells with much-flattened nuclet. 

The inner coat is nothing but the outer surface of the allantois. 

(This connection will be referred to bye and bye). We cannot, there- 

fore, call this membrane the chorion, strictly speaking, the name of 

outer foetal envelope is more to the point. The bloodvessels in the 

wall of this sae are of unequal caliber, in the centre, between the 

two layers, larger vessels are met with, the arteries have a thick 

muscular coating, smaller vessels are found partly in the stroma of 

the allantois, in greater quantity however right under the chorion- 

ectoderm. 
Even with the naked eye an accumulation of small villi, conspi- 

cuous by their velvety aspect, could be seen in some places on the 

uterine surface of the outer foetal sac. A microscopic examination 

confirmed that these were rudimentary villi. The epithelium did not 

differ from the other parts, but the stroma was a much more com- 

pact tissue and the interior was filled with very numerous capillaries 

the central ones of which had a fairly large lumen. 

The amnion, too, or rather the inner foetal sac, is found to consist 

of two lavers, lying against each other along the whole surface; only 

where the umbilical vesicle is situated they separate to envelop this. 

The inner layer is covered with a cubic epithelium of 10 u, the outer 

one is identical with the inner layer of the outer foetal sac and 

must be considered to be a layer of the allantois. On comparing 

foetal sacs of Phoea vitulina with those of other carnivores, Phoca 

1) Hyrtt. Ueber einige Eigentümlichkeiten der arteriellen Gefässverästelungen bei 

den Seehunden. 

Sitz. Ber. d. math. naturw. Classe d, Akad. d, Wissensch. Vienna. Bd, XI, 1854. 
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is found to exhibit somewhat different conditions. In dogs, for 

instance, according to the investigations of BiscHorr '), STRAHL*) and 

others, the allantois-sac forces its way between the chorion and the 

amnion. While the allantois is thus making its way further and 

further between the two membranes, gradually separating them 

almost entirely, the edges of the allantois are coming closer together. 

But these edges, according to the drawings of Biscnorr (l.c. Plate XV, 
fig. 8) remain separated; according to SrrAHL*), they establish contact 

by means of cellular tissue, chorion and amnion being thus connected 

at this point of contact. In Phoca I found neither the edges of the 
allantois-sac, nor a connection like SrrAHL noticed in dogs; I must 

therefore assume that in Phoca the development has gone a little 

further and that through the elimination of the partition between 

the two edges of the allantois-sac, mentioned by Srrant, the outer 

and inner sac have become entirely. isolated. The whole of the 

original extra-embryonal coelom-cavity has in this way disappeared; 

the space between the inner and outer foetal sac is the allantois-cavity. 

I have already pointed out that the umbilical cord was connected 

with the placenta by means of a so-called insertio velamentosa. The 

vessels running towards the placenta or in the inverse direction, are 

enclosed by the membrane covering the foetal side of the placenta, 

viz. the outer layer of the allantois-sac, which continues on the 

chorion along the edge of the placenta. 

As far as the inner foetal membrane is vascularised, the vessels 

show the same proportions as in the outer foetal sac. 

The umbilical sac is situated in the inner wall of the foetal sac, 

between the amnion and the allantois, connected by thin cords of 

cellular tissue with both. It is a much-elongated, narrow bag, with 
folded walls. 

The walls consist of strongly vascularized connective tissue, its 

limits are not sharply separated from the stroma of the amnion- 

and allantois membranes. Only here and there we find the remains 

of an original coating of epithelium. The bloodvessels, some of which 

have a fairly large lumen, run almost entirely lengthways through the 

organ. The majority of these vessels have a thick muscular wall and 

were filled with blood. These vessels and the umbilical ones are 

connected with one another. 

With regard to the placenta the following may here be stated. 

1) Biscnorr, Die Entwickelungsgeschichte des Hundeéies. 

2) Srranr, Untersuchungen über den Bau des Placenta. II. Archiv fiir Anatomie 

und Entwickelungsgeschichte. 1890. 

9) Kee pe 199. 

41 
Proceedings Royal Acad. Amsterdam. Vol. VI. 
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As already mentioned, the seal has a placenta zonaria, which, com- 

pared with that of the dog or the cat, is of much looser construction. 

The uterine side shows many more or less deep grooves, which 

divide the organ into a number of lobes. The deeper grooves, as a 

rule, run through the placenta in a longitudinal direction. 

In the seal a green border-zone, such as we find described 

in the placenta of several carnivores, does not exist. Yet there is 

something like it. On detaching the placenta from the wall of the 

uterus, one could see, even with the naked eye, that both edges 

of the placenta were freely dotted with small, light-orange coloured 

particles, some as large as a pin’s head; found, on examination, to 

consist of bilirubine. This pigment was found in enormous quantities 

and a microscopical investigation showed that the whole edge was 

saturated with these orange coloured bits. Owing to them, the narrow 

border-seam, instead of being a dark red, like the other parts of 

the placenta, was of a dirty brown colour. 

As far as the blood-pigment penetrates in the placentary tissue 

— for these corpuscles may safely be taken to be transformed blood — 

the whole tissue, when seen under the microscope, is tinged a lght 

yellow. 
On following up this tinged zone under the microscope, we shall 

see that along the outer edge the amorphous pigment is found in 

great quantities, but no newly ejected blood is found. Only at some 

distance from the edge the clots of pigment become smaller, but at 

the same time they are found to be lying in ejected blood that can 

still be easily recognised as such, until finally, at the placental end 

of the brown zone, the blood predominates and here and there a 

glittering orange-coloured pigment clot is met with. 

From this we may infer that the hemorrhage, during the devel- 

opment of the foetus, first occurs on the outer limits of the placenta 

and gradually more towards the centre. 

The bleedings at the edge are not the only ones I noticed in the 

placenta. 

In dogs, for instance, SrrAnL describes some so-called green islets 

in the placenta, spots corresponding to the green edge-zone. These 

islets do not occur in seals either, at least they are not visible 

macroscopically. Under the microscope, however, we can see in 

many places, under the foetal coating of the placenta, some uniformly 

coloured light yellow spots. On close inspection it is seen that in 

such places, situated immediately below the foetal surface, hemor- 

rhage has taken place, and that round this seat of bleeding the 

placental tissue is of a light yellow hue all over. Blood-pigment in 
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amorphous condition I have not been able to trace in such spots. 

The discoloration of the tissue may be explained in this way that 

the blood-corpuscles give off their haemoglobine to the surrounding 

parts and that this is absorbed gradually by the surrounding placenta- 

tissue. This latter point is the most significant part of the process, 

for, why should this surrounding tissue, which, unlike the corpuscles, 

can hardly be regarded as having died off, absorb the altered blood- 

pigment so uniformly? That we have here no post-mortem pheno- 

menon appears clearly on examination of the blood-vessels at the 

edge of the placenta. As already stated, this is of a more intense 

yellow hue than that of the spots under the foetal surface, partly 

through the more considerable amount of pigment. Now, we find in the 

tissue of the border of the placenta, several vessels, the lumen of 

which, in addition to blood-corpuscles, is filled with pigment. These 

are foetal vessels. In the vasa umbilicalia I only found some blood, 

but no pigment. 
The presence of this pigment in the vessels proves, that this yellow 

hue of the placenta-tissues is a vital reabsorption-process, and not 

one of post-mortem diffusion. There is another fact in favour of 
this view: it is my discovering (in the border-zone, where the 

villi are not very much elongated and the villous epithelium, or 

chorion ectoderm, is still intact), some distinct pigment-particles in 

these cells, which had been absorbed from the pigment situated close 

against this epithelium. 
And on further comparing the structure of the placenta of Phoca 

with that of fissipede carnivores (e.g. the dog), it is found that the 

spongy layer is entirely missing; all along the thickness of the 

placenta the same uniform structure is maintained. 

The foetal surface of the placenta is covered with a layer of 

the allantois, coated with a single layer of flat endothelium, as 

already described. Underneath this, there is a thin layer of fairly 
firm connective tissue, in which the larger ramifications of the umbilical 

vessels are found. 

From this tissue coarse septa of connective tissue find their way 
into the placenta, which gradually diminish as they run towards 

the foetal surface, although they usually succeed in reaching it. In 

these septa the ramifications of the foetal vessels are found. Coarse 

septa send out finer compartments in every direction. The coarser 

ones divide the very compact mass of placenta into smaller sections. 

From the maternal side too, some septa of connective tissue filling 

up the aforesaid grooves on the foetal side of the placenta, enter 

the latter; they are however less voluminous than those coming 

41* 
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from the foetal side. The compact cellular tissue of the placenta 

reaches right up to the wall; between the latter's coating of 

muscles and the compact placenta tissue a very narrow, loosely 

woven layer of connective tissue runs. In this layer, lying against 

the muscular coat, we find the diameters of the very wide 

uterine vessels and also in several places some uterus-glands. These 

glands, in the shape of elongated tubes with short ramifications and 

parallel with the surface of the uterus, are squeezed in between the 

muscular coat and the placenta. They have a distinct lumen, the 

epithelium is highly cylindrical. They are glands that have obviously 

fully developed, but have not been invaded by villi. On the foetal 

surface of the placenta moreover, distinct extremities of glands are 

met with, which, like those just described, have bent round and 

which run parallel with the muscular coat, in which a foetal villus 

is plainly visible. These villi are not lying close to the inner surface 

of the follicle, but are somewhat retracted from it. I did not succeed 

in observing a distinct epithelium on these villi. 

Some of these uterus glands appear in another form: the cells 

have very much increased in volume, have swollen and are bulging 

out in several places in the lumen. The protoplasm of these cells is 

of a well defined reticular structure, the cell nuclei are in the basal 

part of the cells. In the lumen of such glards we find some inde- 

pendent cells, or combinations of only a few, some with nuclei, 

the larger ones without any; moreover some conglomerations of 

deeply stained fine particles may be observed here and there. 

The compact mass of the placenta, when magnified, turns out to 

contain a great number of bloodvessel-lumina, adhering close together, 

each one of them surrounded by a distinet endothelium-wall. The 

ramifications of the foetal vessels, together with some connective tissue, 

run between these branches of the placental vessels. Forming a separating 

layer between these two systems of blood-vessels, we find in the 

greater part of the placenta one single layer of nuclei, situated in 

a mass of protoplasm, in which, however, no cell limits could be 

traced. This layer of nuclei, is to be regarded as belonging to a 

syncytium. In some places I counted two, sometimes even more, 

rows of nuclei between the branches of the placental- and those 

of the foetal vessels, without my being able to say with certainty 

which part of it should be taken to be of a syncytial character. 

In the cases of suballantoidal hemorrhage and in the surrounding 

parts, the nuclei of cells, lining the endothelium-walls of placental 

vessels and the foetal villi adhering to the blood-mass, are of a 

much darker hue than those of other parts of the placenta. As a 
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coating of these foetal villi I often observed a double layer of 

nuelei, viz. a layer of flattened nuclei, lying close together, coating 

the villus and, round this, a layer of round, large nuclei. Against 

the latter layer the extravasated blood is found. Between the nuelei of 

the inner series, cell-limits are sometimes noticeable (chorionectoderm). 

Finally I want to offer a few remarks about the villi in the 

border-seam. 

The mass of coagulated blood found near the edge of the placenta, 

and the bulk of which has the shape of amorphous, orange coloured 

lumps, is mainly situated between two very long villi, running in 

a slanting direction from the foetal surface of the placenta to the 

wall of the uterus. From these villi and from the part of the 

chorion that is lying between the bases of the two, a number of 

shorter villi, with ramifications, find their way into the above 

mentioned mass. 

These villi are generally somewhat swollen and rounded off at 

their extremities. They are all conspicuous by their profuse vascularity. 

The chorion between the bases of the two villi just described is 

covered with a layer of very darkly-stained nuclei, lying very close 

together. It remains doubtful whether this was a syneytium. 

The secondary villi, passing into the above mass also have such 

a coating. In some cases two rows of nuclei could be seen on 

the surface, while it seemed to me that the row of nuclei turned 

towards the villus was not of such a dark hue as the outer one 

turned towards the blood-mass. At the extremities of the villi the 

nuclei are found to lie very closely together and to be more numerous. 

Both in the protoplasm of the latter layer, covering the chorion, 

and in that of the villi one observes accumulations of orange- 

coloured particles. 
Reabsorption of these corpuscles from the mass found in the border- 

seam of the placenta is therefore effected by means of the coating 

of the said layer of the chorion as well as that of the villi. 

In one or two instances I found a coloured particle in the stroma 

of a villus or in the capillaries running into it. 
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Mathematics. — “On the dijjerential equation of Monge” by Prof. 

W. Kapreyn. 

(Communicated in the meeting of January 30, 1904). 

If we suppose that in the differential equation 

dp A 2) Ke A =O ee Oe ae 

H, K, L depend only on p and q, the necessary and sufficient condi- 

tions for the existence of two intermediate integrals are the following. 

In the first place H, A and ZL must be proportional to the second 

differential coefficients of a function 6; thus 

aT K L 

11 12 22 

In the second place the function @ must satisfy the differential 

equation of the fourth order 

ee 
a 22 Op? 12 Op a 11 dq? ma. 

ee VOD NE ge NOD OD. Je ODE 
== 3 Gs = — 2 ze rn Ee i Bin ATS - (3) 22 Op p Op dg Og 

D=, 0 
The general integral of this differential equation can be represented 

where 

by the following formulae : 
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u 

where w and v indicate arbitrary parameters and 

g=g (4) Ohh == Oe — We) 

four arbitrary functions, and 

d*q 
> J = ~ €vc. 

du? 

, dg 
eee ie 

If the conditions (2) and (8) are satisfied the equation (1) will 

possess the two intermediate integrals 

Baez yg" —— g' ae (u), 

e—ywyw'—ah'= 5 (©), 
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where & denotes an arbitrary function and w and » the functions 

of p and q, derived from the equations (4). 

In the particular case that the function 64 satisfies the two members 

of the equation (3) separately, we have to distinguish two cases 

according to the double sign in 

Bee iG? ND 

The general integral can be written in both cases respectively 

1 . ii ” p= fee Hr" 

or — 
gt dek 

6=(2wy' Aug H4geu pu! vupdu 

where g==g (u) has the same meaning as before, whilst f and 7 

represent two new arbitrary functions of the arguments placed after 

these symbols. 

In these cases the two intermediate integrals are 

epy(ug" — g') — alur! + 7") = ® (4). 

yt ef [ue rg) lee F9), 
the values of w and v being expressed in p and 7 with the aid of 

the formulae (5). 

The condition (3) appears, although in a different shape, already 

in the excellent dissertation of J. Váryr (Klausenburg 1880). 

Mathematics. — “The singularities of the focal curve of a plane 

general curve touching the line at infinity © times and passing & 

times through each of the imaginary circle points at mfinity.” 

By Dr. W. A. Versivys. (Communicated by Prof. P. H. ScHoutr). 

(Communicated in the meeting of January 30, 1904). 

In “Verhandeling” 5 of the “Kon. Ak. v. W.” at Amsterdam Vol. 

VIII, I have deduced some formulae expressing the singularities of 

the focal developable and of the focal curve in function of the sin- 

gularities of a plane curve having no particular position. 

In a similar way it is possible to deduce the following formulae 

expressing the singularities of the foeal developable and of the focal 

curve of a plane curve touching the line at infinity o times and 
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passing « times through each of the imaginary cirele points at infinity. 

Let the plane curve be of order u, of class » and let ¢ represent 

the number of its inflectional points. Then the singularities of the 

evolute or of the cuspidal curve of its focal developable are the following : 

rank, r= 2(u + » — 2e — 0) 

class, m = 2p 

number of stationary planes, @ — 2 

double osculating planes, G =»? —» —  — 3t 4-30 Je — a 

stationary tangents, v = 0 
double points, HZ —=3 (u —») Je 

double tangents, w — 0 

order, n= 2(3 u +4 — 6s — 30) 

stationary points 6 = 2 (64 — 2» + 38: — 12e — 60) 

stationary points not at infinity and not in the plane of the curve 

B' = 2 (du — 3p +- 381 — Se — 30) 

order of the nodal curve « = 2 (u + vr)? — 10u — 2v — 31 — Bue 

— Auo — Bve — Aro + Be? + Beo + 26° 

20e + 106. 
The chief singularities of the focal curve are: 

order, == 2u? + 4uy + v* —1lu—v 

+8? + Beo 4+ 67 +208 al 96 

rank, r= 4ur + v? — 4u — Av — Spe — 2v0 — 80° + Be + 50 

number of stationary tangents, » = 0 

class, m = 6u? + Ouv + 4ue + 200 — 36u — 12y — 181 — 24u 

— 6uo — 12ve — 4v0 — Bie — Quo 4 248? + 1280 — 80° 

+ 60e + 286 

number of stationary points @ = 2 (3u + 9 (2u + v) — 97u 4 21» 

— 27 — 48ue — 18u0 — 1l2ve — 4v0 

— Bte — UO + 488? + 3686 + 40? 

+. 366 + 96e + 406. 

5e— 8ue— duo — Sve — wo 

Mathematics. — “On the position of the three points which a 
twisted curve has in common with its osculating plane.” By 
Dr. .W. A. Verstuys. (Communicated by Prof. P. H. Scrovre.) 

(Communicated in the meeting of January 30, 1904). 

§ 1. Let d be the section of the osculating plane V in a point 

P of the twisted curve C with the developable O of which C is the 

cuspidal curve; then the twisted curve C and the section d have in 

the point P only two points in common, that is they have in 

P a contact of the first order. 
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The curve C has in P three successive points in common with 
the plane V. The curve Cis situated on the surface O, so the three 

common points must lie on the section of O with WW. This section 

consists of the curve d and of the common tangent / in P of C 

and d, counting double. In the following way can be proved that 

of the three common points only two lie on d. 

Let us first take instead of a general curve a twisted cubic C,. 

Let P be the origin; the property being projective the plane at 

infinity can be chosen in such a way, that the curve is represented 
by the equations 

Ca teal At ee a te 

If now in point t=O the curves C, and d, had three common 

points then in the origin also the radii of curvature of the two 

curves would be the same. Let R be the radii of curvature of 

C, in P and r the radius of curvature of d, in P, we then easily 

find: 

E ds? (14+4e2+4 924% 
VA HB CR {4+ 362 4 364%} 

So tor (= 0 we nnd i= 
rol 

The surface O, is enveloped by the plane 

a_3yt dt Bet — tt —=0. 

So the curve d, is enveloped by the line 

—sy+32t—?=0 

Consequently the equation of d, is 

€ 

2 
so the radius of curvature 7 = ae The curves C, and d, have in 

the origin not the same radius of curvature, so they have not three 

or more points in common. 

Let p be the orthogonal projection of C, on V (7=0), then C, 

has with p three successive points in common in /, for all points 

which C, has in common with V must lie on the section p of WV 

with the projecting cylinder of C,. The projection p has for equation 
nt y= 2"; 

and so also the radius of curvature in the origin & = —, showing 
pol 

again that the curves p and C, have in the origin three points in 

common. 
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) 
Out of the two values => and +=-~ ensues that the section 

- oO 

d, lies near P on the convex side of the projection p. 

§ 3. The latter can also be proved as follows for any curve 

with the aid of Descriptive Geometry. 

If we take the osculating plane V, in any point of the curve C,, 

to be the vertical plane of projection and the normal plane of the 

curve to be the horizontal one (plane of projection), then the vertical 

projection p” is a curve cutting the axis perpendicularly in a common 

point P and the horizontal projection p' is a curve having in P a 

cusp with the axis for cuspidal tangent. Let us now construct 

the vertical trace d’ of OU. The vertical traces of the generating 

lines of QO he on the tangents to p”, thus all on the convex side 

of p", whilst those traces are also situated on the same side of the 

perpendicular on the axis in , where also p" and p' are lying. So 

the curves d" and p" turn the concave side to the same side, whilst 

d near P lies outside p". So the curves d' and p" have an even 

number of points in common. 

Thus if C and d" had the three points of C, lying in WV, in common, 

then also p" and d/" would have three points near ? in common. 

So according to what was proved above p’ and d’ had four points 

in common. That fourth common point of p” and d" would, lying 

on d", also lie on OY and would be the projection of a point Q of 

the curve C' lying as near to it as one desires. So at the limit the 

projecting line of Q would be a tangent of 0. Thus near Pa tangent 

of O might be perpendicular to the osculating plane J’, which is 

impossible. So Cand d" have no three points in common. 

§ 4. We can prove moreover as follows synthetically that the 

twisted cubic C, has not three points in common with the trace d 

If C, and d, had three points in common at P then d, and the 

projection p, of C, on Vo out of any arbitrary point A would have 

three successive points in common. This projection p, is a cubic 

curve of class four. The three inflexional tangents of p, are the traces 

of the three osculating planes through A, thus they are also tangents 

to d,. As the contact of the second order in / must count for three 

common tangents and each of the three inflectional tangents of p, 

for two common tangents, two curves respectively of class two and 

class four would have nine common tangents, which is impossible. 

So- the curves C, and d, have at P no three points in common. 



§ 5. It follows from what was proved above for a twisted cubic 
that also a general twisted curve C has not more than two points in 

_eommon with the section d of its developable © and the osculating 

plane V. If C and d had three points in common, then d and 

the projection p of C out of any arbitrary point A on the plane WV 
of ¢ would have three points in common. Let C, be a twisted cubic 

having in P six successive points in common with C. Now J” is 

also the oseulating plane of C, in P; let d’ be the trace of the 

developable O, belonging to C, and let p' be the projection of C, on 

V out of A. As the developables O and QO, have five successive 

generating lines in common, so d and d have at least three succes- 

sive points in common, whilst p and p' have six successive points 

in common. Now, if d and p had three successive points in common 

at P, this would also be the case with d and p'. According to the 

preceding § the latter is not true, so C and d have neither three 

points in common. 

$ 6. The theorem can also be proved by searching for the points 

of intersection of the cuspidal curve p or of the nodal curve § with 

a second polar surface A?0, just as Cremona did (CREMONA— CURTZR; 

p. 87—90). To simplify the matter I shall first apply this proof to 

a twisted cubic, after which the proof for the general case can be 

more easily followed. 

Let us take for developable O' the surface consisting of a develop- 

able OU, and of a quadratic cone A’ with vertex 7), passing through 

the conic d, situated in the osculating plane V of P and on Q,. 
The cuspidal curve of this surface of order six is tne cuspidal curve 

Ci of Ole so » =, 3: The nodal curve § consists of d, and of a 

curve of order six s. This curve s intersects the plane V of the 

conic d, six times, three times of which in the points where d, 

meets a generating line of O,, for which the tangent plane passes 

through 7’, these three points being points of contact of double 

tangent planes of O'. Consequently s has in / three successive 

points in common with d,. Let 4? be the second polar surface 

for a point A lying in V. The order of A°Q is four. 

In the formula of Cremona for §(@— 2) I have only to keep the 

first and the third term, none of the singularities appearing on the 

surface under consideration which are furnishing the other terms; 

but a term P must be added for the particular point P where 

another third sheet of the surface O’ passes through a plane curve 

d, lying on O,. This singularity has not been considered by Cremona ; 



it appears on the focal surface of a plane or twisted curve touching 
the plane at infinity. 

So the formula of Cremona becomes : 

s(g9—- 2) = number of times that s meets the curve 

of contact of A+ 32+ P. 

The curve of contact of A consists of the generating lines of 0’ 

of which the tangent plane passes through A. Of these generating 

lines two are situated on the cone A, each of these meeting the 

curve s three times and two are situated on 0, as A lies on the 

osculating plane J”; the latter meet s each one time. This number 

of points of intersection of s with A* / is thus eight. According 

to Cremona they must each be counted one time, so the first term is 8. 

The section of O’ with V consists of d, and of the tangent in P 

to d,, both counted double. So the second polar curve of A for this 

curve or the section of WV with 4? (0 consists of a curve of order 
four, touching d, twice in P, having thus with d, and with s 

too only four points in common. The formula of CREMONA gives: 

Te ead Oe eA Talay 
Consequently : 4 = 4. 

The points 4 are the points outside ? where the cuspidal curve 

meets another sheet. As C, meets the cone A in all six times, C, 

can meet the cone A in P only twice, so C, has also with the 

curve d, lying on A but two points in common. 

§ 7. If we had taken A outside the plane V this change would 

have had no influence on the number of points 2, but the term 

issuing from the lines of contact would have been one more, so 2? 

would in that case have counted for 3. 

By applying the above used method to the nodal curve d,, we 

find that A* 0’ of an arbitrary point A lying outside V also meets 
d, in three points. The singularity ? counts for six points of inter- 
section of the total nodal curve § with A’ O’, thus for as many 

points of intersection as two points 2. 

Out of the formula of Cremona for v (9 — 2) it is evident that P 

counts for two points of intersection of the cuspidal curve C, with 

A? VY’, thus also for two points 2. From what precedes ensues that 

the cone A passing through d, is an ordinary touching cone and 

that the point of contact ? counts in both formulae of Cremona for 

two points A. 

§ 8. Let the curve C be a general twisted curve of order v. Let 

VY be its developable, the class u, the rank @ and let the order of 
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the nodal curve on Q be §. Let the number of stationary tangents 
be 6 and that of the double tangents w. Let P be an ordinary point 

One, Pether tangent in) 2 to. .C, V the osculating plane in P 

and d the curve of intersection of WW with the surface O. Let c, 
be a conic having at P five successive points in common with d. 
Let 7’ be the vertex of a quadratic cone A’ passing through c‚ where 

7 is arbitrary but taken in such a way that A’ cuts the curve Cin 

none of its singular points. Let s be the curve of intersection of O 

with A. This curve, of order 2e, shows singular points: 1st in P; 
2nd where Cor a line 6 cuts the cone A’ (point P excepted), these 

are cusps 2 on s; 3" where A’ meets the curve § or a line w: these 

points are on the surface 0’ consisting of O and A triple points 

tT and nodal points on s. 

If we now determine the points of intersection of s with the 

second polar surface 4* O' of a point A lying in V then according 

to Cremona the cusps 2 must count three times and the triple 

points t, through which only two branches of s pass, must count 

twice. in order to find out for how many points of intersection the 

point ? must count, we consider the first polar curve of the section 

of O' with W. This section consists of the right line / counted twice, 

of the curve d and of the conic c,. So the first polar curve consists 

of the right line / and of a curve of which one branch has five 

points in common at ? with c, or with «d and of a branch touching 

/ also in P and lying at / between / and d. So the second polar 

curve shows at /P two branches touching c,. The two branches 

of s passing through P touch / in P, and JV being also of both 

branches the plane of osculation, they have both with V or with 

ce, three points in common. Each branch of s through P has thus 

with 4? 0" in P but four points in common, so that the point P 

counts for eight points of intersection. 

Besides meeting the curve s in these singular points of s the polar 

surface 4? V0’ meets it moreover in the ordinary points where s meets 

the curve of contact of tangent planes through A. These points 

count according to CREMONA each one time. The curve of contact 

consists of two generating lines of A’ each meeting the curve s 

9 times and of (u—1) generating lines of OU, as A is situated in the 

osculating plane W. These generating lines each meet s two times, 
so that to determine 4 we arrive at the formula: 

20°=314+ 45 -+-40+8+20-+ 2(u—1), 

As according to one of the formulae of CayLEy-PLOickER 



0 —-9o—yn—2§—2H=—3(r 4+ 9), 

then 
2=27r4 20—2 

So the curve C meets the cone K outside P still 2 »—2 times, 

and P counts for two points of intersection. So the curve C also 

meets the conic c, lying on A only two times and consequently 

the eurve d, having with ec, five points in common at P, meets it 

also only two times. 

Chemistry. — “A contribution to the knowledge of the course of 

the decrease of the vapour tension for aqueous solutions.” 

sy Dr. A. Suirs. (Communicated by Prof. H. W. Bakxuts 

%00ZEBOOM. ) 

1. In 1788 Bracpex ®) discovered the relation between the lowering 

of the freezing point and the quantity of the solved substance. 

Among the substances which he examined, were however also some, 

which showed deviations, either in this sense that the lowering of 

the freezing point increased more rapidly or in that sense that it 

increased more slowly than the concentration. 

Rüporrr ®), who quite ignorant of BrAGDEN’s work, made the 

same discovery in 1861, and Corper®), who ten years later (1871), 

continued Riéporrr’s investigations, came both to the result, that 

deviations from the rule first discovered by BrAGDEN, occurred both 

in one sense and in the other. A disproportionately rapid increase 

of the lowering of the freezing point with the concentration was 

found among others for Nabr, Nad, CaCl, H,SO, and also for NaCl, 

whereas for the nitrates of Na, NH,, Ba, Ca, Sr, Pb, Ag and for 

Na,SO,, Na,CO,, NH,CNS the reverse was observed. 

As an illustration of the course, as for NaBr ete. Rüporrr had 

already adopted the formation of hydrates. Copper assumed for the 

deviations for the nitrates, which are mostly anhydrous, that they 

are modified by the action of water or by the fall of the tempera- 

ture in a certain, not further defined way. 

Results analogous to those of BrAGDEN, Rüporrr and Correr were 

obtained by Tammayn*) in 1887 when determining the decrease of 

the v vapour tension. TAMMANN found namely, that for most of the salt 

a w ied. Ann. 39, 1. (1890). 

2) Pogg. 114, 63. (1861); ib. 116, 55 Te ib. 145, 599 (1871). 

3) Ann. Chim. Phys. (4) 23, 366. (187 . 25, 502. (1872) ; ib. 26, 98 (187 

t) Wied. Ann. 24, 523. (1885). 
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solutions the diminution of the vapour tension with increase of con- 

centration increased more than the concentration, whereas for the 

nitrates of K, Na and for KCIO, the reverse was observed. The 

later investigations of Bremer'), Hetmnontz*), WaLker*) and Dierurrcr *) 

gave the same result as those of their predecessors viz. this that in 

general the diminution of the vapour tension increases more rapidly 

than the concentration, and that the salts which form an exception 

to this rule are chiefly the anhydrous nitrates. 

Up to 1903 the determinations of the freezing point of salt 

solutions of smaller concentrations than those which had been earber 

investigated, yielded the result, that the molecular lowering of the 

freezing point decreases with increase of the concentration. As these 

measurements were continued to the concentration of + 1 gr. mol. per 

1000 er. H,O, it followed necessarily, that where the reverse course 

had been ascertained by the earlier observers, a minimum value had 

to occur in the molecular decrease of the freezing point, but for a 

concentration which lay above that where the investigators of later 

time had stopped. 

In 1896, however, I had come to the conclusion in the determi- 

nations of the vapour tension by means of the micromanometer °), 

that for dilute solutions, i.e. for solutions below the concentration 

of 1 er. mol. per 1000 er. H,O, the molecular diminution of the 

vapour tension creased with the concentration. This was found 

inter alia for solutions of NaCl, KOH, H,SO, and CuSO,, whereas 

for KNO,-solutions the reversed course was found. This result was 

therefore in perfect accordance with what had been found by my 

predecessors for more concentrated solutions, but was directly opposed 

(except KNO,) to the results of the determinations of the freezing 

point. 

The question was now: “Which results are the correct ones ?” 

In the determination of the boiling point I hoped to find a means 

to answer this question. After having applied some improvements 

to the method and after having rendered myself independent of the, 

fluctuations of the atmospheric pressure by using a manostat, | began 

the investigations and the result was published in April 1900 ®). 

1) Ree. tr. Chim. 6, 122. (1887). 

2) Wied. Ann. 27, 568. (1886). 

3) Zeitschr. f. phys. Chem. 2, 602. (1888). 

4) Wied. Ann. 42, 513. (1893); ib. 62. 616. (1897. Ann. phys. Chem. 27, 4. (1898). 

5) Archiv. Néerl. (2) 1 (1897). 

6) These Proceedings If April 21 1900 p. 635, April 20 1901, Til p. 717. In the 

same year (1900) Jones, CramBers and Frazer eryoscopically found minima for 

MgCl, and BaCl, lying at 0.1—0.2 gr. mol. 
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I arrived at the following result : 

The molecular rise of the boiling point increased for solutions of 

NaCl and KCl from the concentratien + 0.3 gr. mol. per 1000 er. 

H,O, both towards higher and towards lower concentrations, or in 

other words, the molecular rise of the boiling point proved to have 

a minimum value lying at + 0.3 er. mol. For the anhydrous 

nitrates of K, Na, Ba, Ag and Pb, however, the molecular rise of 

the boiling point preved, quite in concordance with the determi- 

nations of the vapour tension, to continually decrease with increase 

of the concentration. 

The method which was the least accurate in appearance, proved 

to be able to point out a mistake both in the method of the freezing 

point and in that of the vapour tension. The first work was then 

to force the micromanometer to greater accuracy by applying some 

improvements, and then to repeat the experiments. In 19017) anew 

series of experiments yielded really a result which qualitatively 

harmonized perfectly with that obtained by means of the boiling 

point method. For NaCl as well as for H,SO, a minimum occurred 

in the molecular decrease of the vapour tension, lying at + 0.5 er. 

mol. As before KNO,-solutions gave a strong decrease of 7 with 

increase of the concentration. 

In the same year KAHLENBERG*?) found for solutions of NaCl, 
KCl, KBr, KJ and MgCl,, that the molecular rise of the boiling 

point increased continually with the concentration for the first and 

the last salt from the concentration + 0.2 gr. mol. to + 5 gr. mol., 

whereas for KCl, KBr and KJ a more or less clearly marked 

minimum was found. 

Binrz*) was the first to confirm my results with certainty in 1902. 

He found a minimum in the molecular rise of the boiling point, 

not only for KCI and NaCl, but also for RbCl and LiCl. His deter- 

minations of the freezing point of alkali chlorides showed only for 

LiCl a continual increase of the molecular lowering of the freezing 

point with the concentration; a minimum was not found, however, 

for the chlorides of the alkali metals by this method. For LiNO, 

and LiBr Bint, found a faint minimum, whereas for the chlorides 

of the bivalent metals by the eryoscopic way very strongly pro- 

nounced minima were found, mostly lying between 0.1 and 0.2 er. 

1) These Proc. IV September 28 1901 p. 163. 

2) Journ. Phys. Chem. 5, 339 (1901). 

8) Zeitsch. f. Phys. chem. 40 s. 185 (1902). 
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mol., which is in accordance with the observations of Jonrs, CHAMBERS 

and FRAZER *). 

The first who by the ervoscopie way discovered minima in the 

molecular lowering of the freezing point for chlorides of the alkali 

metals below the concentration 1 gr. mol., were Jones and GrrMan ®), 

who published their results in the newly published Jubelband fiir 

Ostwald. It is remarkable that working with the common apparatus 

of BECKMANN these observers obtained more accurate results than RaAourr 

with his apparently ideal apparatus. For Raourr found for NaCl-solutions 

up to the concentration 1 gr. mol. a regular decrease of the molecular 

lowering of the freezing point with increase of the concentration. 

2. After having thus shortly pointed out what the boiling point 

method, the vapour tension method and the freezing point method 

have brought to light for the study of the non-diluted solutions, I 

proceed to give the results of the determinations of the diminution 

of the vapour tension of NaCl and NaNO,-solutions, made by means 

of the micromanometer, in which the aniline-water-manometer was 

replaced by the manometer of Lord RayieicH *). It seemed namely 

very desirable for the greater certainty of the results, to repeat 

some measurements with another apparatus, the accuracy of which 

did not differ too much from that of my manometer. Lord Rayeien’s 

invention was therefore very welcome to me, because his manometer 

was stated to reach an accuracy of + 0.00045 m.m. Hg, and mine 

had an accuracy of 0.00025 m.m. Hg. 

Lord Rarrrien’s manometer and the arrangement of this apparatus 

has been represented in fig. 1 and 2. A is a barometer tube, which 

branches into two parts at the top; the two branches are blown out 

to two bulbs of + 25 mm. diameterat DB. In these bulbs extend 

two finely drawn out glass points, which are ground off to a sharp 

point at the lower end. On the tubes LZ, of which the one more 

to the left is split up into two branches, as is seen in the horizontal 

projection, and which thus furnish three points of support, a glass 

plate .V is laid which bears a mirror J/, whose front is silvered. 

The glass plate MN is fastened to the three points of support and 

the mirror J/ to the glass plate by means of water glass. 

Lord Rarrrien had connected the tubes CC with his apparatus by 

means of straight glass tubes 38 meters long, but here some glass 

spirals + 35 e.m. long have been added between them in order to 

prevent any wrenching. 

1) Amer. chem. Journ. 23, 89 (1900); ib. 23, 512 (1900). 

2) Zeitschr. f. Physik chem. 46, 244 (1903). 

8) Zeitschr. f. Physik chem. 37, 713 (1901). 
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The manometer 4 with baro- 

meter tube A is (see fig. 2) fastened 

in a groove of a solid board / by 

means of Cailletet cement. This 

board is part of an adjusting table 

S, which can rotate. round an 

horizontal axis by means of the 

screw fF. This axis passes through 

the points of support of two sets 

of serews Z, only one of which 

is to be seen in the figure 2. The 

mirror of the manometer has 

been placed in such a way, that 

the axis mentioned is parallel 

to its front and coincides with 

its middle. The air trap V, in 

which the barometer tube ends, 

is by means of an India rubber 

tube provided with two clamps 

G and / and connected with a 

mercury reservoir A. 

The principle, on which this 

manometer rests, is as follows: 

If the barometer tube is filled 

with He as far as in the bulbs 55 

and if the pressure is the same 

in the two legs of the manometer, 

we can cause the two glass points 

to just touch the mercury mirrors, 

which are now in one horizontal 

plane, by using simultaneously the 

clamp MH) and the screw R. This point can be very accurately 

determined, as we can observe the reflected images at the same time 

with the points and so it is as if we saw twice two points approach 

each other. If the light of an incandescent lamp y, concentrated by 

a lens, was thrown on the manometer through a mirror m, a great 

accuracy of adjustment could be reached after some practice, when 

1) The clamp G serves for the rough adjustment. 

2) As it proved necessary to prevent heating of the manometer as much as 

possible, a thick plate of asbestos # was adjusted between the incandescent lamp 

and the manometer; in this plate a glass vessel w was fastened with a solution 
of alum for the absorption of the rays of heat, 
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the points were simultaneously observed through two magnifying 

glasses. 

The position which the mirror J/ occupies in this adjustment, 

so the zero position, could be accurately determined by means of a 

scale and a reading telescope with a cross wire. If now a difference 

in pressure was brought about e.g. such that the mercury mirror 

in the left leg fell somewhat and that ‘n the right leg rose somewhat, 

the adjustment of the two points on the mercury mirrors could be 

again reached by turning the adjusting table, to which the manometer 

is fastened, over a small angle to the left by means of the screw R, 

for which at the same time the screw H was to be used, as the 

bulbs LL are no perfect spheres, and have not perfectly the same 
diameter either. 

When the glass points are again placed in the required way and 

the reading glass is again read, it is clear, that 

we can calculate the difference in level of the 

mercury mirrors in a simple way from the 

angle of rotation, when we know the distance 

Lip between the glass points. If this distance is J, 

Aes the angle of rotation @, the difference in height 

Fig. 3. between the two mereury mirrors is: 
hi =U sha. 

If we represent the deviation observed with the telescope expressed 

in m.m. «& and the distance from the scale to the mirror 5, then 

a a 

tg 2 rt for which we may write tg a= 25 provided « be very 
te v e 20 

small. 

As further for small angles si a = ty a, we may write in this case: 

la 

2b 
If the angles are too large for this assumption, we get the following 

form for hh: 

ie la on a 5 
DE 9 en 9 4b? e 4 r e ° e € ( ) 

The distance between the glass points was determined by means 

of a comparator and amounted to 24.66 m.m. = /. The distance 
from the scale to the mirror amounted to 2735 m.m. = 6. 

It now proved that when the deviation a@ was smaller than 100 

m.m., formula (1) could be applied, whereas for larger deviations 

p= NL = 

formula (2) appeared to be required. 

The accuracy of adjustment, obtained in this arrangement with 

42% 
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Lord Raryrrien’s manometer, appeared to amount to 0.1 scale division 

or to 0.00045 m.m. Hg, whereas with my manometer it amounted 

to 0.00025 m.m. He, as has been said before. 

Fig. 4 represents the whole arrangement. 4 is the micromanometer, 

B the automatic mercury air-pump, € the manometer of Lord 

RayteigH and PD the reading glass with scale and mirror, a is a strip 

of mirror, cut from a sphere. In the focus an incandescent lamp 4 

is placed, over which a glass cup has been placed enveloped with 

filtering paper. A parallel pencil of rays falls through the glass scale 

c and is reflected by the mirror J/ from the manometer into the 

reading glass d. 

From this figure the connection of C with A through the long 

glass tubes ¢ and 7 is also clearly visible. The results obtained by 

this arrangement are summarized in the following tables. 

PS ale 

Na Cl. 

Concentration De ms Pa) E 
EA VE Mae ae 
in Br mol. p. |_in m.m. He in m.m. Heg | t= TE » — 008316 ) 

1000 gr. HO of 0°. of 0°, | 

gE eee 

| 
00441 0 00720 0.163 | 1.96 

0.1073 0 O1619 0.451 | 1.81 

0.3893 0 05533 0.4447 | 1 740 

0.6299 0 09125 0.1449 | 4.742 

0 9887 | 0.14564 0.1473 | lez 

2 0476 | 0.31017 0.1515 15892 

3.3524 0.53442 0.1594 | 10107 

With the aniline-water manometer the following results had been 

before obtained. 

We see from this that the tables IT and I] harmonize very well 

qualitatively ; both give a minimum vaiue of 7 for the concentration 

a= 70.5) or. amok: 

That there are differences in many cases in the absolute values of 

iis probably due to the uncertainty which exists in applying the 

temperature correction when working with my manometer. In future 

1) pm = molecular diminution of vapour tension. 

2) 0,08316 = theoretical mol, diminution of vap. tens. at 0°, 
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Ae BR Tr B AT. 

Na Cl. 

- le | | - 

Concentration | rm 8 | is | 7 
aie gee ect: eh: j Petits mr LOR 
ID Shs mo HP | in mm. Hg | _ in mm. Hg Phas De P_n  0,08316 

1000 gr. HO | of 0°. | of OF. | 

0.0591 0.00879 0.140 4.79 

0 0643 AO OASIS | 0.146 | 1.76 

0 1077 | 0.01541 | 0 143 | 1.72 
| | | 

0 4527 |____0.06400 | 0.4141 4.70 
| | 

0.4976 | 0 06987 0.141 4.70 

1 O808 0.15484 0 143 | 4 723 

1 2521 | 0.48014 0.144 | 1.730 

1 8228 | 0.96757 0147 | 1.765 

2.1997 | 0.33406 0.458 | 1.832 
| 

4.6362 | ~ 0.78345 0.169 2 032 

it will therefore be advisable to place the manometer in a thermostat. 

Up to this time the manometer was placed in a glass vessel, through 

which the water of the aqueduct flowed. If a correction is rendered 

unnecessary by keeping the manometer at constant temperature, the 

greater sensitiveness of the aniline-water-manometer will be still more 

apparent *). 
For the comparison of the results of the determinations of the 

vapour pressure with those obtained in a cryoscopic way, the results 

of Raourr ®), Jonns and Germar and mine for NaCl-solutions are 

placed side by side in the following table. 

So Raourr did not find a minimum in the factor ¢ in spite of his 

1) After having read my publication in the Archives Néerlandaises, Barerui made 

some measurements with a manometer which differed from mine only in so far, 

that it was erected in reversed position, in order to make the closure with mercury 

instead of with oil possible. This change was sufficient, as Prof. Cassuro, 

under whose superintendence Barrett seems to have worked, wrote to me, to omit 

my name altogether in the publication in the Ann. de Chim. et de Phys. T.XXV 

1902, though they used the most essential part of my work viz. a dilute solution of 

Na OH, Na, CO, or glass, which causes the aniline to run in a tube of the aqueous 

solution, and to which the great accuracy is actually due. 

*) Zeitschr. f. Physik. Chem. 27, 638 (1898). 
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FA B he MIE 

Na Cl. 

/,-JonEs and 
Concentration 7g — RAOULT. ‘Gur ONES a ip — SMITS. 

GETMAN. 

0.5 401 1.89 1.96 « 

04 1.86 1.86 | 1.81 

0.5 1.84 A ee 1.74 

de | 1.838 1.906 4277 

2.0 2.007 4.82 

3.0 2.190 1.92 

ig = t calculated from the lowering of the freezing point 

oP » » » diminution of the vapour tension. 

method which seemed so very accurate, though he continued the 

experiments up to the concentration 1 gr. mol.; Joxes and Germar, 

however, found a strongly pronounced minimum lying at the con- 

centration + 0.1 er. mol., whereas the determinations of the vapour 

tension give a minimum at + 0.5 gr. mol. 

I have already pointed out in a previous paper’), that only for 

the case that we have to deal with evceedingly diluted solutions the 

value of 7 calculated from the lowering of the freezing point must 

be in harmony with that calculated from the diminution of the vapour 

tension. 

For the calculation of 7 from the lowering of the freezing point 

the following equation is used: 

DN » 

4 
\ 

Ce etn An cron kr cis! 
Ag alen ) 

and for the caleulation of ¢ from the diminution of the vapour tension, - 

we applied the equation 
Ap N 
Leen OL. a a Bate 

Po Nn 

For exceedingly diluted solutions #G —= ip or 

Ap N n S it = her een 
Ps n 0 Nn 

or 
Ap S 
Sn ie 20 AEEA 
er Tia 

1) These Proc. Ill, Febr. 23 1901, p. 507. 
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For not very dilute solutions this is however no longer the case 

and as VAN LaAar’) found, for them the following relation holds: 

Pa S a %) 
log TE PAN th et ean e . . . ° . (5) 

jp ee | 

or 

Ap yen" S Jl 
zi + —|- A Vas A PP (3) 
Po 2 Po hd aa 1 

If therefore we wish to compare the results of non-diluted solutions, 

we can e.g. calculate instead of 7¢—=7p according to (1) and (2) the 

following values: 

or 

Ap Lf Lone AN maf]? Po Zie ” 

which theoretically must have exactly the same value. 

I have already shown before’), that the error committed by putting 

ig==ip instead of Jg= lp for not very dilute solutions, is not 

sensible before we reach the concentration + 1 gr. 

If we now compare the results obtained by RaouLr, JONRS, GETMAN 

and myself by means of the factor /, we get the following table: 

Ae ae Be Tae Fae IE 

Na Cl. 

I ,-JONES il ! 
Aoncentration |/g— RAOuLtT.| € IT, — SMITS. Concentration | 4G Gids | D 

0.05 1.94 1.80 | 1.96 

0.40 EROS pe AEN Ve 

0.50 1.85 4.904 | 4895 

4.00 1.86 4.931 | 4.80 

200 2.064 | 1.88 

3.00 |, 9 08. OS 
| | 

It is obvious that the second column is now qualitatively in 

concordance with the two following; also the factor / derived from 

the observations of Raourr, gives a minimum, but it is very faint, 

so faint, that it did not appear in the calculation of 7g (table IIT) *). 

1) Zeitschr. f. physik. Chem. 15, 457 (1894). 

2) These Proceedings IL, Febr. 23 1901 p. 512. 

3) This has already been shown by van LAAR in a somewhat different way. 

(Archives Teyler 8 (1903) ). 
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We see further that the differences between the third and the 

fourth column in this table are about as great as in table IV, so 

that it is sufficient to ealeulate 7g and 7p for a first investigation of 

the concordance of the results obtained by different methods. 

The investigation of NaNO,-solutions yielded the following result. 

At BL AVE 

Na NO 

en IE ET ~~ 

Concentration Dip aa Ws | ji i 
4 ‚ | PD. N Ps 

o a o I o | = TT Se in gr. mol. ik in mm. He | in mm. He | u Po 5 0.08316 

1000 gr. H,O of 0°. | of 0°. | 
| | 

| | 
0.0515 0.00718 | 0.143 | 4.79 

0.0901 0.01257 0.139 1.68 

0.3385 | (0.04578 04:352, 1.626 

0.8328 0.41042 0.41326 1 594 

2.8168 (0.33126 | 0.4176 | 1.414 

he 0544 | 0 46113 OMS TS | 1268 

| 
Is 0 79056 0.40807 | 1.300 

It follows from this table, that the factor 7 decreases continually 

with NaNQO,-solutions. 

Also Jones and Grtrman have observed the same course in their 

determinations of the freezing point, which follows from the following 

table. 

Ts AB ile HE CMT 

Na NO,. 

Molecular 
Concentration. | freezing point i 

depression 

0 05 3 440 1.85 

0.10 3 428 1 843 

0.20 3.345 1.798 

4.00 3.198 hey ks) 

2.00 3.074 1.653 

3.00” lr 93969 | A L508 
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3. The minimum in 7 may be brought about by the formation 

of hydrates in solution. I showed already before"), how great the 

influence can be, which the formation of hydrates in solution can 

exert on the course of the factor 7, specially with regard to not 

very dilute solutions. 
For very small concentrations, however, the number of water 

molecules is so predominant, that the number of molecules withdrawn 

from the solution, practically does not bring about any change in 

the molecular concentration. Towards higher concentrations the in- 

crease of the molecular concentration in consequence of the forma- 

tion of hydrates augments continually, and so it may be assumed, 

that for a certain concentration it has increased so much, that it has 

become equal to the diminution of the molecular concentration in 

consequence of the retrogression of the electrolytic dissociation. If this 

is the case, 7 has reached its smallest value, and will increase 

towards higher concentration, because the influence of the formation 

of hydrates prevails more and more over the retrogression of the 

electrolytic dissociation. 
Besides the above mentioned formation of hydrates, we may gene- 

rally assume auto-complex-formation and hydrolysis, so that probably 

many electrolytes form a system so intricate, that some time will 

probably elapse before the desired insight into it will be acquired. 

Referring here to salts of strong bases and acids I could leave hydrolysis 

out of account. The auto-complex-formation has not been discussed, 

because it brings about a diminution of the molecular concentration, 

and was therefore of no use for the explanation of the phenomenon. 

4. Finally I will call attention to the very remarkable fact, that 

solutions of NaNO,, which qualitatively behave in a very normal 

way, do not follow the dilution law of OstWaLb, whereas solutions 

of KNO, follow this law according to my measurements, and as the 

deviations for NaNO, solutions lie in this direction that A’ increases 

with the concentration as is seen in the following table, this points 

to an influence as e.g. occurs for NaCl solutions, but in a much 

smaller degree *). 

1) Archiv. Néerl. (2) 1 (1897). 
2) That KNOs-solutions harmonize better with the theory than NaNOs-solutions 

is in accordance with the results of experiments made by Apeca and Bopranper 

(Zeitschr. f. anorg. Chem. 20, 453 (1899)), from which could be derived, that the 

tendency to complex-formation depends on the degree of the tendency to ionisation, 

which latter tendency is indicated by the tendency of dissociation, The greater 
the tendency to ionisation the smaller the tendency to complex-formation. According 

to Wirsmore (Zeitschr. f. physik. Chem. 35, 318 (1900)) the tension of disso- 

ciation is for K=3.20 and for Na = 2.82, from which would follow, that kalium 

salts have a slighter tendency to complex-formation than natrium salts. 
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PASE EE 

Na NO. 

VI. 

From the determinations of the vapour tension at 0° 
with Lord RAYLEIGH’s manometer. 

Degree of | 22 
Concentration. Een | I= Ta 

0.0515 0.72 0.09 
0.0901 0.68 0.16 

0 3585 0.63 | OND 

0. 8328 | 0.59 | 0.72 
ee 

eon the Ee of the Wine point at a 100°, 

0 0462 

0 .O852 

0.4448 

0.8630 

| 0.33 
| 0.84 

| 0.72 
| ONT 

0.19 

0.28 

0.76 

|W) 

PAB iN 
ln 
KNO: 

From the determinations of the vapour tension at 0° with the 
aniline-water-manometer. 

VERE 

Deane of | , y2 
Concentration dissociation | fot eae 

| = Á 
g 

LT ee 

0.0400 0.81 0.441) 

0.1450 0.58 0.12 

0.5997 0.39 O5 

0. 9288 | 0 304 | 0.12 
| | ze 

average 0.43 
| 
I | 

From ae Ee of the boiling peat at ae 1009, 

0.4000 | 0.91 0.522) 

0.490 | 074 1.05 

0.7486 | 0 67 1.02 

0.9981 | 0.651 1,21 

| average 1.05 

1) We must not attach too much importance to the absolute value of K, as a 

slight error in the sensibility of the manometer appears in K greatly magnified. 

2) By this method we cannot make use of more diluted solutions to test the 

dilution-law, as the error of the observation has too much influence then. For the 

concentration 0.1 gr. mol. per 1000 gr. HO this influence is already fairly strong. 

If e.g. for this concentration we had found a rise of the boiling point of 0.1° 

instead of 0.099°, we should have =U) ay sme) Jk ll Le 
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It is remarkable that the law of dilution proves to apply here 

up to fairly high concentrations. It would therefore be interesting 

to carry on the series towards higher concentrations to see where 

the deviations begin to appear. 

That the freezing point method is inferior to the vapour tension 

method and the boiling point method with a view to accuracy 

follows also from the fact, that no constant values for K can be 

valculated from the observations of Loomis, Jones and GETMAN, as 

appears from the following table. 

tO B DE 

KNO,. 
From the determinations of the freezing point. 

| Debs of | a u? 
Concentration. dissociation | Cate 

z 

0.05 0.83 0.24 © 

0.10 0.78 0.28 f Loomis 1). 

0.20 0.71 0.35 

0.40 0.69 0.78 | 

0.50 0.65 0.61 ; JONES and GETMAN. 

1.00 0.47 0.41 

The fact, however, that Briitz?) obtained concordant results for 

solutions of caesium nitrate by means of the freezing point method 
justifies the hope, that when the experiments are made very carefully, 

also by this method the law of dilution will prove to hold for 

KNO,-solutions. 

I have agreed with Dr. Binrz that he will examine the behaviour 

of chlorates, perchlorates and permanganates with regard to the law 

of dilution and I shall investigate the nitrates. 

The above salts manifest little tendency for complex formation and 

are therefore the most suitable material for the above mentioned 

purpose. 

Febr. 1904, Amsterdam. 

Chemical Laboratory of the University. 

1) Phys. Rev. 3, 279 (1896). 

2) loc. cit. 
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Physics. — “On the measurement of very low temperatures. VI. 

Improvements of the protected thermoelements; a battery of 
standard-thermoelements and its use for thermoelectric deter- 

minations of temperature.’. By H. KAMERLING Onnes and 
C. A. CROMMELIN. 

(Communicated in the meeting of November 28, 1903). 

§ 1. Improvements of the protected thermoelements. Comm, N°. 27 

IL (June ’96) contains a deseription of the apparatus with which at 

that time the thermoelectric determinations of temperature were 

made. The measurements for the sake of which these determinations 

were made are not yet closed, because they have been repeated with 
constantly improved arrangements. In the mean time the thermo- 

electric determination of temperature itself has been improved. The 

experiments of Mr. HorrMANN ') have offered an opportunity for 

remarks about some of these improvements. Yet up to now a com- 

plete description of the modifications made since the appearance of 

Comm. N°. 27 has been deferred. It is now given in the following 

paper. 
Besides the “protected” (comp. Comm. N°. 27) observation-elements 

we still use protected comparison- or standard-elements. We have also 

retained the construction of both the observation-elements and the 

comparison- or standard-elements, so that the two “limbs” (the 

junctures with their protecting-tubes) can be immersed into steam, 

ice or into some liquetied gas or other to test whether the element 

is free of current with equal temperatures of the junctures. 

For the observation-element we avail ourselves of a combination of 

constantin and steel to obtain a considerable electromotive force. We 

found for it with constantin wire furnished by Hartmann and Braun 

46 microvolts per degree (0°C.—+100°C.) Kiunmencic and CzerMak*) 

give for constantin-iron 51, Crova*) 63, van Avuprn and Parrot) 47, 

H. Rupens®) 53, HorBorN and Wien‘) 56, Kreiner ‘) 58, Fucus *) De 

1) Bakuuis RoozeBoom. Proc. Vol. 5, p. 283, 1902. 

HorLMANN. Zeitschr. f. Phys. Chem. Bd. 43. 2. p. 129. 1908. 

2) Krementig and Czermax, Wied. Ann. Bd. 50, p. 174. 1893. 

BrA. Crova, C. Re 125, p) S04. 1897 
') Van Aupet and Pamsot, Arch. d. Se. phys. et nat. Genève Per. 3 T. 33. 

p. 148. 1895. 
5) H. Rupens, Zeitschr. f. Instrk. Bd. 18 p. 65. 1898. 

6) HorBorN and Wren, Wied. Ann. Bd. 59, p. 213. 1896. 

7) Kremer, Arch. d. Sc. phys. et nat. Genève. Per. 3. T. 32. p. 280. 

4) Fucus, Ueber das thermo-electrische Verhalten einiger Nickel-Kupfer-Legier- 

ungen, Graz, 1893. 
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Constantin and steel appeared to satisfy the requirements for thermo- 

elements laid down in Comm. N°. 27. We succeeded in finding 

wires of which, after they had been treated as described in Comm. 

N°. 27, the potential-differences at a temperature difference of 100° C. 

amount to no more than 0.5 microvolt alone the whole wire and at 

the extremities over a length from 50 to 60 em. no more than 

0.05 microvolt '). 

In order to be able to test whether the element is free of current 

a steel wire has been soldered on to each of the ends of the wire. 

The junctures of the two steel wires with the copper leads are kept 
at an equal constant temperature viz. O° C. Each of these protected 

junctures constantly kept at O° C. has its own ice-pot which is mounted 

insulated from the others (See fig. 1 Pl. I and compare with this 
ied tande OL) Pll. Comm, N27) 

As to the principal features the arrangement of the limbs like 

that of the whole element has remained the same as in Comm. N°. 27. 

The constantin wire, which like the German-silver wire might easily 

be bent in sharp curves and then show disturbing electromotive forces, 

is again protected by a thiekwalled indiarubber tube connected 

hermetically with the glass protecting-tubes of the limbs. Owine to 

its elasticity the steel wire did not require this protection; a layer 

of shellac protects it from rust (for a better protection of this layer 

it may also be coated with a thinwalled indiarubber tube). 

In the limb constantin-steel the constantin-wire (1 mm. thick, 0.25 

2 resistance per m.) is enclosed in the inner glass tube (see fig. 2 

Pl. I and comp. fig. 4 Pl. IIT Comm. N°. 27), the steel wire goes 

straight between the inner and the outer tube (see fig. 2 Pl. I and 

comp. fig. 4 Pl. II of Comm. N°. 27). Owing to the small condue- 

tivity it was pot necessary to wind the steel wire round the inner 
tube (see fig. 4 Pl. Il] of Comm. N°. 27). For the limbs which are 
always immersed in ice, a firm outer protecting-tube is very desirable 

with a view to the circumstance that the ice must repeatedly be 

packed together. Kach ice-pot is enclosed in a protecting cone-shaped 

piece of paste-board soaked in oil of which the lower rim stands in 
in the water on its dish, thus forming an air-jacket round the ice-pot 
which is closed at the bottom; yet in warm weather it is advisable 
to ‘pack the ice every five minutes. 

Although to simplify the construction of the elements we have 

) The defects which were avoided in the treatment described in Comm. N°. 27, 
have later been detected in thermoelements of the Phys. Techn. Reichsanstalt. 
There the treatment considered has also been applied in following cases. (Cf. 
Zeitschr, f. Instrk. Bd. 19. p. 249, 1899). 
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used tubes with two openings (see fig. 6 Pl. I) through which the 

two wires of the element are drawn, yet in many of these tubes 

tensions appeared, which proved an impediment to their being 

operated upon. 

Formerly it was very difficult to make a connection between the 

copperblock (for the meaning of this cf. Comm. N°.27) and the protecting- 

tube, which connection should not only be airtight, but which also 

must allow of being placed into steam and at low temperatures into 

different kinds of liquids. This difficulty has been entirely overcome. 

In N°’. 27 we have spoken of our intention to try, following the method 

of Caititerrt, and solder the copper block on to glass which to this 

end had been platinized. In this we succeeded to perfection. The 

glass tube is platinized at the end with platinum-chloride in the blow- 

pipe while care must be taken that it remains perfectly cylindrical, 

then it is coppered galvanically and tinned over an alcohol flame. 

Then the thin upright rim turned on to the block, which is also 

tinned and carefully cleaned, is pushed round the end after which 

they are soldered together by means of resin as a flux. Then the 

cap, the juncture seam and the tinned glass together are galva- 

nically platinized and gilt. In this manner an important improvement 

has been obtained. The indiarubber protecting-ring which made the 

limb much thicker is removed, the fit is perfectly tight and permanent, 

the limb may be fastened into almost any apparatus and be immersed 

into any liquid without the least fear of action on the wires or of 

shunt-circuits anywhere between the two wires. 

Platinizing and gilding are not always necessary. The thermo- 

element used in the experiments of HOLLMANN le. was only tinned, 

as acetaldehyd does not attack tin. If for one reason or other we 

do not wish to bring the protected thermoelements into direct contact 

with a liquid with strong chemical action in which it is immersed, 

they are enclosed in a separate protecting-tube (see figs. 3 and 4, 

Pl. I) terminating in a thinwalled copper cap soldered on to it in 

the way as described above, into which the block of the thermo- 

element fits exactly, and which cap is covered galvanically with a 

suitable metal. This auxiliary means was for instance used here 

in determinations of melting-points of mixtures of chloride and 

sulphur by Mr. Amex. Between the limb of the thermoelement and 

the protecting-tube provided with a platinized and gilt cap, a little 

pentane was poured to fill up the space. 

In addition to the description of Comm. N°. 27 we remark that 

the airtight connection of the outer glass protecting-tubes with the 

indiarubber protecting-tube has been made by means of indiarubber 
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foil and indiarubber solution in one of the ways represented in 
figs. 2, 3 and 5. 

For the filling of the tubes we can recommend in general dry 

hydrogen. 

§ 2. Battery of standard-thermoelements. At the end of Comm. N°. 27 
it was remarked that the comparison-thermoelement itself with 

junctures placed in ice and steam, the electromotive force of the obser- 

vation-element being expressed in terms of that of the comparison- 

thermoelement, could be used as a standard. One of the junctures 

is easily kept at O° C. when the precautions are taken described in 

Comm. N°. 27 and in this paper $1. As to the other which is placed 

in steam we must make sure that in the boiling-apparatus described 

in Comm. N°. 27 the water vapour flows out at a steady rate and we 

must apply the small correction for the variation of the boiling-point 

with the barometric height in order to easily reduce the electromotive 

force to that which would be obtained if this juncture were kept 

precisely at 100° C. If the metals do not undergo a secular variation, 

we always have at our disposal a constant electromotive force 

(although it cannot be reproduced with certainty independent of the 

special apparatus) which is very appropriate for the calibration of 

sensitive galvanometers in general, and has moreover the advantage 

in thermoelectric determinations of temperature that it belongs to the 

same size as the electromotive force to be measured. 

It seems that this idea has later been developed by the Phys. 

Techn. Reichsanstalt *). 
At the time of Comm. N°. 27 (June °96) the comparison thermo- 

element was compared at intervals with a standard-element (then 

CrarkK’s). On the whole it satisfied the requirements better than the 

Crark-cell, which had to be replaced repeatedly, while owing to the 

improvements of the protection of thermoelements we had obtained 

comparison-thermoelements which could serve unaltered for indefinite 

time. The favourable experiences made with the German-silver- 

copper-element in Comm. N°. 27 led us to replace the single comparison- 

or standard-thermoelement by a battery of 3 standard-thermoelements 

each with its own boiling-apparatus and its own ice-pot, which are 

mounted insulated. Two of those elements ?, and P, are made of con- 

stantin-steel, the third Q, is the afore-mentioned German silver-copper- 

element with a 3 times smaller electromotive force than that of P, or P,. 

1) Vgl. Zeitschr. f. Instrk. Bd. 17, p. 174, 1897. 
Idem Bd. 18, p. 183, 1898. 

Idem Bd. 22, p. 149, 1902. 

Idem Bd. 23, p. 174, 1903. 
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By means of an elements-switch of which the arrangement may be 

seen without further description from Pl. I fig. 7 and PI. II, we 

can switch the single elements or combinations of them in series or 

in opposition and obtain electromotive forces in the ratios of 

1, 2, 3, 4, 5, 6, 7 which by the central commutator of the elements- 

‘switch are connected to the galvanometer wires G in a positive or 

negative sense. The elements-switch has been made of galvanoplastic 

copper (mounted on ebonite) and packed in a case with cottonwool 

so that there electromotive forces are excluded. 

The electromotive forces mentioned cover at intervals of about 

30 degs more than the whole range of temperatures below 0° C. 

Therefore in the measurement of a temperature we can each time 

use a very near combination of standard-thermoelements for comparison. 

§ 3. Determinations of the electromotive forces of the observation- 

element. In Comm. N°. 27 the observation- and the comparison- 

element were compared by means of the deflections which they 

produced successively on the same galvanometer. This deflection- 

method must always be applied whenever the determinations must 

be made quickly. For these determinations of the deflection the 

string-galvanometer of ErNrHoveN *) which owing to its sensibility 

and independence of magnetic disturbances would for the rest be 

probably also very suitable for thermoelectric determinations, would 

have the advantage above other galvanometers that the indications 

are instantaneous. An opportunity to test this instrument has not 

yet presented itself. 

In determinations, however, where we especially want to observe 

fluctuations of the electromotive force about an almost constant value 

a compensation-method offers large advantages. Jn order to avail 

ourselves of the advantages offered by the circumstance that the 

electromotive forces to be compared are approximately equal, the 

switching in opposition of the observation- and the comparison- 

element was rendered possible in Comm. N°. 27, where the battery 
of the standard-elements of the nearest electromotive force would 

then be used. To the arrangement of Comm. N°. 27 for measure- 

ments of deflections an arrangement has been added which allows 

of a determination of the electromotive force of the observation- 

element at perfect compensation by means of a zero-method. Thus 

the comparison of the standard-element with the Crark-cell of the 

arrangements of Comm. N°. 27 by means of the deflection-method 

is left out. In this case the element must give a very small but 

1) Proc. 1903—1904 p. 107. 
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perceptible current while its resistance, owing to the variations 

which it undergoes, must always be determined separately. The 

connections which instead of this are added to that of Comm. N°. 27 
are in principle the potentiometer-arrangement and have been drawn 

diagrammatically in the annexed figure *). 

a CHa Oe Weston batt 

A | SB 5, 

In the cireuit of an accumulator (with a negligible resistance) 

three resistance-boxes A, R,, PR, and a fixed resistance R’ are 

introduced, of which the first serves to regulate the resistance in 

the whole cireuit, the second and third serve as shunts for two 

circuits A and B in which the observation-element and the battery 
of comparison-elements are inserted, while the third, a resistance 

of 8000 2 tested at the Phys. Techn. Reichsanstalt serves as a 

shunt for the circuit C, in which is inserted a battery of Weston- 

elements. These side circuits may be connected to the galvanometer, 

each by means of its own commutator with mercury contacts (as 

described in Comm. N°. 27 see pl. V) and be commutated in order to 

read in how far we have attained the desired zero-adjustment by 
regulation of the different resistances and to apply a correction for 

the deflection which might have remained. 

The principal resistance-boxes are adjusted by means of plugs like 

the auxiliary boxes arranged in parallel for the finer adjustment. 

This is preferable to an adjustment with a slide-wire where also 

small differences remain ®). As the R,, and &, are known approxi- 

mately beforehand, (with an adjustment at — 116°C. about 7290 @, 

40 2 and 40 2 respectively) the current given by the Weston- 

elements will always be very small. In order to make it still less 

1) Cf. for instance Jarcer, Die Normalelemente, p. 100. 
Dewar and Fremine, Phil. Mag. (5), 40, 95. 1895. 

*) Cf. Lenretpt, Phil. Mag. Ser. 6 Vol. 5. p. 668. 1903. 

43 

Proceedings Royal Acad. Amsterdam. Vol. VI. 
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disadvantageous five of those elements, in order to obtain an 

equal distribution of the current each with a series-resistance of 

5000 2, are connected parallel to each other. Finally, when the 
adjustment is obtained, the battery which has served in the regulation 

is replaced by altering a plug in the commutator, by a battery 

arranged in the same way, which serves for the measurements. 

The peculiarity of this arrangement is that we can make imme- 

diately after each other all the readings required for the measurements 

by handling the commutator-boards (comp. successively Pl. V Comm. 

N°. 27) and without making other contacts than those of mercury ; this 

would be impossible without the commutators and the current-rever- 

sers with mercury-contacts. This again reveals the great advantages 

which these apparatus offer for similar measurements. It seems, 
however, that little attention has been paid to them. 

The whole arrangement with 6 current-reversers 1, 2, 3, 4, 5, 6 

and 4 commutators A, B, C, D for both deflection- and zero-method 

as it has become now may be easily seen on Pl. II. The eurrent- 

reversers and commutators with mercury-contacts have been indicated 

by three and four parallel lines respectively. 

1 serves to connect one of the two galvanometers, that of Harr- 

MANN and Braun, described in Comm. N°. 27 or a magnetically 

protected galvanometer of Du Bois and RuBexs. 

2 and 4 to switch the galvanometer on to one of the three 

branches A, B, C, 

3 to switch the battery of comparison-elements on to the branch 

A or on to B, 

5 to introduce the observation-element and the comparison-battery 

separately or in series or in opposition (cf. 3), 

6 to introduce either the observation-element or the comparison- 

elements. 

A, B and C make and reverse the connection of the three circuits 

with the galvanometer, D reverses the accumulator. The commutators 

and the current-reversers, like the We…sror-battery have been packed 

in cottonwool, placed together in large cases. Only the tubes where 

the contact of the mereury is made by handling the commutator- 

board (see Pl. V Comm. N°. 27) project beyond it. 



H. KAMERLINGH ONNES protected thermoelements; a battery 
of standard-ther 

fig. 6. 

CD 

0 ro 
| 

ee ere 

| 

| 
_ Proceedings Royal Acad. 

Plate I. 

IK ® 
yy pS Lp 

KO 
ao a7 10 VS 

(heey EN pe fhe | [Pfu lle Jem neal aga 



H. KAMERLINGH ONNES and C. A. CROMMELIN: “On the measurement of very low temperatures. VI. Improvements of the protected thermoelements; a battery 
4 of standard-thermoelements and its use for thermo-electric determinations of temperature.” 

Plate I. 

SSUES 

ODO 

Kal S 10 TS 20 

eee ee 

Proceedings Royal Acad. Amsterdam. Vol. VI. 



H. KAMERLINGH ONNES and C. A. CROMMELIN: “On the measurement of very low tempera- 

tures. V. Improvements of the protected thermoelements; a battery of standard-thermoelements 

and its use for thermo-electric determinations of temperature.” 

Plate II. 

~ C 
~ 

Weston batt. 

a 

; (/) 

ue 

ia 

Proceedings Royal Acad. Amsterdam. Vol. VI. 



es n 7 
7 7 , - al nm En 

i 4 . Md = _ we ! a ; 

| s tee) “ss ee 7 nn 

ee 
] a : esi h ee, 7 

mit wot voor To Arbrlerondnar Sb a” WELKTNIROSE) A hie é UN 

wlj ons UNba foe th pellet i daer slkormodt helretery gut Je Lain 

a! “eed evans lo ‘aaordaunisvertoh oarder 

Lin regent” 

=~. Yo fav cmifotiaed fiers, bend) ae 
Ws 



( 649 ) 

Physics. — “Contributions to the knowledge of van per Waats’ 
w-surface. VIN. The y-surface in the neighbourhood of a 
binary mixture which behaves as a pure substance.” By Dr. J. E. 
VERSCHAFFELT. Supplement n°. 7 to the Communications from 
the Physical Laboratory at Leiden by Prof. H. Kamernincu 
ONNES. 

(Communicated in the meeting of October 81, 1903). 

General part. 

Distillation of a mixture without its composition being altered, 
and reversely also condensation of a mixture by decrease of volume, 

without variation of pressure, quite as a pure substance, can only 
occur at one special temperature. Experiments of KurNeN') have 

shown for the first time that this phenomenon may be observed in 

the neighbourhood of the plaitpoint of the mixture; this circumstance 
has been theoretically investigated and explained by van per W aars °). 

If a mixture behaves as a pure substance just at the plaitpoint 

temperature the critical point of the homogeneous mixture, the critical 

point of contact and the plaitpoint coincide at a same point which 

may therefore properly be called the critical point of the special 

mixture and of which 1 shall represent the elements, as for a simple 
substance, by 7%, pz and vj. 

Then according to vaN per Waats*) we have at the plaitpoint 

Ow 

at the same temperature must intersect in pairs, so that the system 

of isothermals of the mixtures at the critical temperature of the 

special mixture must agree with fig. 16 of my paper in these Proc. 

Oct. 25 1902 p. 345. In the annexed figure a similar system of 

isothermals is drawn according to observations of Quint‘) with 
mixtures of hydrochloric acid and ethane. 

Although the special mixture behaves as a simple substance at the 

critical point, yet it does not follow from this that its border curve 

on the p, v, t diagram may be found in the same way as for a 

simple substance, i. e. by making use of the theorem of Maxwerr- 

Ciausius. For just below the critical temperature the pressure no 

longer remains unchanged during the condensation and the expe- 

rimental isothermal is no longer perfectly parallel with the v-axis, 

1) Phil. Mag., 40, 173—194, 1895. Comm. phys. lab. Leiden, n°. 16. 

2) Arch. Neerl., 30, 266, 1896. 

5) Contin. Il p. 116. 

*) Thesis for the doctorate, Amsterdam 1900. 

0 ; ( a ) = 0. Hence the isothermals of two neighbouring mixtures 



though the variation of pressure is vanishingly small. Consequently 
the system of isothermals satisfies the law of corresponding states, 
but the border curve does not necessarily do so. Hence we shall 

see that for the border curve this is only the case to a first and 

a second approximation. 

The w-surface. I ‘shall represent by zp the composition of the 
mixture which behaves as a simple substance. In the neighbourhood 

of the critical point the system of isothermals of this mixture may be 

represented by the equations (2) and (2’) of my paper in these proc. 

Oct. 25 1902 p. 321; for the rest all the considerations of sections 2 and 

3 of the same paper are directly applicable, except that 2—7, must 

everywhere be substituted for z, and hence also z77— ex for #77. Thus 

we find back, for the system of isothermals of the mixtures at a 

temperature which differs little from 7, the equations (18) and (189), 

where x—x7, is vanishingly small, but not z and «7, separately ; 

ee rant OP 
from the circumstance that at the critical point (5) = 0, it alge 

e v Ov 

follows that m,, == 0; and because m,, = pxr@—k,, Ta we must have: 

3 Te 0 
Dy Vay Ve eee ne 
a Pr Òr Jr 

Finally we may remark that whereas in fig. 16 (l. c.) the dotted line 

which, agreeing with «<0, had no physical meaning, this line can 

really exist here, since «< a, may as well be imagined as 2 > a. 

The equation of the w-surface may now be written in this case: 

1 1 if 
W = — m, (v—vTE) — Fy m, (v—vTE)°— 5 m, v—eri) — Fi m? vor). 

+ RT a, (1—2z) Ee (ez) Zak ak NEE 
1.2 vp (1—a7)? 23 a,°(1—axz)* 

Bar —Sartl (rap)! 

a 3.4 ae(l—ay)i |T | (2) 

where again a linear function of # is omitted, while m,, = pr and 

further m,,, m,, and m,, may be put equal to zero. 

The border curve at a temperature T. In the same way as before *) 
I find, putting 

ve) =p 5 v,v;) — UTk = PD ] 

= (c,—2,) — S, beste) em =E , 
, £, ©, representing the molecular volumes and the molecular 

compositions of the coexisting phases, that 

nd 

1) These Proc. V, Oct. 25 1902, p, 330. 

md ab 
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1 PAN «48 AOT al 2 
1 Mi. 2m MoT zhu Ma, Dn gas Rea 

ID kek eel hi EE 4 

Ms, RES Sie 
ap (1-2) 

1m,,m,, 1 m?,, mso 

S ee Ms, 5m? 
ba] 3 
er SRT m et = EE (5) 

5 30 

= xy (l-e7) 

lm,,m i m 
pepe (maz - = Se Licey = =. 1). : : (6) 

a Ms, 5 m* so 

The relations (2) and (5) are the same as I have found before *) 

for the special case m,, =O, on the edge of the y-surface, while 

the expression for ® becomes the same when we put x, =O or 

x; = 1. I also find again for the border curve on the p,v diagram 

of the mixtures at the temperature 7’ to the first approximation the 

same parabola of the fourth degree: 

OER Vars, hart Wont nite 6 
DPI (m, — +. EE ce dl) 

Mi, o | mM > m 30 30 

The plaitpoint, i.e. the apex of this parabola, coincides to the 

first approximation with the point par, vrm tr According as the 

factor between brackets is positive or negative this parabola is turned 

upwards or downwards; in the first case the special mixture has a 

minimum vapour tension, in the second a maximum vapour tension. 

The isobars. If in equation (18) Le. p. 327 we consider # and v 

as two variable quantities depending on each other and p as a 

parameter, this equation represents the projection of the system 

of isobars on the .w, v-surface. If m,, were not zero this system 

would resemble a system of isothermals with the point vz, Urx 

1) Of all the coefficients m which occur here I have formerly given the expres- 

sions in the k’s and z and B, except of ms, for which the expression follows here: 

Mo, = B pk a= kay a (ep) Tr + kos Ti Fe ky, a (a—P) Uk Tyee a Ty 

or reduced: 

1 

— Pk [8 aig a (a—B) Por ain 9 a Pos == a (a—B8) Pit Poil- 

2) These Proc. V, Oct. 25, 1902, p. 329. 
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as critical point’). Here it consists, in the neighbourhood of that 

same point, in a double system of curves of hyperbolical shape, 

as may be seen in the annexed figure, separated by two curves, 

of which the equation is obtained by putting p= pr To the first 

approximation the system of isobars is represented by the equation 

Mog (4 BT) + m,, (eere) (vore) = p—pTer, - - (8) 

which represents hyperbolae, of which the one asymptote is: 

ate Ma 
EET = — — (ver) 

Moo 

while the second, «—a7,— 0, may be written to the second (9) 

approximation | 

Me 4 f 

LUT = — —— (v—v7,)* - 
m4 J 

The connodal line. In order to find the projection of the connodal 
line on the «x, v-surface we eliminate p—p7;, between the equation 

of the isobar and that of the border curve; we then find to the 

first approximation 

Me A 

tule ed ea eae Fee pee Seem 2) 
7 

11 

The critical point of contact, the apex of this hyperbola, coin- 

cides, like the plaitpoint, to the first approximation with the point 

LT, UTky PTk- 
The border curve for a mixture x. If in the equation (8) we con- 

sider x« as constant and 7, hence #7, and v7j as variable, and if 

finally we make use of the equation of state of the mixture 

(equation (13) Le. p. 325) to express 7’ in p and v, we obtain the 

1) The systems of isobars may then be written in the form: 

zn, + n, (v—vrTE) + 2, (v—vrz)? +.... 

where the 7’s are still functions of p, for instance: 

NM — Noo ae Nox (p—prTk) = Nos (p— pT.) 5 oho Fete 

If the n's are expressed in the m’s, we find: 

1 ns m,, 
Noo OT gk gs = cag, Pig ded eee eg ORN pees — 

Mor M o1 M 1 

2 
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border curve of the mixture « in the p, v, 7 diagram. To the first 

approximation its equation is: 

P—Pxk = — Etech) Xi, oy ee ee (11) 

as for a simple substance *). Hence to the first approximation the 

border curve satisfies the law of cor responding states. 

That the border curve, apart from the deviations existing already 

in pure substances does not altogether satisfy the law of correspon- 
ding states, has a double cause. It is not only for mixtures which 

differ little from the special mixture 2, that the experimental isother- 

mal shows a slight slope, but this is even the case for the mixture 

x, itself; only at the plaitpoint temperature it is perfectly horizontal 

so that already for the mixture a: the border curve must deviate 

from the law of corresponding states. If as before ') we develop the 
equation of the experimental isothermal : 

v—vT; — DP ae 

nae I—ZT; — & 

we find: 

Be bam Fant Wi. Et 

P—PTk =| ™,, — ; akon cas (eer) — 
Oe ae Je EDEN 

2 2 Lmget mp ee Kn cai, 
Mier an 4 2 9 mM In, 

— 8m = a RT ms, (v—v7p) (e—a«7,)? + . (12) 

LE xj{1—axz) 

and hence, for «= a, 

for of m,,M,, 1 eee) 

ENEN LEN (T- Ty)” 
p=prt+h,, (T-T7) 8m, 2 RT ma, (vv) ET + (13) 

ETT 
only for zj =—0 or 1, that is to say for the pure substances, the 
third term is left out and in the same way all the terms which 
contain v—vk. 

If now by elimination of 7—7) between the equation of state 
of the mixture a; (equation (2), l.c. p. 323) and the experimental 

isothermal (10), we search for the border curve for that special 
mixture, we see that the slope of the experimental isothermal only 

influences the third term — viz. with (v—v,;)* — in the development 

(11) of the border curve, so that this border curve only to a third 

approximation shows a deviation from the law of corresponding 

1) These Proc. V, Oct: 25, 1902, p. 336, 
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states. Also for a neighbouring mixture this deviation is only percep- 
tible in third approximation, while for mixtures with a small com- 

position, i.e. on the edge of the w-surface, it exists already in second 

approximation. 

The cause of this smaller deviation in mixtures near the special 

mixture must be looked for in the circumstance that those mixtures 

in all their qualities deviate only in second approximation from a 

single substance; thus we deduce from equation (11) that the critical 

points: plaitpoint, critical point of contact, critical point of the homo- 
geneous mixture and point of maximum coexistence pressure, differ 

only in second approximation, so that the four curves (in the space 

with p, v and 7’ as coordinates), which connect these critical points 
of all mixtures touch each other at the critical point of the special 

mixture, which in general is not the case at the two critical points 

of the pure components. 

Application to mixtures of hydrochloric acid and ethane. 

The experiments of KueNeN with mixtures of ethane and nitrous 

oxide, the first where the existence was shown of a mixture that 

in its critical phenomena agrees with a simple substance, does not 

allow us to form a complete image of the conduct of neighbouring 

mixtures. Besides, his investigations were only aimed at the discovery 

of the second kind of retrograde condensation, and the existence of 

that special mixture was a new discovery, and not the object of the 
investigation. Suitable data for our purpose are given by the measure- 

ments of Quint on mixtures of hydrochloric acid and ethane; accord- 

ing to Quint the composition of the mixture which behaves as a 

simple substance is vj = 0.44, i.e. 0.44 gram molecules ethane and 

0.56 gram molecules hydrogen chloride. Mixtures behaving as a 

pure substance have also been observed bij CavBer ') in his experi- 

ments with CH,Cl and SO,; as Cavuser however investigated only 
two mixtures of this binary system, his data are insufficient for 

our purpose. 

In order to proceed with the mixtures investigated by Qvinr in 

the way indicated by KAMERLINGH ONNES, we must determine in the 

first place the critical elements of the homogeneous mixture Pj, pan, Vrk- 

DV : y . 
Instead, however of drawing, the log pv, logv or T° log p diagrams 

it was sufficient, as in the case of my former investigations”) of the 

1) Liquéfaction des mélanges gazeux, Paris, 1900. 

2) Arch. Néerl., (2), 5, 644, 1900. 



mixtures of carbon dioxide and hydrogen to use the log p, log v 
diagrams, as I found that not only the logarithmical diagrams of 
the pure substances but also those of the four mixtures investigated 
could be made to coincide with the logarithmical diagram of carbon 
dioxide by shifting them parallel to each other. 

Unfortunately Quint made only few observations in the neigh- 
bourhood of the critical point, a circumstance which rendered this 
investigation rather difficult. For it is by means of those very parts 
situated in the neighbourhood of the point of inflection that the 

superimposing of the diagrams may be obtained in the most accurate 
way, While in the area of the larger volumes a shifting within rather 

wide limits does not cause a perceptible deviation of the superim- 
posed diagrams. Especially the want of observations in the neigh- 
bourhood of the critical point in the case of hydrochloric acid is to 
be regretted because the difference between the critical point given 
by Quit and that found by shifting is much larger than we should 
expect, the diagrams covering each other in a satisfactory way. The 
more so because, when for ethane and carbon dioxide the diagrams 

are made covering each other in the observed area the critical points 
too coincide. 

Here follow the values found, for the different mixtures, as ele- 
ments of the critical point of the homogeneous mixture: 

z= (pure HCl) 0 1318 0 ,4035 0 ,6167 0,741 (1 pure CHJ 

n= 499,5 30,0 26°,4 258 

Pek = Tt srate. 655 58 „6 DDI 

Dik = 0 „00429 0 ,00199 0 „00543 0 ,00570 

tepl = Suk 43° 1 30°,53 Peers 5) 21°31 310,88 

Papl = 84 13 atm. 77 ,54 65 42 54 „30 56 „84 48 94 

Dipl = 0 „00380 0 „00420 0 „00471 0 „00540 5 „00576 0 „00652 

= 3 48 3 „46 3 45 | 0 45 3,50 

In order to make a comparison I have written in this table the 
plaitpoint elements of the mixtures as observed by Quint, and in 

: : RT 
the last line the values of the expression C, == — — which here 

Pak Vak 
are about the same for all the mixtures, especially in the neigh- 
bourhood of the special mixture. By means of Quint’s data we find 
however, for HCl, the much larger number C, = 3,71; this deviation 
evidently must be brought in connection with the other one I mentioned 
before. 
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If we draw the ¢,, and ¢,,; as ordinates and wx as abscis we obtain 

two curves which obviously touch each other at one point; it is 

difficult, however, to define this point of contact precisely. If the 

same is done with p‚p and pz»), the determination of the point of 

contact of the two curves is even less certain, owing to the circum- 

stance that, according to the table above, for x = 0,4035 = par > pzpl, 

which surely follows from the inaccuracy of the method. And the 

deduction of this point of contact from a graphical representation 

of the vz and »,/ is quite impossible because these volumes are 

known by no means with sufficient accuracy. 

Therefore it seems to me that the best method is that of Quint 

who deduced the composition of the special mixture from the shape 

of the plaitpoint curve by searching on this curve the point where 

the bordercurve, which terminates at that point, touches the plaitpoint 

curve. That point may be determined fairly accurately: we find 

for its coordinates tj, = 29°,0 and vj = 63,8 atms., whence again 

x, = 0,44 and vj, = 0,00500. 

By means of the graphical representations of the ¢,,, pop and voz 

; aT ox Woz 
I find in the neighbourhood of zj = 0,44, EN 2 et 

dx dx 

AV ok: 
and —“ — 0,0020; hence a = — 0,07 @ = —0,50 and y=0,40, « 

AL 

that the relations y= a — @ in B — 7,3 are confirmed in a satisfac- 
a 

tory way. 

By means of Quint’s observations, by inter- or extrapolation, partly 

also by using the law of corresponding states and the values of 

tek, Pels Vork found above, I have drawn the isothermals for the 6 

x-values considered, at the critical temperature 29°.0 C. of the special 

mixture a — 0.44. Those isothermals are represented in the annexed 

figure, which thus shows the p-v-diagram of the mixtures at the 

temperature 29°.0 C. The dot-dash line is the critical = 0.44 with 

the critical point in C. The isothermal «= 0.40 is a dash line in 

the unstable part; owing to their small curvature the experimental 
isothermals are represented by straight lines. The border curve is 

a complete line like the observable parts of the isothermals. 
Under the p,v-diagram I have represented the projection on the 

v, a-surface. The critical isobar (63.8 atms.) is represented by a dot- 

dash line; some other isobars are drawn, like the projection of the 

connodal line (also projection of the afore-mentioned border curve), 

while the isobars in the unstable part, i.e. within the projection, are 

dotted. The temperature 29° being lower than the critical temperature 
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of pure ethane (31°.88), the connodal line consists of another part, 
which I have not drawn, however, in order not to make the figure 

uselessly intricate. This second piece should have its apex, the critical 

point of contact, at about zz == 0.92, and wy, == 0063, and would 

intersect the axis v—=1 at v == 0.00472 and v= 0.01031. 

To this second piece of the connodal a second border curve cor- 

responds which would begin at a height p = 46.1 (maximum tension 

of ethane at 29°.0 C.) and terminate at the plaitpoint p7,, = 51.2, 

vT,| = 9.0063. But this border curve too I have omitted like the 

isothermal of pure ethane. 

At the lower part of the figure it may be seen that the isobars 

in the neighbourhood of the critical point C, indeed to the first 

approximation, are hyperbolae of which one of the asymptotes, which 

agree with the critical pressure, is parallel to the v-axis, the other 

cuts this axis at a given angle. To the second approximation the 

first asymptote is a parabola which coincides with the projection of 
the connodal line. 

It were useless to investigate whether indeed the border curve is 

of the fourth degree and the connodol of the second degree; for this 

the data are not numerous enough and the drawing not sufficiently 

accurate. But it is obvious why the border curve should be of a 

higher order than the connodal. The p, v, x-surface, of which the 

projections on the surfaces p,v and z,v are shown in the fig., is in 

the neighbourhood of the critical point a saddle-shaped surface, which 

at the upper part of the figure is seen parallel to the tangent surface 

at the point C. The isothermals of the mixtures «= 0, «— 0.14 

and «= 0.40 are situated on the slope turned towards us; the latter 

over a fairly extensive range (of large volumes to about «— 0.006) 

forms nearly the border of the surface; the critical isothermal lies 

just beyond that border, but becomes visible at C and remains visible 

for small volumes. The isothermals «= 0.62, # == 0.71 and r —=1 

occur on the back of the p,v, z-surface, yet for small volumes they 
become visible. The parabola: 

Pae A 
EP DES (v—v7Tx)’; 

which envelops the isothermals in the neighbourhood of the point C 

(le. p. 344 and fig. 16) is the apparent outline of the surface in 

that neighbourhood. 

The lower part of the figure represent the surface seen from above; 

the isobars are there level-curves. The critical isobar forms a loop 
which agrees with the described shape of the surface. A section of 

a horizontal surface situated a little higher consists of two pieces, 
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of which one, lying within the loop is closed. Within the loop 
therefore, the surface shows an elevation of which the top almost 

agrees with «= 0.40, v= 0.06, p—63.9. For higher horizontal 

surfaces the section consists of one branch only. For horizontal 
surfaces corresponding to p< 63.8 atm.. the sections also consist in 
one branch which surrounds the critical loop. 

From «=O the bordercurve occurs on the front of the pv, &- 

surface, but reaches the border almost at the volume 0.008, then 

occurs on the back where it remains until the point C, and returns 
to the front. At the point C the osculation plane to the border 

curve, at the same time the tangent plane to the surface, is horizontal; 

the projection on the ,v-plane shows the border curve more and 
more in its true shape the more we approach the point C; whereas 
in the upper projection that border curve is seen more and more in 

an oblique direction and finally in a tangent one, so that it must 

appear flattened, which accounts for the higher order of the border 
curve in that projection. 

(March 23, 1904). 
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The following papers were read: 

Chemistry. — “The Nitration of Benzene Fluoride” By Prot. 

A. F.-HorLLEMAN. 

(Communicated in the meeting of February 27, 1904). 

Dr. BEEKMAN who made some communications in his dissertation 

as to the above nitration came, although his experiments remained 

unfinished, to the conclusion that in this case the isomeric mono- 

nitrocompounds are formed in quite a different proportion as in the 

nitration of the other halogen benzenes. As it appeared to me very 

+4 
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important to further confirm this statement and as Dr. BEEKMAN could 

not undertake this himself, I have studied this subject once more 

and now communicate the results obtained. 

The difficulty which presented itself was that we were unable to 

obtain benzene orthonitrofluoride so that it was impossible to apply 

the methods which, in the case of the products of nitration of the 

other halogen benzenes, lead to the knowledge of the proportion in 

which the isomers are formed. Two observations by Dr. BEEKMAN 

furnished us, however, with a key to find the said proportion. These 

were: 1. the very ready transformation of benzene p-nitrofluoride 

with sodium methoxide into the corresponding anisol; 2. the further 

nitration of the benzene orthonitrofluoride present in the nitrating 

mixture to benzene dinitrofluoride (Fl: NO, :NO,=1:2:4) which 

compound has been obtained by Dr. BEEKMAN in a pure condition. 

I convinced myself in the first place of the quantitative course of 

the transformation of benzene p-nitrofluoride with NaOCH,. 

1.8347 grams of p-NO, C, Hy. Fl= 13.01 millimols. were dissolved in a very 

little pure methyl alcohol, an equivalent quantity of sodium metoxide dis- 

solved in methyl alcohol to the concentration of 0.75 normal was added 

and the mixture was heated in a reflux apparatus for fully one hour in 

the boiling waterbath. The liquid still possessed a faint alkaline reaction 

but became neutral on our adding a trace of dilute acetic acid. On pouring it 

into water a very beautiful white mass was precipitated which was drained 

and then air-dried. Without being recrystallised it exhibited a melting 

point of 52—53°, showing it to be pure p-nitranisol. 

On the other hand in this dilution benzene metanitrofluoride is 

but very little affected by treatment with sodium methoxide for one 
hour in the boiling waterbath : 

1.0842 grams m-NO, C, Hy, Fl=7.7 millimols. were mixed with 10c.c. of 

N/}.29; NaOCHs this being the equivalent quantity. After being diluted with 

water, the liquid was titrated back with 7.50 cc, of m acid, theory requiring 

7.7cc. Only 0.2 millimols of the compound had therefore, been decomposed, 

or 2.60/, of the total amount. 

This renders it possible to quantitatively determine the amount of 

benzene p- and m-nitrofluoride in a mixture of the two compounds 

as shown by the following experiments : 

a. 1.1040 grams = 7.83 millimols. of a mixture of 89°/, of the para and 
11°/, of the meta compound were mixed with 10.1 cc. of #/1.59; sodium 

methoxide and heated in a reflux apparatus for one hour in the boiling water- 

bath, After being poured into water the liquid was titrated back with 0.8 cc, 
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of » acid corresponding with 0.82 millimols of meta if we apply the correc- 

tion of 2.69, for the meta compound attacked. 0.82 millimols = 10.5°/, 

of the meta compound. 

hb. 1.1250 grams = 7.98 millimols. of the said mixture were treated in 

an analogous manner with the equivalent quantity (16.9 ec) of »/2.3 

sodium methoxide. The liquid was then titrated back with 0.85 cc. of » acid, 

corresponding, after applying the correction, with 0.87 millimols. of the meta 

compound, or 10.9°/). Taking the mean of these two experiments we find 

10.7 °/, of the meta-compound. 

Dr. Berkman had observed that benzene dinitrofluoride (Fl: NO, : 

NO, =1:2:4) is converted at 15° in a few minutes into the corre- 

sponding anisol by the action of sodium methoxide. This cireum- 

stance might be taken advantage of for the quantitative determination 

of this dinitro compound in the presence of benzene p-nitrofluoride 

if the latter should suffer no change. This was, indeed, the case: 

1.0035 grams of the pura compound were treated at 15° for 5 minutes 

with 9.53 ce. of /;-9, = 5 cc. n sodium methoxide. After being poured into 
~ 

water the liquid was titrated back with 5 cs. of m acid. 

A mixture of the two gave the following result: 

1.1680 grams of a mixture containing 10.9°/, of the dinitro compound were 

digested at 15° for 5 minutes with 17.6 c.c. of 7/24. Na OCHs. The liquid 

was then titrated back with 7.6 cc. of m acid; there was, therefore, present 
ed 

17.6 
a quantity of dinitro compound of EON 7.6 = 0.7 millimols , or 0.1302 gram 

corresponding with 11.1 °/) of the dinitro compound. 

The above observations rendered it possible to quantitatively deter- 

mine any benzene di- or metanitrofluoride eventually present in a 

nitration product of benzene fluoride. In order to determine the 

benzene orthonitrofluoride contained therein, I converted this into the 

dinitrocompound by renewed treatment of the nitration product with 

concentrated nitric acid. Dr. BeeKMAN had found that a further nitra- 

tion took place (as shown by the increased sp. gr.) when the said 

product was treated for half an hour at O° with five times its weight 

of nitric acid of 1.52 sp. gr, but that even after this treatment, 

traces of benzene orthonitrofluoride may still be detected by boiling 

the compound with aqueous sodium hydroxide which yields o-nitro- 

phenol. On the other hand Dr. Berkman showed that pure benzene 

p- and m-nitrofluoride are quite unaffected by this renewed treatment. 

In order to get a further and complete nitration of the ortho 

compound, 1 prolonged the time of the renewed treatment with 

nitric acid to one hour after first ascertaining whether benzene 

44* 
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p-nitrofluoride is unaffected thereby. This did not seem to be quite 
the case, so a small correction has to be applied: 

a. 2.95 grams of pure p-NO,.C,.H,.Fl were treated at 0° with five times 

the weight of fuming nitric acid of 1.52 sp. gr. The compound rapidly dis- 

solved without elevation of temperature. After one hour the liquid was 

poured into ice water and the fluorine derivative was instantly precipitated 

in a solid condition. When the liquid had become clear it was carefully 

filtered and the mass was repeatedly triturated in ice water until the 

acid reaction had completely disappeared. It was then treated with 9.65 cc. 

of 2/19; NaOCH; for 5 minutes at 15°. The liquid was then titrated 

— 4:77 — 0.95: ce: of alka 
9.6 

back with 4.77 cc. of n acid. This gives ae 
ove 

consumed, corresponding with 0.428 gram of dinitro compouud, or 1.4 °/). 

b. 1.732 grams of the para compound were treated in the same manner. 

But after the acid had been removed by washing, the residue was melted 

to a clear liquid by applying a gentle heat. It was then cooled in ice water 

and again triturated and washed in ice water until the last traces of acid 

had disappeared: it was then treated as in a. 10.48 cc. of #/1.93 Na OCH; 

were used and the liquid was titrated back with 5.3 cc. m acid; 0.1 cc. of 

n alkali had therefore been absorbed corresponding with 0.186 gram of 

dinitro compound or 1.0°%/,. The mean of the two determinations is there- 

fore 1.20/,. 

Being in possession of these data, I have now subjected the nitra- 

tion product of benzene fluoride to the same test. Dr. Berkman had 

previously found that the nitration at O° with a mixture of 25 ec. 

of nitric acid of 1.48 sp.er., 5 ce. acid of 1.51 sp. gr. and 10 grams 

of benzene fluoride yields a compound consisting solely of mononitro 

compound (to judge from its percentage of nitrogen; found 9.95 

calculated 9.93). I, therefore, nitrated in the same manner and purified 

the product, which in ice water is semi-solid, by first washing it 

in ice water, being careful not to lose any oily globules, and then 

with water at 20°, which caused the whole mass to melt to a homo- 

venous liquid. After all acid reaction had disappeared the bulk of 

the water was removed by means of a separatory funnel, the clear 

pale yellow oil was freed from a few drops of adheriug water by 

means of a strip of filterpaper and then finally heated in a testtube 

at 90°—100° until it no longer became hazy on cooling. We may 

assume that all the moisture bas then been removed, likewise small 

quantities of any unchanged benzene fluoride. The product so obtained 

solidified after inoculation at 18°.7; a second preparation at 18°.6. 

It does not contain benzene dinitrofluoride : 

1.4115 grams were treated for 5 minutes with 9.45 cc. of 7 1/,.93 sodium 

methoxide. The liquid was titrated back with 4.9 cc. » acid, or 9.46 n/ .9g acid. 



( 665 ) 

But on the other hand it contains benzene metanitrofluoride : 

a. 5.208 gram of the nitration product = 36.9 millimois. were heated 

with the equivalent quantity, namely 78.5 ¢.c., of 2/24. sodium methoxide 

for one hour in the boiling waterbath. After being poured into water, the liquid 

was titrated back with 1.5 c.c. » acid; this after correction corresponds 
with 0.2170 gram of meta compound or 42 0/,. 

b. 5.817 gram of the nitration product — 41.3 millimols were treated in 

the same manner with the equivalent quantity, namely 79.7 cc. of 12/;.93 

sodium methoxide. The liquid was titrated back with 1.55 cc. m acid; 

which after correction for the attacked meta compound (2.6 °/)) corresponds 

with 0.2243 gram, or 35.9°/, meta compound. The mean of the two determi- 

nations is, therefore, 4.1 °/. 

In this determination of the quantity of meta compound it has 

been assumed (and such is very probably the case) that the benzene 

orthonitrofluoride present in the nitration product also reacts quanti- 

tatively with sodium methoxide. 

By renewed treatment of the nitration product with concentrated 

nitrie acid in the manner described, its solidifying point does not 

perceptibly alter, for it was found to be at 18°.8. This had already 

been noticed by Dr. Brnkman. Still, the twice nitrated product now 
contains benzene dinitrofluoride: : 4 

a. 1,0015 gram of twice nitrated product was left in contact for 5 minutes 

at 15° with 845 cc. of /).9, sodium methoxide. The liquid was titrated 
~ 

8.4 
back with 3.9 cc. m acid. Therefore, alkali absorbed TE — 3.9 = 0.5 cc. 

n alkali =0.093 gram dinitro compound, or 9.8 0/,. 

b. 2.264 grams were treated in an analogous manner with 10.15 cc. of 

M/j-.9, Sodium methocide, The liquid was titrated back with 4.25 cc. n acid. 
ed 

LON: 
Alkali consumed, therefore Tr — 4.25 = 1.06 cc. corresponding with 0.197 

gram, or 8-7 °/) dinitro compound. The mean of the two determinations is, 
therefore, 9.0 Jp. 

Now we have seen that by treating pure benzene p-nitrofluoride 

with strong nitric acid for one hour 1.2°/, undergo further nitration, 

In the twice nitrated mixture there is present 9°/, of dinitro- and 

4°/, of meta compound’), therefore 87°/, of para; 1.2°/, of this 

represents 1°/, of the whole. This quantity of 1°/, must, therefore, 

be deducted from the amount of benzene dinitroflùoride found, in 

order to obtain the quantity which owes its existence solely to the 

1) 9.00, dinitro = 6.4°/, mononitro. By subsequent nitration, 100 parts of the 

once-nitrated product increase to 100 + (9.0—6.4) or 102.6 parts which contain 
4.1 parts of meta, or 4/p. 
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subsequent nitration of the benzene o-nitrofluoride. This, therefore, 

amounts to 8°/,, corresponding with 6.1°/, of ortho compound. Accor- 

ding to the above the composition of the nitration product is therefore : 

6.1°/, benzene ortho leg Being formed by nitration of ben- 

4.1°/, >) mete zene fluoride at O° with the concen- 

89.8°/, | para KE tration of the acid stated on p. 662. 

The composition of the twice nitrated product was found to be 

9°/, of benzene dinitrofluoride, 4°/, of meta- and 87°/, of para com- 

pound. This was easily controlled by making an artificial mixture 

having this composition as all the three components were at disposal. 

Its properties must then be identical with that of the twice nitrated 

product. And indeed, the solidifying point of such a mixture was 

found to be 18°.7 and 18°.9 whilst that of the said product was at 

18°.8. According to Brrkman’s data‘), the sp. gr. of the artificial 

mixture should amount to 1.2773, whereas 1.2791 was found for the 

twice nitrated product. This higher figure is, probably, to be attri- 

buted to the fact that the corrections to be applied are somewhat 

uncertain so that the results could only be accurate to within about 

1°/,. If this should cause a little excess of dinitro and a little defi- 

ciency of meta compound, the sp. gr. will be at once ‘seriously 

affected, whilst the solidifying point does not perceptibly alter. In 

fact, an excess of 0.8°/ /0 of dinitro compound is sufficient to explain 

the difference in the sp. gr. 

I have also endeavoured to nitrate benzene fluoride at —380°, 

using the same acid mixture employed in the nitration at 0°. On 

adding the fluoride drop by drop to the acid cooled to that temperature 

it dissolves with a dark brown colour causing but little rise in 

temperature, just as had been observed in the nitration of benzene 

bromide. After all the benzene fluoride had been added, the colour 

gradually began to fade and when the nitration vessel was removed 

from the refrigerating mixture and its contents reached a temperature 

of about — 20°, the liquid soon became pale yellow and the temperature 

rose to about + 10°. It, therefore, appears that the velocity of 

30° is already considerably retarded, as the intro- nitration at 

duction of each drop of benzene fluoride at O° is accompanied by 

a very perceptible caloric effect. The solidifying point of the product 

which was collected in the way described, was situated at 19.°1, 

from which it may be concluded that it differs but little from the 

product obtained by nitration 0°. This can only contain about 1°/, 

less of by-products. 

1) Sp. gr. meta 1.2532; para 1.2583; dinitro 1.4718, all at 849.48. 
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Let tis now see what the quantitative determinations of the nitration 
products of the halogen benzenes have taught us: 

b Cs Apmis) sey a. Ch. C,H; Br) | C,H, J 
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From this nitration of benzene fluoride it is also shown in the plainest 

manner that the influence of the fluorine atom on the position of 

the nitro group is quite different from that of other halogens 
Which in this respect behave very similarly. 

Groningen, Dee. 1908. Lab. Univers. 

Chemistry. — “Description of an apparatus for regulating the 

pressure when distilling under reduced pressure.’ By Jax 

wTTEN. (Communicated by Prof. 8. Hooguwerrr). 

(Communicated in the meeting of February 27, 1904). 

When distilling under reduced pressure it is always of importance 

to keep this constant during the distillation: moreover, the pressure 

during the operation must frequently be a definite one. This is, for 

instance, the case in the testing of mineral oils, where it is generally 
required that a definite quantity shall distill over at a definite pressure, 

which is in general considerably less than that of the atmosphere, 
and at a definite temperature. 

As it is not possible to keep the pressure sufficiently constant by 
the admission of air, the quantity of which is regulated by a screw- 
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clamp, many apparatus have been recommended by various investi- 

gators in order to effect this purpose automatically *). 

As, however, these apparatus are either somewhat complicated or 

else do not always effect a satisfactory regulation of the pressure, 

and as | had very often to carry out distillations under reduced 
pressure, I have tried to construct an apparatus which would suit 

my purpose. I have used this apparatus for a year and a half 

and it quite satisfies my requirements. 

The apparatus may be used for any pressure situated between that 

of a column of mercury of a few man. and one of about 600 m.m. 

in height; the required pressure is kept fairly accurately constant. 

For the sake of clearness, the lower half of the annexed drawing 

represents a section of the apparatus and the upper half gives a 

view of the latter. 

A is a glass tube with an internal diameter of about 19 mm. and 

to which is sealed a tube B 2 mm. wide; M is a trap-bulb; C a 

manometer tube which stands in the same mercury vessel as the 

barometer D. A is attached to the wooden piece C which may be 

moved in a vertical direction between the pieces /. The tube A 

may be moved upwards and downwards by means of a wheel. A is 

placed in a vessel partly filled with mercury; the lower opening of 

A is elosed with an indiarubber stopper having a vertical hole of 

about 5 mm. diameter. To the extremity of the thin tube 5 a piece 

Ek is connected: / is made of wood, cork or rubber and has a 

vertical perforation by means of which it may be pulled over the 

tube B. It has in addition a side /\ (triangular) crevice running as 

far as the vertical perforation. The proper action of the instrument 

depends on the piece /. 
Between the tube C and the barometer D is situated a calibrated 

scale movable in a vertical direction by means of 4, which renders 

an accurate reading of the pressure possible. From the drawing 

it is further shown, that A and C are connected by means of glass 

T pieces and of thick indiarubber tubes, not only mutually, but also 

with the airpump and the space to be evacuated. (So as not to 

1) KamertincH Onnes, These Proc. June 1903 

STAEDEL & Haun, Liebigs Ann. 195 p. 218. 

Goperroy. Ann. Chem. Phys. [6] 1884 — I — p. 138. 

Auger. Bull. Soc. Chem. [3] 1898 — 19 — p. 731. 

Hausser. Bull. Soc. Chem. [3] 1899 — 21 — p. 253. 

Bertranb. Bull. Soc. Chem. [3] 1903 — 29/30 — p. 776. 

Chem. Centr. 1903 — 2 — p. 611. 

A. Sars. These Proc. 27-11-1897. 
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spoil the drawing, the tube has been cut near S; one must imagine 
between the two S’s a piece of tubing, about 50 ¢.m. long). Neither 

the lower nor the upper side of A has been narrowed, so as to 

facilitate the cleaning of the tube. 
After the mercury vessels have been properly filled and the 

apparatus connected, the air is rarefied by means of a powerfully 

acting removable water-pump. In consequence the mercury rises in 

AB and. 

When the requisite pressure is attained, A is raised by means of 
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the wheel until the point of the triangular opening of the piece / 
just reaches above the mercury. This will be observed at once as a 

current of air and mercury then passes from B towards H/. If for 

some reason the division of air and mercury does not take place at 

once, a tapping of B is sufficient to effect this. The mercury which 

is carried over, is thrown forcibly against the side of H, but this 

being constructed as a trap, no mercury can be carried over with 

the escaping air through J or A. 
If the desired pressure is not yet attained, A is turned lower or 

higber, should the pressure be still too great or too small. But once 

the required pressure attained, it will remain constant as air is 

being continuously admitted through Z. 

Suppose, for instance, that, Owing to incipient decomposition, badly 

condensable gases are formed during the distillation, the mercury 

falls in A; the additional mercury now arriving in the mercury 

vessel renders the part of the /\ shaped opening, which projected 

above the mercury, smaller and in consequence less air can proceed 

from B to H; unless the power of the waterpump is exceeded the 

original pressure will be maintained. If such is not the case the 

original pressure must be again restored by moving A. 

Instead of the barometer and the manometer tube a shortened 

pressure gauge with movable scale (like the gauge of an airpump) 

may be employed *). 

Physics. — “Methods and apparatus used in the eryogenic labora- 
tory VI. The methylehloride circulation.” By Prof. H. Kamer- 

LINGH ONNES. (Comm. N°. 87 from the physical Laboratory at 

Leiden). 

(Communicated in the meeting of June 27, 1903). 

§ 1. The methylchloride boiling vessel. In Comm. N° 14 Dec. 
94 in the description of the cascade of circulations which produces 

the permanent bath of liquid oxygen for different measurements, I 

have mentioned that the methylehloride refrigerator used there left 

much to be desired. At the time when I arranged the cryogenic 

laboratory at Leiden, the use of liquefied ethylene in a circulation 

to obtain an efficient circulation of liquid oxygen was an untouched 

scientific problem. As a result my attention was principally concen- 

trated — besides on the question of obtaining a permanent bath of liquid 

1) The apparatus may be obtained from the Ned. Instrumenten Fabriek. Utrecht. 

Holland. 
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oxygen — on the ethylene circulation, so that this might be made a type 
of a low temperature circulation with a small quantity of working 

gas. The removal of the principal deficiencies of Picrer’s first cycle 

in place of which my methylehloride cycle is used, was thus, as 

far as possible, deferred until an ethylene condensation was required 

quicker than the one then necessary. 

One important improvement in the cascade method could not be 

dispensed with even then in the methylehloride circulation, if L wished to 

work with success. It was the introduction of a regenerator with the 

methylehloride refrigerator. Regenerators had been already, as I found 

later, used or patented by Siemens and Soivay for freezing-machines. 

Still it appears that they were first used by me for the systematic 

production of liquefied gases, and that the combination of regenerators 

with the cascade method, in addition to my other auxiliary apparatus, 

first made this method practical. 

The regenerator, where the vapour rising from the methylchloride 

cools the ethylene which proceeds to the condenser immersed in 

methylehloride, has been very curtly mentioned inComm.N?* 14(Dee.’94). 

It. is shown on Pl. IV of Comm. N° 51, Sept: ’99 and on Pl. [lof 

the present communication, where further under D the same letters 

will be found as employed in Comm. N° 51. In the following the 

details are always indicated by suffixes to the Gothic letters which 

are used as distinctive for the various kinds of apparatus. Dy is the well 

known Picrnr refrigerator (first designed for sulphur dioxide), Oy 

the regenerator. The liquid methylchloride flows into the condenser 

through 2; (/ ef. Comm. N° 51), and is pumped away through Dx. 

The spiral within the regenerator contains N,O in the case repre- 

sented in the plate (represented by doubly marked lines). 

This refrigerator and regenerator is now almost exclusively used 

for the production of liquid N,O (c.f. Comm. N° 51 Sept. °99). A 

refrigerator and regenerator with a much larger working surface and 

a better construction is combined with the condenser and its pump 

for use with liquid ethylene. These were constructed with great care 

by the mechanist of the cryogenic laboratory Mr. G. J. Pum. Their 

description has now become necessary, since the increased rapidity 

with which this quantity of ethylene can be circulated by their 

means has rendered many recent measurements possible. 

The ethylene boiling vessel ') of $ 5 Comm. N° 14 Dec. ’94 served 
as a model for the new arrangement. In that model the regenerator 

and refrigerator have been combined to a single piece of apparatus. 

1) Represented in the account by Marrutas, Rev. Gen. des Sciences 30 April 

1895, p. 385. 
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In the same way the regenerator and refrigerator for metliyl- 
chloride are combined (see € Pl. {Ll for the elevation and Pl. I for 
the section) in one apparatus which we will call the methylchloride 
boiling vessel. The experience with the ethylene boiling vessel has 
been put to use, so that in its turn also the methylchloride apparatus 
will serve as a model for an improved ethylene boiling vessel. The 
increase of the ratio between the surfaces of regenerator and refri- 
gerator allows the methylchloride to leave the apparatus at nearly 
ordinary temperature, even when the BeroKHARDT pump as described 
Comm. N" 83 Apr. ’03 sucks with its full foree, which could not 
be obtained before with the ethylene boiling vessel. The condensing 
surface measured in the tube is about 0.9 M*., and the regenerator 
surface, similarly measured, nearly the same. 

The walls of the boiling vessel are soldered to form one whole : 
those of the refrigerator Ca, and Da (see PI. I) are of copper 1 mm. 
thick, that of the refrigerator Fa of thin brass 0.5 mm. thick. The 
neck “ of the refrigerator is soldered to the regenerator and this 
again to the mouthpiece Ga. Owing to the length of the regenerator 
and the thinness of the walls it is possible to make the latter of brass. 
Even with this material the heat conduction is of no importance. 
Since the vessel must be evacuated it must show a considerable 
resistance to external pressure. The resistance of the walls themselves 

is in the first place increased by the addition of small ridges which 

are shown as Ca, in the main drawing with the detail of the wall 

to the right and the section to the left. In the conical space D six 

triangular copper plates Do, (ef. principal figure and the section at 
bottom right of Pl. D give the necessary stiffness. These have flanges 

Do. Di, Which rest on one side on the bottom, on the other 

side they carry the conical wall of the vessel through three rings 

D.,, D,, and D,,. Resistance to outward pressure, which becomes 
necessary when leaks have to be sought, is provided by pressing the 

bottom of the refrigerator against the plates ,,, by means of four 

wooden balks Cy, which also protect C,,, pressing on crossed laths 

C, which are serewed up to rest on the round upper surface by 
means of steel rods C,, and a ring C,. 

In contrast with the scheme of the ethylene boiling vessel, it was 

not considered necessary that the height of the liquid should remain 

very little above the windings of the condensation spiral. To condense 

oxygen in the ethylene boiling vessel it was of all importance that 

the temperature of the condensation spiral should fall as far as pos- 

sible and thus that the ethylene should boil under a very low pressure. 

Now in that case there would be no advantage in the vacuum pump 
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removing the vapour under very low pressure, which implies a 

rather considerable loss of work by friction, if boiling nevertheless 

occurred at a higher pressure. And this must occur when to the 

suction pressure was to be added a noticeable hydrostatic pressure 

due to the turns of the condensationspiral, where the vapour forms, 

being much beneath the surface of the evaporating liquid. In the case 

of the methylehloride circulation it seemed to me that the obtaining 

of the lowest possible temperature was not of utmost importance and 

that there was no objection to simplify the construction by allowing 

liquid to be introduced to a height of 20 cm. in the refrigerator, 

though not all profit is taken in this way of the low pressure (at most 

20 mm. of mercury) under which the BureKHARDT— Weiss vacuum 

pump, which is introduced into the methylehloride circulation, sucks 

at full speed (usually about 8 mm. is employed). 

The spiral where the ethylene is liquefied (length 53 m., inner 

diameter 6.4 mm., thickness of wall 0.8 mm.) lies in two windings 

in the hollow cylindrical mantel C* in which the conical refrigerating 

vessel J) terminates beiow. There is just room between the two 

windings of the spiral (see section bottom left below and the elevation 

of the section through D bottom right on the plate) for the ascending 

tube Ad by which the lower end of the inner spiral Ac Ad is joined 

to the upper end of the outer. These two cylindrically wound spirals 

are joined to a flat spiral Ac which les on the bottom of the boiling 

vessel. When the latter is well filled this spiral lies just under the 

surface of the liquefied gas introduced through the cock .V. The spirals 

are coupled so that the liquid is driven out by the pressure of the 

gas. If the boiling vessel is always kept so full that the flat spiral is 

immersed, it is advantageous to let out the condensed gas from the 

last spiral. Should it be desirable to work with a smaller quantity, 

it is better to first run the gas to be condensed through the flat 

spiral ; this case is shown in the drawing. If the flat spiral is immersed 

the temperature (usually —87° U.) of the liquid can be read on the 

thermometer ©, the stem of which is bent for convenience and is 

immersed in the tube Dy, filled with alcohol and protected from 

interchange of temperature with the air by means of an ebonite 

tube Dy, joined to it with fish glue. The capacity for liquefied gas 

when the cylinder- and flat spirals are covered is 6 liters, the volume 

of the spiral 1 liter. 

The conical space of the refrigerator is sufficient even for an 

excessive boiling up of the liquid, which is always large at low 

temperatures as can be seen from the movements of the float. 

The regenerator spiral consists of two long tubes Dj, and Dj, 39 m. 
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and B, and 4a 19 m. respectively, which are wound in the space 
between the outer wall /, of the regenerator and the very thin 

walled inner cylinder M, divided into three parts by two wooden 

rings. The inner diameter of the tubes is 7.5 mm., the walls are 1 mm. 

thick. The two spirals can be joined otherwise than in the manner 

shown in the figure, but further description is unnecessary. A safety 

cap <A, (c.f. the ethylene boiling vessel Comm. N°. 14 $ 5) is also 
joined to the spiral, so that the bursting of the spirals within the 

boiling vessel is not possible. The figure shows clearly how, without 

a complicated construction, an intimate contact between the rising 

vapour with the regenerator spiral is produced and also a constant 

intermixture of the vapour partially warmed by contact with the 

metal and of the still unheated portions, convection currents which 

extend to some distance being avoided. 

The interchange of heat between the vapour, which rises in the 

regenerator, and the gas which is put into the spiral is furthered 

without appreciable loss of pressure by friction, by laying a perforated 

copper plate B, through which the spiral find its way, horizontally 
above each lattice spiral Bj, (see detail right section and plan). This 
plate is soldered to the spiral where it turns downwards. In the detail 

figure to the right, section and view above a plate, the soldering 

place can be seen to the right of Bj, at the vertical section of the 

spiral. In this figure the perforations are only drawn over a small 

portion of the plate for simplicity. The perforated plate is insulated 

by wooden blocks Zj, from the adjacent lattice, against which these 

blocks press. Further cotton and parchment paper are wrapped round 

the column of plates and thus the spiral with the plates is made to 

a whole that just fits into the regenerator space. In this way the 

gas, finding the way through the inner cylinder shut, can only 

escape through the perforated plates. The inner cylinder is insulated 
by paper from the perforated plates, and is usually closed above by 

Hy. Should it have to sustain pressure owing to perhaps a sudden 

violent development of vapour, or owing to the closure of a sieve 
‚plate by the freezing of moisture the vapour can immediately escape 
through the safety valve //;,, the construction of which is shown 
sufficiently in the drawing. 

The whole boiling vessel hangs on the solid neck G,, along which 

the vapour escapes, in the same manner as the ethylene boiling 
vessel G, rests with a collar G, on a bracket (see Pl. II). The main 
outlet tube Gq gives off a branch through a large but light cock 
/ — the construction of which is sufficiently shown on the drawing 
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— to the wide feeding tube of the Berennarpr— Weiss vacuum 

pump (% Pl. IL), arranged as described in Comm. N°. 83. 

A second narrower branch with ordinary cock £ runs to one of the 

combined pumps of the Société Génèvoise, mentioned in Comm. N°. 14. 

On commencing to work with the methylchloride circulation ® 

is used alone, afterwards % and & in series. Naturally when no 

more liquid ethylene is required than was formerly used (Comm. 

No. 14 Dec. ’94) the pump % can be used alone and By (PI. II) 
remains closed. 

A third branch G7 goes to the safety cap A, the construction of 
which is sufficiently shown in the diagram, and as soon as the 

pressure reaches above the atmospheric the vapour is conveyed into 

large rubber sacks Hd of 500 liters capacity each which are them- 

selves connected with a safety tube 5. 

If a sudden violent development of vapour occurs or the outlet 

becomes closed unexpectedly, the vapour can escape through the 

safetyeap JZ Pl. I. The arrangement of this can be seen from the 
detailed drawing near JZ, The caoutchoue sheet JZ, covered on its 
lower surface by a tin plate nearly up to the sides, and fixed to 

the rim JZ, (on which a rim is turned to prevent lateral motion), 

rests on the perforated plate J/, and is thus protected from the effect 

of exhausting the vessel. It is also not blown out by pressure as it is 

pressed by the cap Zj. As soon as the pressure rises above that at 

which the spring is set (0,15 Ats above the atmospheric) the catch on 

which the spring presses flies open, the cap is driven upwards and 

the caoutchoue bursts. 

The soldered connection between the main outlet tube and the 

regenerator is not exposed to strain since above and below the latter, 

stout wooden rings My F, are laid and strengthened with iron bands 

nF The upper is fastened to the cover by three rings R,, the 
lower is drawn against the upper by steel wires Ff, at constant 

tension temperature, changes being allowed for by springs 7. The 
tension is adjusted to the mean of the weight of the whole apparatus 
and that of the regenerator. The lower ring /,, just mentioned is 

fixed sideways by bands 5, and Sy (see chief figure and detailed figure 

to left), it carries further another iron band S, onto which various 

coeks are fixed (see also Pl. II, €). 

The cock N to admit methylehloride is also fixed on an extension 
Se of this ring. The most advantageous cock would be one constructed 

in the manner of that on the ethylene boiling vessel (see Maurus 

description Le. p. 385). It is however sufficient that it should have 
the construction of that at D (PL. Il. of this and Pl. IV of Comm. 
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Nr. 51, and shown in detail in the above mentioned description Le. p, 

383 Nr. 7). 
The long pin (see Pl. D. AN, runs first through the inlet tube 

Ni,» continued by N,, for the methylehloride and is pressed against 

the opening in the bottom Ns, of the tube AN, by means of a 

screw in Ny, above the side inlet tube N, for methylehloride. The 

tube with cock Ny rests loosely in the special tube D,,. The joint 

is closed by caoutchoue De, on the enlargement Ns, and allowance 

is made in this manner for the relative slifting of the tubes owing 

to change of temperature. 

This arrangement is used when methylehloride at the ordinary 

temperature is admitted to the apparatus. The cock NV insulated from 

the tube D, is kept at the ordinary temperature by the thick iron 

ring oS, and the caoutchoue at the upper end thus remains soft 

while otherwise having become brittle by cooling it would break 

owing to the unequal displacement of V and D,. It is always neces- 

sary to introduce the methylehloride at the ordinary temperature 

when it is not quite pure and dry, otherwise the cock will be 

frozen fast. A cock of the model .V is very appropriated for the 

admission of methylehloride at the ordinary temperature. 

A good method for purifying the necessary quantity of methylehloride 

consists in drawing off the methylehloride in the boiling vessel by means 

of the cock .V and causing it to evaporate by condensing ethylene in 

the spiral. If the cock freezes, the pressure is made equal to that of 

the atmosphere by shutting / off, or if necessary bringing the apparatus 

in connection with the sacks 9 (PL II.) through 4. N can then be 

taken out of D. Before using the flask after a process of purification 

it is first dried by the aid of the tube and cock 7%. 

If the methylehloride is first cooled by contact with a cold gas, 

as is shown at €’ on Pl. Il next to the principal drawing, the inlet 

tube passes through an ordinary cock AN, 

The cock 7, serves to introduce the ethylene to be condensed, the 

cock 7, which is placed on wood and packed in wool, to draw it off. 

The cock 7’, is inserted in the tube Aj, which runs to the bottom 

of the cylindrical space Cand is used for cleaning and drying. 

The position of the liquid methylchloride can be seen from the 

float ?,, which moves up and down in the central tube Cy, , itself 

in connection with the space round the spiral through the tube 

C,,. By means of an aluminium wire, a silk cord and a platinum 

wire, P, is joined to a silk cord P,, which passes over the pulley 

Q, into the glass tube Q,, where it is attached to a weight Z, 

whieh runs along a scale fixed to the tube Qa. 
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The flask is packed in the same way as the ethylene boiling vessel 

(Comm. N° 14) first with nickel paper and then with several layers 

of wool, the number of layers increasing at the colder parts, as can 

be seen from the drawing PI. I. They are contained between varnished 

and nickelled paper as is seen in Ch, Ci, Ch) C, Fn, Fi, Fy, while 

horizontal strips of felt, dotted in the drawing, prevent convection 

currents. These various layers form airtight compartments, which 

are connected together by means of small tubes C,, C,, while the 

whole airtight space is connected with the atmosphere through a 

drying tube #7. The outer surface is painted white. 

§ 2. The methylchloride cycle. A short description of this is 
desirable. The liquid methylchloride is preserved in the tubulated 

condensor ©, which is cooled by running water. Its pressure is 
measured by the manometer and its level can be seen in the level 

glass ©,, with blow-off cocks as used with water boilers (to make 

a reading the connecting tube for liquid methylchloride ©,, must be 

cooled with ice as shown diagrammatically on PI. II (for further par- 

ticulars the quoted description of Marutas p. 383 N° 2)). A large 

cock &, protected by a filter (shown le. as N° 9) makes it possible 

to shut the condenser off immediately by a small movement, even when 

a strong stream of methylchloride is sent through the condenser. This 

cock is followed by a regulating cock ©,, to which the tubes for 

liquid methylehloride are connected. The latter run to: 

‘4s. the refrigerator D, which is used to obtain liquid nitrous oxide, 

either in the manner given in Comm. N° 51 Sept. 99, or by drawing 

it off into a vacuum vessel U from which the nitrous oxide can 

be siphoned over into other vacuum vessels and thus be brought to 
apparatus arranged in other rooms. 

As far as the nitrous oxide circulation according to Comm. N° 51 

is concerned the mercury and auxiliary compressors (Comm. N° 54) 

can be used as & in place of the BROTHERHOOD of Comm. N°. 51. 
The various pieces of apparatus, for which the nitrous oxide in U 

is used, are generally connected to the tube App and the sack W 

from which the gas can be repumped into B. Plate II shows the 

use of a small 2 K.G. cylinder 8 of the kind usually used in this 
laboratory for this purpose. 

2rd, other apparatus formerly described e.g. one of the cryostats 

(Comms. N° 51 and 83), 
3rd, the boiling vessel for the preparation of liquid ethylene € 

Pl. II as deseribed in $ 1, either directly or through the regenerator 

€’ where the methylchloride is cooled by cold vapour coming from 

another vessel and passing from Zn to Lz, 
45 

Proceedings Royal Acad. Amsterdam. Vol, VI. 
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4th. an apparatus 9X which will be described in detail in the following 

section and intended to deliver a stream of calciumchloride solution 

at a low but very constant temperature. 

We may consider the methylchloride vapour which streams out 

of these refrigerators and regenerators. In the case 3 above (some- 

times also in case 2 for which the connection ©; serves) it would 

be sucked by a BurckHarpTt—Weriss vacuum pump AU, installed in 

the manner given in Comm. No. 838. From here it would travel to 

one of the conjugated pumps of the Société Génevoise ©, mentioned 

in Comm. No. 14, which receive the vapour from the BURCKHARDT 

or from all other apparatus (D Pl. II and further indicated under 2). 

This pump % may for another example take the vapour directly from 

the boiling vessel € (see Pl, II and £ Pl. I) as well as between the 

high and low pressure cylinder from the branch tube £, which too 

allows gas to be pumped from one of the four above mentioned 

sacks 8, in which the methylchloride can be preserved for a short 

time and of which only one is represented on Pl. H, while other 

sacks can be connected to apparatus from which methylchloride 

escapes under constant pressure. The pump is provided with an 

indicator on the low pressure cylinder, a vacuummeter between 

the high and low pressure cylinders and a manometer on the high 

pressure cylinder, besides several cocks which are required for 

pumping, drying and filling with methylehloride. The vacuum meter 

Bmv indicates the pressure of the gas which enters the high pressure 

cylinder. From the cylinder volume and the number of strokes one 

can derive the volume of gas and reduce it to that under normal 

conditions moved in the cycle, so that the velocity with which the 

liquid in the refrigerator evaporates can be followed. 

In addition a safety valve Sw is added to the high pressure cylinder 

principally to protect the condensor $. 

The methylchloride which can escape from this safety valve is 

passed into the above mentioned sacks $. Usually, all the methyl- 

chloride passes into the condenser, where it is cooled by running 

water from the main. In between, an oil trap § is placed which 

is slightly warmed by steam (see ©,,,), so that the transported oil 

shall give up the dissolved methylchloride. The oil thus separated 

by the change of direction is run into a flask R. The last portion 

of the methylchloride, freed here, is carried to the sack . At the 

top of the oil trap, the gas is freed from the last traces of oil by 

layers of felt and wadding contained between sheets of metal gauze. 

(C.f. the oil trap of the ethylene circulation shown by Marmas Le, 

p. 383 fig. 1). 
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§ 3. Circulation of calcium chloride solution at constant tempera- 
ture below zero C. The thermostat is similar to that described in 

Comm. No. 70 HI May ’01, but with the difference that at P, a 
side tube with cock and mercury resevoir is introduced, so that the 

regulator can be set for high temperatures (very well to 60° C.) 

and also for a low one by the choice of a suitable fluid. The spiral is 

filled with benzene and, instead of water from the main (as in No. 70), 

a cooled stream of calcium chloride solution is run into the heating 

vessel. The solution is contained in a vessel ® with filter and 
float Na and is driven through the refrigerator €, and regenerator €, 

in which the methylchloride evaporates and thus cools the circulating 

calcium chloride solution. This is caused to move by a force pump S 

with valves €y connected to one of the conjugated compressors ® 
while a bent tube prevents the cooled solution from falling. 

In the refrigerator the liquid methylchloride runs through the 

tube Ey and regulating cock Eq, to the inner space, while the 

calcium chloride solution runs spirally in the outer. The liquid 

methylchloride running into the refrigerator is cooled by the vapour 

evolved, which escapes by a wider tube &3 to the regenerator, from 

which projected liquid returns by a narrow tube &;. Finally the 

danger which might arise when the cooled methylchloride, left 

between the cocks d and the shut off cock of the tubing ®, returned 

to the ordinary temperature, is avoided by connecting a safety cap 

with a closed tube ©; added above. At 12 Atm. the thin plate breaks 

and sufficient space is produced without communication with the air. 

The walls are all calculated to stand the ordinary pressure of the 
methylchloride. 

The pressure under which methylchloride 

evaporates must not fall below a certain value, 

as the calcium chloride might then freeze out. 

It is kept constant by the pressure regulator & 

Pl. II. When the pressure falls the mercury 

rises in 6, see accompanying figure, and forces 

the float a, upwards, so that the lever f rotates 

about g and thus closes the suction channel by 
the double valve h,h,. A safety tube £& Pl. II 

“ and a tube to receive spilt mercury complete 
the apparatus. The properly cooled calcium 

chloride solution runs from the refrigerator €, to the thermostat M, 
where it is rewarmed to the required low temperature and conducted 
to the apparatus which must be held at constant temperature. 

On Pl. IL a piezometer surrounded by a vacuumglass is shown, 
45% 
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where the outer surfaces are connected by the copper box used 

for the vacuum jacket of Comm. N°. 85. This jacket remains 

free from dew deposit, so that the divisions on the tube can be 

clearly read. Above the liquid surface the vacuum tube is lengthened 
by an ordinary tube of about 50 cm, so that the solution is protected 

from the atmosphere by a layer of cold air. 

The apparatus was e.g. placed once at about 25 meters distance 

from the refrigerator, in another room. It would be less suitable 

to convey the methylchloride itself over this long distance owing to 

the increased danger from fire. 

The calcium chloride solution had a specifie density of 1.28, the 

vacuum under which the combined pumps worked was set so as to 

produce a temperature of — 45° C. in the refrigerator and remained 

satisfactorily constant. The small pump moves about 2 liters of 

solution per minute. 
In order to keep temperatures below — 20°C. constant at long 

distances by a methylchloride circulation, it will be necessary to 

have a refrigerator with a greater cooling surface. 

Physics. — Communication N° 86 from te Physical Laboratory 

at Leiden. “The representation of the continuity of the liquid 

and gaseous conditions on the one hand and the various solid 

aggregations on the other by the entropy-volume-energy surface 

of Gasss” (By Prof. H. KAMERLINGH Onnes and Dr. H. Harper). 

(Communicated in the meeting of June 27, 1903). 

§ 1. The meaning of the following research will be best made 

clear by showing its relation to the former communications (66, 71, 

74) from one of us (H. K. O.). Like these it arises from the cer- 

tainty that it is increasingly necessary to represent the experimental 

values for an equation of state from a general point of view. 

In the first place this research is connected with that of N°. 66 °) 

on the reduced 1, &, v (y = entropy, & = energy, v = volume) Gress’ 

surface formed after vaN DER WaAALs’ original equation of state. 

The drawings of N°. 66 show that a ridge appears on the side 

of small volumes on the Gres’ surface given there, by shifting the 

constant isotherm (fig. 1) of simple form (le. Pl. I and ID, derived 

from the above mentioned equation of state, along a vertical directrix. 

1) KamerLingH Onnes, Die reducirten Grpps’schen F lichen. Vol. jub. Lorentz, 

Archiv. Néerl. Sér. Il, T. V. p. 665—678. Leiden, Comm. n°, 66, 
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Fig. 1. Fig. 2. 

This ridge — the liquid ridge — carries the liquid branch of the 

connodal of the liquid vapour plait; the isotherms run over the 
ridge from the vapour to the liquid side and from higher to lower 

entropy (l.e. Pl. I, fig.1.). In the vicinity of the critical temperature 

the ridge becomes broader and smoothes down into the double 

convex surface (Le. Pl. J, fig. 3) which further forward is everywhere 

double convex. For lower reduced temperatures the ridge passes 

nearly into an xe plane. The projection of the ridge on this plane 

is a curve along which the inclination (tang—! = absolute temperature 

T) decreases towards negative values of the entropy (see fig. 2). The 
projection of a cross section of the ridge shows the rapid change 

of the inclination in the ve plane (tang—! = pressure p) for a small 

change of volume. The correspondence of the properties expansion, 
compressibility and specific heat, for liquid and solid shows imme- 

diately that the representation in the 4, ¢,v coordinatesystem of the 

experimentally determined conditions, belonging to one of the solid 

ageregations of a material, can be supposed to belong to a ridge 

corresponding to the liquid ridge. Also that other solid varieties 

require further ridges. So long as we exclusively keep to the 

experimentally determined values only narrow strips of these sup- 

posed ridges are given for a short distance to the side of the tops 

and thus form themselves isolated parts, not connected with the 
vapour and liquid regions, of the whole Gress’ surface for the 

special substance. 
The various ridges, if we for a moment admit their existence, 

will be more or less shifted, according to the density, towards zero 

volume (v) and according to the fusion and transformation heats 

more or less to zero entropy (7). The difference in specifie heat of 

the modifications, will be given by a variation in curvature. Looking 
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from the side of large v, we 
a should see a succession of ridges, 

ae and where we for simplicity con- 
sider the case of a single solid 

state of aggregation, we should 

Fa see the resulting ridge rising at 

lower temperatures above the 

Fig. 3. liquid ridge (cf. fig. 3). 
To find the coexisting phases from the region a’ a” or from the 

region 6 with the vapour phase from the region c, one must lay 

the common tangent plane on the curved surface in c and the given 

ridge. In the case that a rarefied gas phase occurs in c, the ridges 

would be represented approximately by curved lines. This is then 

also to be permitted in the search for the corners a and 6 of the funda- 

mental triangle of the triple point. The general thermodynamical 

character of a solid state occurring together with the VAN Der WAALS 

state (liquid, gas and labile intermediate states) would be thus obtained 

by representing it on a Gipss’ surface by a ridge of a somewhat 

other position and form but generally analagous to the liquid ridge. 

There is thus every reason to suppose that outside the region 

of observations and towards the large volumes the first continuations 

of the isotherms obey an analogous law as to form and change 

of form with temperature as the liquid isotherms, and thus by 

a slight extension really produce a ridge. This appears to be more 

probable when one notices that there is also a ridge on the GIBBS’ 

surface which does not correspond to the original equation of 

VAN DER Waars where a and 5 are taken as unchangeable but 

which belongs to the equation into which this changes when a and 

hb are taken as functions of temperature and volume. Thus when 

shifting the variable or corrected isotherms (cf. N°. 66 § 3 end) in 

place of the original constant one a similar ridge as that which 

we have considered would also be always formed, though the suc- 

cessive isotherms are no longer equal and similar, but show a small 

continuous change with temperature. In this way one cannot escape 

the conclusion that metastable states occur at the side of the solid 

state between solid and gas. 

The observed part of the isotherm on the vapour side for tempe- 

ratures far below the furthest limit of the observed undercooling of 

liquid does not extend beyond the sublimation line. Still from ana- 

logy with what is known for vapour at higher temperatures, it must 

be assumed until the contrary is proved, that the Gras’ surface extends 

inside the sublimation line to metastable and even to labile equili- 
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bria, not in principle different from those given by vaN per Waats’ 

theory. And very clear and special evidence must be brought forward 

(which is not the case (cf. § 2)) to show that the two above men- 

tioned parts of an isotherm must not be united. 

Now, (cf. fig. 4) for a 

substance which exists in 

the liquid and solid states, 

call cd and ef the portions 
of the connodal of the liquid 

and solid ridges, gh and 7k 

portions of isotherms on the 

liquid and solid ridges. It is 

clear that 2 and 4 may be 

joined by a continuous line. 

For the formation of two 

ridges it is clearly only neces- 

sary, that two isotherms g’h’, i’k’, should incline to the v-axis very 

strongly, but still not differ much from the two preceding isotherms 

gh, ik, and also that A’, Ai should not differ much. With such 

small variations resulting from the above mentioned controlled changes 

of the isotherms with the temperature on the Gisss’ surface, we are very 

familiar since the a and 6 of van per Waats are taken as temperature 

functions. The difference between ik and the isotherm gh is analogous 

to the difference between the true empirical isotherm g/ and the simplest 

form of isotherm given by vaN DER Waars who has long shown 

that 5 must necessarily be a volume function. The portion /z alone 
appears to have received a somewhat greater change which we may 

ascribe to a further change of 6+) with the volume. 
With this explanation of the cause for the displacement of the 

isotherm on the Gass’ surface we do not come into collision with 

the assumptions of vaN DER Waars, who assumes that 6 undergoes 

a change in the fluid state owing to the compression of the molecule. 

We thus only specify the possibility of a yet further change of the 

same sort, which finally produces a new equilibrium between 7 

and v in the solid state. Beforehand there can be no question of 

explaining the solid state by referring it to the same processes as 

those which exist in the liquid state. This can only be done when 

the relation of the elasticity for instantaneous changes of volume and 
the time of relaxation for the liquid and solid states are worked out 

1) We use the « and b of van per Waats in the most general manner given 

by this physicist. 
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and the great change of the time of relaxation with the above men- 
tioned further change of 6 at the transformation from solid to liquid - 
is explained on the same grounds. Still keeping this in view we may 

say that by prolonging the line Ai till it reaches the solid state we 
have given what van DER Waars calls the equation of state of the 
molecule. 

Now it follows immediately from this representation that the form 
of the connecting line ii must be taken as dependent upon the tem- 

perature and the inflection as decreasing and finally vanishing with 

rising temperature. Thus the above consideration of the form of the 

liquid ridge on the Gress’ surface necessitates the assumption that the 

solid can be joined to the liquid ridge by a plait. This will be gene- 

rally perpendicular to the v-axis and will end in a plaitpoint i.e. this 
indicates the continuity of the gaseous and solid states of aggregation. 

With these considerations we have not treated the question whether 

the conditions in the plait which we assume to exist in the gap 

between the two states of aggregation (c.f. § 2 for outside the plait) 

are also conditions of equilibrium, labile or otherwise. We have 

advanced no reason for this. This is as far as we know not done 

by others either who have assumed the existence of similar condi- 

tions). In considering the vapour, we stated that there have not 
been observed metastable states connecting the solid with the gaseous 
and liquid states. However these appear very clearly and markedly 

between the gaseous and liquid states, and have an important bearing 
in the theory of vAN DER WaAALs. 

Also it is not unlikely that van per Waats has never in his 
writings treated the continuity of the gaseous and solid states, and 
has expressly kept it in the baekground, because the use of such 

intermediate states as those above considered is only allowed theo- 

retically when it is shown as VAN DER WAALS did for the inter- 

mediate vapour-liquid states — that these intermediate states may be 

treated as conditions of equilibrium. However we do not propose to 

determine “the molecular equation of state” from a given mechanism, 

but to seek for an empirical form for this from the known facts by 
induction. In this case we must use the most obvious analogies as 

indications and it is not allowed to deviate from the most simple 

suppositions without proving each step. With variable molecules it 

is probable that relations between entropy and volume can exist 

other than those which van per Waats has already treated in 
his equation of state based on the theory of cyclic motion. In order 

1) See especially Ostwaip, Textbook of general chemistry. 
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to be able to fix a meaning for some of the conditions which according 
to this possibility are suggested by us, we must suppose that the material 

can suffer stresses with imponderable as well as with ponderable 
mechanism. Thus we may obtain actual values for 1 as well as for v 

at which we can keep the material homogeneous which in reality 
would be impossible. No difficulty should arise if we in addition to 

general assumptions suppose that the entropy can be kept constant. 

We only extend to the imponderable mechanism what is generally 

allowed for the ponderable, when one supposes the substance kept 

homogeneous with constant volume in VAN DER WAALS labile conditions. 

We have thus in the following set ourselves to model the parts 

of the Gipps’ surface which are experimentally known, for substances 
which exist in the solid state, to add to these portions the vapour 

and liquid regions following vAaN DER Waats, and to combine the 

region thus obtained with the solid ridge in such a manner that the 

isotherms on the Gisss’ surface shall differ as little as possible from 

the unchanged isotherm of vaN per Waats, and the course of the 
isotherm in the 4 v projection shall be as simple as possible. We have 
e.g. excluded states on the surface where 7’ = 0 except at 7 —= — oo 
and have supposed that for every value of 4 and v only one value 

of ¢ belongs. 

It is clear that the problem formulated thus does not extend further 

than the search for a continuous function, which for a known range 

coincides with the GiBBs’ surface and satisfies a given — but phy- 

sically we hope happily chosen — criterion of simplicity. The solution 

obtained from this determination has a certain value and forms a 

continuation of the investigation of Comm. Nos. 71 and 747), the 
development of the equation of state in series. 

There also the principal object was to produce a numerically correct 

combination of the experiments independent of the thermodynamic 

peculiarities of the substances treated. The solid state was at first not 

considered in order to avoid a too large field. With this limitation 

it appeared that the whole range of experiment for normal substances 

could be expressed by a series condensed to a polynomial in powers of 
1 
eas HO that we could find exact valnes for p, for 47 = =(? dv, for 

Es a oe a —») (and other quantities e.g. y= — | pdv) for all 
a 

states within the region considered, without tedious calculations. 

1) KameruincH Onnes. Ueber die Reihenentwickelung für die Zustandsgleichung 

der Gase und Flüssigkeiten, Livre jubil. Bosscua Archives Néerl. (II) T, VI p. 874— 

888, 01. Leiden Comm. n°, 74. 
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The extension of this idea to associated substances was necessarily 
excluded since the law of corresponding states was taken as the 

basis of the development. The existence of a maximum density for 

water need then bring no difficulty for the representation of the 

liquid state in the consideration that in general p, and thus % also, 

1 
is given along an isotherm by powers of —. The question, if the 

v 
connection between 4 and v, which follows from the mechanism of 

the liquid or gaseous states, can in general be given by expressing 
£ 

7 in powers of —, could be left out of account. Now that we wish 
v 

to introduce the solid state into the polynomial — until now not used, 

but after some change perhaps applicable for this purpose — we meet 

the difficulty that with many substances solidification is accompanied 
with increase of volume. For water, which falls in this case, the 

question is treated more fully in $$ 3 and 4. Still if this case could not, 

as we have supposed, be explained by association, and if in general 

the complete knowledge of the mechanisin of the solid state for the 
isotherms of gas, liquid and solid leads to an implicit relation between 

n and v, still for one part of the range of y it will be possible to 

express this directly by one value in terms of v. It appears to us 

to be quite possible that with certain normal substances p can be 
: 1 

empirically expressed in powers of — over the whole range under 
v 

consideration. 
The Gress’ surface, which we have constructed for this first class 

of substances, will serve to give not improbable corresponding values 

of p and v for an isotherm in the liquid-solid plait, and to permit 

computation of useful values for the virial coefficients — the coeffi- 

cients in a polynomial 

If we seek for the values which these coefficients can have, we 

find a second connection between this investigation and Comms 

Nos. 71 and 74. In both of these it is shown that values will be 

found for the reduced virial coefficients of different substances, which 

are sufficiently, but still not quite, equal. These differences in DE 

ete. will just give the deviations of the various substances from the 

law of corresponding states. They express parts of the molecular 

interaction which cannot be explained or represented by the actions 

of homologous points which last actions are those whose mechanical 

eo eS 
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similarity results in the law of corresponding states. The various 
substances certainly differ widely in the solid state when they are 
expressed with reduced coefficients. Thus the mechanical dissimilarity 

of the actions of unhomologous points appears at once. When the 

same isotherm passes through the gaseous liquid and solid states, 

the higher coefficients of the polynomium must without doubt differ 

considerably. It is thus to be expected that the lower coefficients, 
will also exhibit certain but smaller differences, which are connected 

with those in the higher coefficients. In this manner, in the compa- 

rison of two substances, the deviations from the law of corresponding 

states would be clearly connected with the solid properties of the 
two given substances. 

Further, as the virial coefficients give the deviations from the 

Borre Gay-Lussac law we may say that these deviations do not only 

express the properties of the liquid state as given by vAN DER WAALS 

but also those of the solid state. Really a connection between the 

deviations and the properties of the solid state is also implied in 

VAN DER WAALS’ last development of the equation of state after the 

method of cyclic motion. 

§ 2. The best possible connection of the known part of the solid 

with the liquid ridge by a continuous surface has some similarity with 
the use of the continuous line by which J. THomson connected the 
liguid and gaseous states found by ANprews. Still there remains a 

marked difference. THomson could start from the existence of a cri- 

tical point. A continuous change from the solid to the liquid state 

is not experimentally proved, it is doubted by some and as to the 

crystalline modification it is directly contradicted by Tammann. If 

TAMMANN’s theoretical considerations were correct, then it would already 

be clear that we had produced only a simple empirical interpolation 

when we intended to have constructed a group of intermediate states 

which beforehand would be at least probable on physical grounds. 

TAMMANN’sS objections are certainly not conclusive. They rest in 

the same way as our assumptions on extrapolations outside the 

experimental region, and it appears that our extrapolation is more 

probable than his. Also TAMMANN's combination of the fusionline of 
water, an associating substance, with that of other substances as if 

they were two cases which could pass one into the other by change 

of temperature and pressure, presents some important difficulties. We 

have not to consider these conclusions so long as we exclude asso- 

ciated substances and substances of perhaps very complicated character. 

Instead of giving immediately a general treatment of cases so 
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different in principle, we confine ourselves to the simplest group 
of substances. 

For these we have constructed the representation which we shall 
further develop in the following. 

In agreement with TAMMANN, we also assume, although under- 

cooling only occurs to a limited extent, that the liquid ridge 

continues to very low temperatures (at first we may assume to the 

absolute zero) states with increasing times of relaxation up to the 
glass condition being encountered in passing over the ridge towards 

decreasing temperature. Thus we do not come into collision with the 

observations. Still we do not mean that it is quite impossible for 

crystalline properties to be found on the glassy ridge e.g. at very low 

temperatures. Further we do not suppose that the existence of one 

such a ridge would exclude the possibility of other amorphous condi- 

tions where other equilibrium relations between entropy and volume 

could equally be found. Moreover it is highly doubtful if the term 

amorphous does not include very various structures in the solid state, 

so that it is certainly not necessary that an amorphous condition 

should be present on the ridge where liquid would be found at a 

higher temperature. As to the crystalline ridge, our whole represen- 

tation makes it appear more probable to us, that the crystalline 

ridge in the simplest case should run next to the liquid ridge down 

to very low temperatures, than that it should follow TAMMANN’s ring 
shaped form (c. f. $ 4). 

The process of transformation from the crystalline to the gaseous 

(below the liquid-gas critical temperature, liquid) state does not at all 

disagree with the usual assumptions concerning the molecular forces, 

but is immediately to be deduced from them. A very satisfactory 

agreement with the suppositions would be obtained when the charac- 

teristic difference between two ridges appeared to result from the 
differences of density and entropy (specitic heat) of the modifications, 

the crystalline or amorphous form taken by each of these modifications 

being thermodynamically of secondary importance, so that for a first 

investigation they would not come into account in comparison with 

the change of properties of the solid phase due to differences of 

density and entropy. 
However it may be, we must certainly assume that the crystalline 

form will result from the molecules being by choice oriented and 

arranged in a given manner owing to the forces from the not 

corresponding points. The directing and arranging forces will then 

be different for different densities and entropies, whence the most 

probably occurring orientation and arrangement will be different 
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for different densities and entropies and the crystal form will be 
different for various modifications. 

The increase of the vibration energy will gradually efface the 

mean predominant most probable distribution and orientation as the 

crystal is raised in temperature and although the whole continually 

approaches a uniform mean distribution and orientation still some 

different groups will remain in arrangements of most probable predo- 

minant distribution and orientation. In particular if this hypothesis 

ls applied to the case of a gaseous and a solid phase in equili- 

brium which are brought together to a higher temperature, fresh 

hypotheses must be made to render it clear that no identity of the 

two phases can become possible and therefore no continuity of solid 

and gaseous states will be found. Of course it does not matter if 

the temperature under consideration is above the liquid-gas critical 

point. Further there is no reason known why it should not be 

allowed to extend the double convex part of the Grpss’ surface, — 

containing essentially states of equilibrium, to higher temperatures and 

pressures, so that it surrounds the critical point at the end of the plait. 
Is is quite in harmony with our assumptions of $ 1 that, in the 

gaseous phase of a substance occurring also as solid, molecular groups 

will at all times be found (produced always from different indivi- 

duals) in which the particular attraction between not equivalent 

points *), predominating in the solid state, will also be manifest. 

Below a certain temperature it will then be necessary to momenta- 

rily consider certain portions of the gas as crystalline. We are here 

only following the method employed by Botrzmann for the deter- 
mination of the equilibrium distribution, which is the most probable. 

We apply it to a given density and velocity distribution but also 
extend it to orientation aid arrangement. 

We have mentioned above the existence of more ridges which 

appear successively on the GrBBs’ surface towards the side of 
diminishing volume. This case appears to us to be the normal one. 

It is probable that the various solid modifications are not known for 
most substances. If we further consider that a small change in the 

course of the isotherms can cause one ridge to rise above another and 

thus to represent more stable phases or not, it is not at all probable that 

just those modifications of the various substances are known, which 
belong to corresponding ridges. It is therefore, possible that in the solid 

state the various substances would differ. less than now appears to be 

the case if one were acquainted with all their modifications; finally the 

1) Comp. Remeanum, Drudes Annalen. 1903. 10 p. 334, 
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possibility remains that more liquid ridges could exist along which with 

falling temperature the time of relaxation would not increase to the 

value required for the solid state, while states of equilibrium between 

the two are to be expected, so that the same substance could exist 

in two liquid modifications. 

The reasons why such a case is not known and why the various 

solid modifications are usually crystalline, must be further explained 

by a theory of the solid state. 

$ 3. Following the lines developed we have constructed three 

models of Gipss’ surfaces. 
We have first considered an imaginary substance, which partially 

corresponds with carbon dioxide, in the liquid state is in harmony 
with vAN DER WAALS’ original equation, and which further can exist 

in one solid (crystalline) modification. For the GipBs’ surface of this 

substance constructed according to our ideas, we have only considered 

that portion where the fusion line of the substance is to be found. 

This model serves principaliy to present clearly the views on the 

solid state advanced in this communication. 

Having assumed that we can express the character of the 

peculiarities in the transition from solid to liquid by this model, 
we have further constructed two others, which refer to the actual 

CO, and on which all known thermodynamical properties are 
expressed as numerically exact as possible. 

One of the models represents the whole surface for CO, with the 
exception of the portions for the ideal gas state and for very low 

temperatures. 

The second gives, on a necessarily larger scale, the region where the 

transition occurs between the various modifcations with small volumes. 

Finally another model has been formed which demonstrates 

sufficiently, that taking it in general, a substance like water can be 
represented in the manner followed by us. We mean that the 

deviations which this substance exhibits can be brought into line 

with the association. In general a liquid ridge which 

i corresponded sufficiently with the vAN DER WAALS 

4 equation of state, would be pressed upwards and 

i towards decreasing volume by the association. This 

= transformation is represented schematically in the » » 

EN a projection by fig. 5. To the right lies the undisturbed 

a = VAN DER WAALS ridge, given by the portion where 

the connodal liquid-vapour, the curve drawn, runs 

Fig. 5. to the left, the twisted ridge is again given by the 
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altered portion, the two portions of the connodal solid-vapour are 

again drawn (unfortunately the altered connection is omitted in the 

figure). At m lies the maximum density of water under its own 

vapour pressure. The preliminary model made by us serves to show, 

that the most notable properties of H,O will be correctly given if 

we consider the ice ridge as an ordinary solid ridge on the surface, and 

the liquid ridge as changed by the last mentioned process owing to the 

association. 

We hope shortly to obtain models which will exhibit the trans- 

formation of the different modifications or allotropic states as well as 

the peculiarities of the expansion phenomena. In this way we hope 

to contribute to a somewhat better insight, at least to a better 

survey, of the thermodynamical character of the different substances. 

However in addition to the questions relating to association there 

are others, which have reference to mixtures, saturated solutions 

ete, and which would necessitate a long investigation. We hence 

think that the results now obtained from a sufficiently independent 

whole to be published. 

We have thus in the above made the meaning of our work 

clear and can now proceed to describe the models somewhat more 

fully and to show that the experimental data can really be obtained 

on these surfaces. 

I. THE SOLID-LIQUID PLAIT ON THE GIBBS’ SURFACE. 

(Representation of the continuity of the solid and gaseous states). 

The specific heat of the imaginary substance in the gaseous state 

has been assumed to be equal to half that of liquid carbon dioxide: 

the specific heat in the solid state as equal to that which is found 
by employing NEUMANN's law. Also the substance obeys the VAN DER 

Waars equation of state for carbon dioxide in the liquid and gaseous 

states. It appeared useful to give for this model (pl. II, fig. 1) front 

and side elevations and plan (pl. III fig. 1, 2, 3, 4) with the lines 

7 — const.,. v= const, 7’=-const. (dashed lines) p = const. (dotted 

lines), for which the drawings are sufficiently explanatory. The con- 

nodal fluid (gas)-solid is drawn on this model and the coexisting 

states jomed by steel wires. 
The principal difference between our representation and TAMMANN’s 

is very clearly seen on comparing the plan (pl. II fig. 2) with his 

figure (Drupe's Ann. 3 p. 190). 

This model is also useful for a comparison of our idea with the 

well known scheme given by MaxwerL (Theory of Heat, p. 207) 
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our plan is easily compared with the latter for the small volume 

part. To find how our vapour plait will be connected with this 
portion, it is only necessary to use pl. III fig. 2. The chief difference 

is seen in the different forms of the spinodal line. Ours is given 

by the dot-dash line of fig.6 and Maxwerr’s in fig. 7. Ours consists 
of two portions which remain apart to the lowest temperature 

Y ee 

y B 

Fig. 6. Fig. 7. 

(T=0), while Maxwerr's shows only a secondary loop. Quite 
improbable are Maxwerr’s isotherms. They show in the vapour plait 

a point of inflection in the isotherms. Thereby they differ entirely 

from the equation of state of vaN DER Waars, which is certainly 
qualitatively correct for vapour and liquid. 

II. Tur Gress’ surracr For CO, 

(Lhe general model). 

This model was constructed by the help of the empirical equation 

of state given in Comms. Nos. 71 and 74 with the assistance of the 
thermodynamical formulae obtained in No. 66. 
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As specific heat ¢, in the ideal gas state we have taken 

0,17.419.10° = 71,2 10°"), and it is considered constant. For the 

critical constants we have used 

cD gr 

Ty == 304.5" Pk == 73101410? — 740.10 — 

cm sec 

from the experiments of AMaGcaT and 

cm 
4 2 

pea 2.20 — from the experiments of KUENEN and Rosson *) 
: 

vu 

deduced by the law of the rectilinear diameter. 

The assumed critical values give: 

2 = 0,001044. 

With (1) and (2) have been calculated 

a) five points belonging to the ideal gas state, where v, is taken 

as 180: 
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n = 43,1><10° 
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b) two points on the gaseous branch of the connodal line for which 

KurNeN and Rosson (loc cit) have given the values of 7’ and v 

1) Sufficiently near the value given by REGNAULT. 

2) Kurenen and Rosson, Phil. Mag. 6 p. 149, 1902. 
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The first of these belong to the triple-point gas-liquid-solid. 

c.) The points of the liquid state belonging to 6 and 7 are calcu- 

lated with the help of Kurnen and Rosson’s numbers for the heat of 

vaporisation. We have found 

8. fort —0.714 vw, = 0,85 

n =— 102x10' 

s = — 26210’ 

9. for t = 0.68 vy — 0,83 

n =—124 K 10° 

Ee —= — 304 Xx 107 

In the same way taking into account the heat of fusion at the 

triple point we find for a point belonging to the solid state. 

10. for t= 0,114», == 0568 

4 ——187 X 10° 

e = — 446 X 10' 

The model (see Pl. Il fig. 2) is constructed with 

the values of » in ems ='/, of the above numerical values 

1 

2 2 27 1 23 93 — 10° 2, be 39 3° LD) 

1 
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According to TAMMANN two solid modifications of CO, exist so that 

we must add two solid ridges (see Pl. II fig. 2) in addition to the 

liquid ridge. We have assumed that TAMMANN's 2nd modification lies 

between the fluid state and the first modification, and we call TAMMANN’S 

gnd modification A and his first B. The reason why we have assumed 

this arrangement between the two solid modifications is the following : 

TAMMANN *) has determined the fusion line for the modification Aas 

well as for B, and also the transition line for the second modification. 

dp 
He found (see PI. I fig. 1) that the values of are greatest for the points 

on the equilibrium line c, smallest for the fusion line a of the modi- 

fication A and found between the two another locus for the fusion 

line of the modification B. The same is also to be obtained from our 

1) Tammany, Ann. Phys. u. Chemie 1899 Bd. 68 pg. 553. 
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model with the position of the ridges chosen, while it is at the same 

time easy to see that by another arrangement the a for the three 

lines will not agree so well either with TAMMANN's values or with 

our desire to make the course of the temperature line the simplest 
possible. We hence consider that the arrangement of the ridges which 

we have chosen agrees with the experiments and that thus the specific 

volume of the modification A is larger than that of 5. 

On this model the binodal for the liquid and gaseous condition 

(line GZ) is shown and also the gas branch of the binodal for the 
gaseous state and the modification B (line GLz). The three points 

belonging to the triple-point gas-liquid-solid B are joined two and 

two by steel wires. The dashed line which passes through these 

points is the isotherm of the triple-point, and close to this runs the 

eritical isotherm. The dotted line is the pressure line of the triple- 

point. According to Tammann’s values the solid phase of this triple- 
point belongs to the modification B, while the ridge of the A modi- 

fication (see PI. Ill fig. 5) lies below the fundamental plane of the 

triple-point determined by KurNeN and Rosson. A tangent plane that 

touches at more than three points, cannot be placed on our model 

which is in agreement with the phase rule. In addition to the just 

mentioned triple-point the existence of two others on our model, the 

triple-point gas-liquid-solid A and the triple-point liquid with the two 

solid modifications A and B is rendered probable by Tammann’s 
experiments. 

On comparing our model with one constructed after the equation 

of vAN DER Waars, one sees that on ours the liquid ridge rises 

more steeply from the critical temperature to the lower temperatures. 

It hence follows that the specific heat of the liquid is too small on 

the model after van prr Waats. The slow rise of the liquid ridge 

in the latter has also the result that the heat of vaporisation is 
too small. 

UI. Tue Gress’ SURFACE FOR CQO. AT GREATER DENSITIES. 
2 

(Detail model of the liquid and solid states). 

For the general model the specific heat at constant volume was 

assumed to be constant in the ideal gas state. But for the construction 

of the detail model, to be now described, we have been obliged to 

consider the variability of c‚ Reenavtt and E. Wieprmann have 

measured c, for CO, at one atmosphere pressure and various tempe- 
ratures, and have expressed the change with 7’ by empirical formulae. 

46* 



The results of the two investigators agree well. If one seeks from 

the empirical equation of state for 0°OC. the correction which must 

be made on c‚ at one atmosphere to reduce it to the ideal state, 

one finds 0.003 cal., which quantity lies within the limit of experi- 

mental error. The correction is still smaller for higher temperatures. 

We also find that the correction, which is necessary to reduce the 

specific heat c, of aether found by E. Wreprmann to the ideal state, 

is too small to come into account. The formulae given by RrGNAULT 

and E. Wteprmann for the specific heat of gases and vapours are 

thus applicable to the ideal state at least with close approximation. 

Hence Lepvc’s contention’) is refuted that for substances which obey 

to the law of corresponding states both ¢, and ¢, are constant in the ideal 

gas state. From the experimental values of c, and the well known 

R 
relation c,—c, = — we can calculate the value of c, and its variation 

m 

with the temperature. 
Having found c¢, in this manner we calculated the corrections 

which must be made to the equations (1) and (2) due to the variation 

of c,.. We find the following new values for the points on the liquid 

branch at t= 0.714 and t= 0.68 and for the solid phase at the 

triple-point 

points of the liquid state 

I. for t = 0,68 v= 0,83 

n= — 117X10° 

Ss el 

NE for €10 A oo = 0383 

7 = = 9610" 

e = — 24510’ 

point of the solid state 

KI for t= O71 — 0616 
1 = — 180X10° 
¢ = — 42010" 

Now we must investigate the liquid range for higher pressures 

more exactly and in the first place determine c,. This follows from 

the formula 

1) Lepuc, Recherches sur les gaz. Paris 1898 and 99. 
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by introducing the value of p from the empirical equation of state, 

this gives 

Cp — CV == 
Poppe | GX ov Ed (#) bas 5 - 

Tot. de et 0-9 de Vago). Ed 
NE dl Se Ss N 1 a8 (vx). 

B Tanken (Se: arden |’ 

for ¢ = 0,897 or F = 273 and o = 1,020 we find 

Che Or = (i0aa2 

or, since at 7 —273 cy— 0.1481 is 

€, 0:15 

The point corresponding to v=1.02 and t=1 in the liquid 

region is now found. This was obtained by the aid of the equations 1) 

and 2) where the term ®D must be certainly taken into account; 

we find 

LW tort S315 5.0: === O20) 

y= T= — 42.10 X 10° 

ne Rise 1! 

If we now assume that at the same temperature the difference 

between the specific heats at constant volume in the ideal gas state 
and for the volume 1.020, is constant and equal to £, we have 

ff 

R 
Em zld Ae (= Ey t) (ar) 

Th 
TT 

C R T NNT, = De aoe eee ora I 

Tk 
with which the follewing points for v — 1.020 are calculated: 

¥. for. t220.864. v, = 1020 

y =—53,6X10° 

e —— 145107 

Vi. fort 34,314) 0, = £020 
n = — 28X10° 

se =—— 33X10! 

According to the numbers of Kurnen and Rosson the first of these 

two points lies on the liquid branch of the binodal line. 

The model Pl. II fig. 3 is constructed from the values for these 

points. 

The values of v used are 100 times the calculated 

i sr st A7 170 PN DE OTE Bi lt ate: i; 

én) Tee TO? ae) as * 
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Further, care has been taken to give the tangent plane the proper 

inclination at these points in agreement with 

de de 
p= Gr Î == (=). so that temperature and pressure shall 

have their real value. 

On the given drawings (scale */, of model) for plan and elevation 

Pl. Ill, fig. 5 and 6 — one side elevation has been rejected as it 

does not clearly show the course of the pressure and temperature 

line — the behaviour of the line 7’= const, p = const, v = const, 

7 — const and the position of the triple point can be seen without 

further explanation.We draw attention to the intersection of the connodal 

line S4 Sg by the connodal line S; Sg and further to the passage 

of the isotherms over the connodal line and the crossing of the 

isotherms with their corresponding isopiestics. In order to read from 

the isotherms, given on the model, the corresponding values of p 

and v, the diagram of the isotherms (see PI. I, fig. 2) was constructed, 

which reminds one of the course of the isotherms derived from the 

VAN DER Waats’ equation. The point 7, in this figure corresponds 

to the triple point for liquid and the two solid modifications of 

carbon dioxide. According to TAMMANN the pressure is 2800 K.G. 

The point KLS, is the critical point of the modification A in the fusion 

line. According to the model the critical pressure would be 6500 K.G. 

and the reduced temperature 1.7, 

The critical point GL occurs so far to the right on this scale 

(the unit of volume is equal to that of Pl. HI fig. 5 and 6) that it 

cannot be represented in the drawing. 

No critical point exists for the transition of Sg to L owing to 

the interposition of the ridge S4. The binodal line on Sg and ZL, 

loses its physical meaning at a given position of the rolling tangent 

plane. A continuous passage from Sg to Sz is only possible through 

the gaseous as an intermediate state. 

An important result can be obtained from the foregoing. Whenever 

substances exist whose molecules undergo changes in the transition 

to the solid state, which are mechanically similar to those which 

determine the condition of the two phases, these said substances 

will also agree with the law of corresponding states in the solid 

condition. An experimental investigation for the continuity of the 

solid and gaseous states would be best made on the substance with 

the lowest critical pressure. If, for the moment, we assume that /7, and 

CO, are sufficiently comparable from this point of view — at present 

no better example is at hand —- the critical point solid-gas should 

be sought at about 1800 atm. and —210°C., and thus in possible 
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experimental pressure and temperature ranges. For many years a 

similar investigation has stood on the program of the Leiden Labo- 
ratory. 

IV. Tae GiBBs’ SURFACE FOR H,O FOR GREAT DENSITIES. 

(Model for the equilibrium of TAMMANN’s ice varieties and water). 

The GriBBs’ surface suffers a deformation from association in the 

case of water, and the general character of the change has been 

already given in $ 8 according to our views. Having once arrived 

at a given idea about the general form, we can more exactly deter- 

mine the form to be ascribed to the ridges according to this idea 

by the help of the experimental numbers. The model that we have 

obtained by our method is shown on PI. II fig. 4. As Tammann has 

already indicated, two other ice varieties (ice H and ice III) are 

found, in addition to ordinary ice (ice I). The general position of 

the ridges belonging to these values follows frem TaMMANN’s measu- 

rements concerning the volume change and heat of transformation 

for the transition of one ice variety into another or into water. If 

we give the value O to the last and 1, 2 and 3 to the three ice 

varieties, TAMMANN finds at 7’= 251 (triplepoint water — ice J — ice III) 

Ag =O: i 

Av; = — 0.05 

Av,, = + 0.193 

FP, = — 73 eal. 

Ty, = — 10 x 

Tat 9 1 

Also TAMMANN finds that Av,, is very nearly equal to Av,,. We 
have assumed that Av,, is somewhat greater than Av,,. We then 

find the general arrangement given in Pl. IV fig. 1 for the water 

and three ice varieties. The dashed line gives the isotherm through 

the triple point water — ice I — ice III, the dotted line the isopiestic. 

We have not taken these from pl. II, fig. 4, where no isotherms 
or isopiestics are drawn, because this figure is not sufficiently worked 

out for this purpose. We have drawn on Pl. IV. schematic figures 

in order that they may be used in continual comparison with the 
surface, whenever we wish to further explain the properties of the 

surface. From these we can show easily that they agree with the 
model of Pl. II, fig. 4. 

We now further specify our ideas for the modification O and 1. 

Here = is negative for points on the binodal line, and this also 
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follows from the modei. In fig. 2 Pl. IV, let AA’ and BB’ be a 
pair of coexisting phases. A higher temperature belongs to AA’ than 

to BB', while the pressure at AA’ is greater than that at BB’. If 
we extend the fusion line of ice in the direction of falling pressure, 

dp 
“? would change 
dt 

it is probable that for a given negative value of p, 

; : Sud a 
its sign and become positive. Those phases for which = > 0 would 

at 

be determined by DD, HE' and FF". The critical point water-ice I 
would be found at G and would therefore present a negative value. 

PoyntinG ') came to the same conclusion in a different way. A second 

critical point at positive pressure, which is deduced by Poyntine 

and also by PrancK*®) by linear extrapolation of the variation of 

the latent heat of fusion, which is also given by us, becomes 

impossible by the appearing of the other ice varieties, which we will 

describe now. If we assume, returning to AA’, that by rolling the 
common tangent plane to CC’ in the direction towards 65’ on the 
water and ice / ridge, we should also touch the ridge ice /// 

dp Et: 
at H'. Then = would be positive for water and ice ///, in agreement 

q 
with TAMMANN’s measurements. If now we suppose that ice M/L is 

non-existent, we may prolong the binodal line AC A' C' to a little 
over CC' which gives us continually lower temperatures and higher 
pressures. For a given position the tangent plane will now also touch the 

ice II ridge. Hence we obtain a lower temperature 7’, for this triple 

point than for the triple point water —ice I— ice III, while the pressure 

is higher for 7, than for 7,. This is also in agreement with en 

results. In the same way for water —ice III and water — ice II i is re B 0. 

According to our model the fusion curve of ice II sii 

at higher pressures and temperatures and therefore we have assumed 

that a critical point water — ice II exists. 
Now we consider further the transformation line ice I to ice HI. 

According to Tammann the heat of transformation from ice I to ice HI 

is positive in the neighbourhood of the critical point 7’ = 251° and 

at lower temperatures negative. In order to be in agreement with 

this, the ice I ridge has been given a strong curvature and the ice UI 

ridge a weak (see fig. 3 Pl. IV where the elevation of the ridges 

from the side of the ge plane is shown). Hence the course of the 

1) Poyntine Phil. Mag. (5). 12. 1881. 

*) Pranck. Wied. Ann. Bd. 15 p. 460. 1882. 



H. KAMERLINGH ONNES and H HAPPEL „The representation of 

the continuity of the liquid and gaseous conditions on the one 

hand and the various solid aggregations on the other by the 

entropy-volume-energy surface of Gibbs. 

cu 

Co 
x 

„2305 NG 

fx ts 

a Z, ] S020 

fig. 2 

Proceedings Royal Acad. Amsterdam. Vol. VL. 

Piet: 



ve 5 

wite 

x Er 



H. KAMERLINGH ONNES and H. HAPPEl he one hand and the 
various solid aggegrations on the o Pl. If. 



H. KAMERLINGH ONNES and H. HAPPEL: ‚The representation of the continuity of the liquid and gaseous conditions on the one hand and the 
various solid aggegrations on the other by the entropy-volume-energy surface of Gibbs.” Pl. IL. 

Proceedings Royal Acad. Ar 



aggregations on the other by the 

Else ELI 

men eeen 



| 8 
a C p 3 vi 3 5 b 8 

H. KAMERLINGH ONNES and H. HAPPEL: „Tho represontation of the continuity of the liquid and gaseous conditions on the one hand and tho various solid aggvegations on the HEE 
entropy-volume-vnergy surface of Gibbs.” Bee, eae 

Fig.4 ant 
oa 

Se 



PREV; 

aggregations on 

oee 
R
E
 

E 
«
J
 

A 
4
 

o
i
 

S
S
 

= 
“
y
 

: 
i
a
l
 

|
 

E
E
 

2
 

$F. 
o
t
 

|
 

I
 

"
|
 
L
 +
4
 

Gace 
a
y
 

w
y
 

|
 
|
 

M
y
,
 

e
n
 

e
n
 
e
n
 
e
n
e
 
J
E
 
e
n
 

-
 
a
r
e
a
l
 

e
e
)
 

S
A
L
A
S
 
S
 
e
r
r
r
h
e
r
r
e
t
r
t
e
r
t
e
e
 
S
A
S
 
4
g
 
r
h
 

A
N
 

S
E
 
r
a
t
 

7
 
E
e
 

5 
=
 

BEES 
S
E
 

ARAN 
| 

e
e
e
 

‘ 
3s 

\A\ 
N\ 

5
 N
a
s
 

z
e
 rg
 

|
 À
 M
O
O
V
 

o
s
 

€ 

‘a 
fs 



l
i
s
 

Se 
zo 

Ny F
E
:
 

= 
v
a
g
a
n
s
”
 

O
E
L
 

t
e
r
 

Ta
r 

IV. Pl. 

Fig. 5. 

Ls . 

D 
2 

> 
E
N
E
 

C
i
s
 
sa 

O
S
E
 

= 

S
e
s
e
 

Ms 
e
S
 

2 

„The representation of the continuity of the liquid and gaseous conditions on the one hand and the various solid 

aggregations on the other by the entropy-volume-energy surface of Gibbs.” 

S
S
 

I
S
N
S
S
N
E
N
N
E
N
N
A
N
N
,
 

E
N
 

2
0
 5
 

o
e
 

S
O
P
R
A
 

KG wins 
: 

2 
2
 

a
e
 

ie 
B 
B
N
 

e
e
 

j 
| 

J 
\
\
 

e
 

D
o
r
e
 

\
-
4
 

S
S
 

E
E
R
 

V
i
l
e
 

o
n
e
 

4
 

Sree 
go 
e
o
 

ap 
e
a
t
 A
N
 

= 
a
i
e
 
PLE 

Set 
a
p
e
s
 
“
Q
u
a
 

g
e
e
 

B
S
 

s 
oy 

S
e
 

: 
E
l
 
M
a
e
n
e
 

ei
 

N
R
 

- 
1 

Ne
y 

l
S
 

A 
= 

: 
mu. 

e
e
 

A 
3 

5
 

“
a
 

{
 
E
E
 

/ 
/
 

\ 
:
 i
 

5
 

5
 

o
 
S
N
N
 

N
a
o
 

K
e
 c
v
 

G
G
L
 
O
R
 

E
A
 

B
A
E
)
 
E
E
 

d
k
 

E 
E
E
E
 

%
 

S
U
N
 

S
S
A
 

3 

3
 

P
2
4
 o
e
 
c
e
 
a
e
r
a
 

-
 
4
 

|
 | 

2
 

a rz) 
pa 
a
 
=
 

= td ise] 



( 699 ) 

binodal curve is given by the line drawn in fig. 4 Pl. IV. It is easy 
dp 8 ea d 

to see that now en 0 at the triple point 251° and = >0 at lower 

temperatures. The transformation line has thus the course drawn in 

fig. 5 Pl. IV, which qualitatively is in complete agreement with 
TaMMANN’s determinations for this line. 

The transformation line from ice I to ice II is very similar to 

that from ice I to ice II. Since the ice II ridge distinctly rises more 

steeply than the ice III ridge the line of transformation from ice | 

to ice II is more curved than that for ice I to ice II. The result 

is that the line of transformation from ice I to ice II cuts, above 

the absolute zero, the vapour pressure line of ice I, which runs very 

close to the Y-axis (see fig. 6 Pl. IV). A triple point vapour 

— ice | — ice Il corresponds with this common point, this has not 

been observed, but Tammann holds its existence as probable. Also the 

transformation curve from ice I to ice LI (PL IV fig. 5) when 

produced cuts the Z-axis. The common point then corresponds to a 

negative temperature, and thus this triple point cannot be realised. 

The curve of transformation from ice II to ice III was not deter- 

mined by TAMMANN, but its course can be seen on our model. 

From the model it follows that TAMMANN could obtain ice IL by 

cooling to — 80° C., while less cooling would be sufficient for ice III. 

Owing to the form which we have chosen for the liquid ridge, 

the expansion coefficient of water near 0° C. would be negative and 
water would show a maximum density, while the expansion coeffi- 

cient of ice would be positive, all in agreement with experiment. 

The pressure lines for water (see fig. 7 Pl. IV) run in accordance 
with this (at least near O°) from larger to smaller value of v, and 

simultaneously from lower to higher temperatures. The maximum 

density of water, on our model, is shifted by increase of pressure 

towards decreasing temperature, while at the same time it becomes 

less marked and finally vanishes; also in agreement with experiment. *) 

1) Amacat. Recherches sur les gaz. 

v. p. Waars. Arch. Néerl. Vol. XII. p. 457. 

Grassi. Ann. d. chim. 3. 31, p. 437. 1851. 
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Chemistry. — “On ocimene’. By Prof. P. van Rompuren. (Com- 

municated by Prof. C. A. LoBry pr Bruyn). 

(Communicated in the meeting of February 27, 1904). 

At the December meeting 1900, I had the honour to submit to 

the Academy a communication on the essential oil from an Ocimum 

Basilicum L. which contains besides a large quantity of eugenol, a 

hydrocarbon of the formula C,,H,, to which I gave the name of 

Ocimene. The peculiar behaviour of that hydrocarbon reminded me 

of the olefinic terpenes, discovered by SEMMLER, of which myrcene, 

isolated by Power and KLEBER, was the best known. Ocimene, 

however, did not appear to be identical with myrcene. 

CHAPMAN!) has shown some time ago that the essential oil of hops 

contains 40—50 °/, of an olefinic terpene which he considers to be 

identical with myrcene. In his paper, CHAPMAN disagrees with my 

observation that myreene is not so changeable as stated by Power 

and KurBer. According to these investigators this substance becomes 

polymerised after standing for a week, whereas I could preserve it 

for months, of course in a properly sealed bottle. CHAPMAN refers to 

a paper of Harrims*) to show the unstability of myrcene. There we 

read, however, only that the polymerisation “sehr leicht zu bewirken 

ist durch längeres Stehen oder durch mehrstündiges Erhitzen auf 

300°”, whilst SeMMLER*), in accordance with my observations, says 

that he found it to be “überhaupt nicht so leicht veränderlich”. 

The olefine terpene from hops has the power of absorbing oxygen, 

like ocimene. In one of CHAPMAN’s experiments 16 cc. of oxygen 

were absorbed in three days by 1 ce. of the terpene. I had already 

found previously that myrcene does not absorb in the same time any 

notable quantity (only fractions of a cc.) and, recently, on repeating 

my experiments I found my previous observation confirmed. If, 

however, myreene was left in contact with oxygen for a long time 

(in tubes 1.5 cm. in diameter) the volume of the gas began to de- 

erease gradually, but with increasing velocity, so that after 16 days 

30 ec. had been absorbed. Of a sample of ocimene which had been 

kept in a properly sealed bottle for three years and had twice made 

the journey to and from Java, 1 ec. absorbed 17.8 ce. of oxygen in 

41 hours; in the case of this terpene I again noticed that after 

1) Journ. of the Chem. Soc. Trans 1903. 83 p. 505. 

2) Berl. Ber. 35 (1902). S. 3259. 

3) Berl. Ber. 34 (1901). 5, 3126. 



Cron ) 

oxidation had set in, the absorption proceeded more rapidly so that 
on the second day, for instance, oxygen was being absorbed at the 
rate of 2 ce. per hour. 

Still, I should not feel justified in saying that hops-terpene and 
myreene are not identical, merely on account of the difference in 
oxygen absorption, because further experiments have taught me that 
under certain undefined conditions even this hydrocarbon may some- 
times be left in contact with oxygen for a day without absorbing a 
notable quantity *). But as soon as the absorption has commenced 
it proceeds at a fairly rapid rate. 

By the action of oxygen a colorless viscous substance is obtained. 
I hope to refer to these experiments more fully later on. 
In the same paper CHAPMAN expresses some doubts as to the 

“chemical individuality” of ocimene. Although I have already pointed 
out in my previous communication that the boiling point at 20 mm., 
the behaviour on distilling at the ordinary atmospheric pressure and 
the index of refraction of ocimene and myrcene differ considerably, 

I will now adduce additional facts which undoubtedly prove that 
ocimene and myrcene are different compounds. 

Mr. C. J. Enkraar, who has taken up the study of ocimene in the 

Utrecht laboratory, repeated in the first place the determination of 

the index of refraction of this hydrocarbon and for a product care- 

fully fractioned over metallic sodium he found np—1.4872 and 

np= 1.4867, which values satisfactorily agree with 1.4861 previously 

found by myself by means of another apparatus. For myrcene, POWER 

and Kinser have found np=1.4674 whilst I had, previously, found 

1.4685. 

SEMMLER (loc. cit.) has shown that myreene is reduced by sodium 

and alcohol to dihydro-myreene. On applying this reaction to ocimene, 

Mr. ENKLAAR obtained a dihydro-ocimene, which not only differs 

from dihydro-myreene *) as regards boiling point, specifie gravity 

and index of refraction, but also by the fact that it yields with 

bromine a crystallised additive compound. These investigations are 
being continued. 

1) Not improbably, traces of moisture or of products of oxidation exercise a 

catalytic influence. A retardation was noticed when ocimene freshly distilled over 

metallic sodium was placed in dry oxygen. 

2) Dihydro-ocimene boils at 168° at 763 mm. At 21 mm. the boiling point is 

65°. Sp. gr. at 15° 0.775. The boiling point of dihydro-myrcene is 171°.5—173°.5 

at the ordinary pressure and its sp. gr. 0.7802, 
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Chemistry. — “Additive compounds of s. trinitrobenzene.” By Prof. 
P. van RompurcH. (Communicated by Prof. C. A. Losry DE 

BRUYN). 
(Communicated in the meeting of February 27, 1904.) 

A communication from Jackson and CLARKE”) on additive com- 

pounds of substituted nitrobenzenes and dimethylaniline and another 
from HrBBerT and SupBoroven?) on additive compounds of s. trini- 

trobenzene and alkylated arylamines induces me to call attention to 

the fact that I have been engaged for a long time with the study 

of the additive compounds of m. dinitro- and s. trinitrobenzene. In 

addition to those which I have described in former papers *) I have 

prepared a large number of compounds with different aromatic amines 

(such as toluidines, phenylendiamines, benzidine and their alkyl 

derivatives) which will be fully described elsewhere as soon as the 

crystallographic investigation of many of these products, kindly 

undertaken by Dr. F. M. Jarcer, has been concluded. 

Besides with benzene and naphthalene‘), s. trinitrobenzene combines, 

like picric acid, with different aromatic hydrocarbons. It forms with 

anthracene fine orange-red needles (m.p. 161°, with a methylanthracene 

reddish colored needles (m.p. 138°), with phenanthrene an orange- 

yellow compound (m.p. 168°)*) with jlworene a yellow compound. 

In all these compounds we find that 1 mol. of s. trinitrobenzene 

is combined with one mol. of the hydrocarbon. 

s. Trinitrobenzene forms with a-bromonaphthalene a fine lemon- 

yellow compound (m.p. 139°) and a similar one with dibenzylidene- 

acetone. 

Substituted aromatic amino-compounds such as anthranilic acid, 

and its methylester, p. aminoacetophenone, ethyl m. and p. amino- 

benzoate brought together with s. trinitrobenzene in alcoholic solution 

readily form colored well-crystallised compounds, the first two of 

which are colored orange and the others red. p. Aminobenzoic acid 

combines less readily and I have not succeeded in obtaining an 

additive compound with m. aminobenzoic acid, which is a stronger 

acid than its isomers. 

Among the above compounds are some which will, presumably, 

prove of importance in the hands of the micro-chemist for the 

detection of certain substances. 

1) Berl. Ber. 87, (1904), S. 177. 
9) Journ. Chem. Soc. 83 p. 1334. 

3) Rec. d. Trav. chim. d. Pays-Bas 6, 366; 7, 3, 228; 8, 274; 14, 65. 

4) Hepp, Ann. d, Chemie 215, S. 376. 

5) In the Dutch publication of this article, the melting point has been stated 
incorrectly. 
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Botany. — “Determination of the action of poisons on plants.’ By 
Prof. EB. VERSCHAFFELT. (Communicated by Profs. C. A. Losry 
DE Bruyn and Hueco pr Vrims.) 

When a part of a living organ of a land-plant is placed in water 

it usually absorbs water on account of the well-known osmotic 

properties of the protoplasm and this absorption goes on until the 

cell-walls allow of no further extension. The accompanying increase 

in volume and the phenomena of tension in the tissue which may 

result therefrom, have, since Hueco pe Vries laid the foundations of 

the subject, given rise to many an investigation which it will be 

superfluous to mention here again. Evidently this absorption of 

water will also cause the weight of the fragment of tissue to increase 

and it is easily understood that fairly considerable differences in 

weight will arise as soon as the organ is somewhat rich in parenchym. 

All this only happens however as long as the part of the plant 

is alive. When a part of an organ that has been previously killed 

is placed in water, no more water is absorbed; on the contrary, 

since the semipermeability of the protoplasm has been destroyed, 

the dissolved substances of the cell-sap diffuse out; with them part 
of the water that stretches the cell-wall leaves the fragment of tissue, 

and this latter diminishes in weight as well as in volume. 

Hence it seems possible, by determining the changes in weight, 

subsequent upon placing a plant-organ in water, to decide whether 

this latter is alive or dead. If it turns out that no other circum- 

stances have a disturbing influence, we should have a new criterion 

for determining the lethal limit of measurable external circumstances, 

besides the diffusion of colouring matter at the death of plant-cells’), 
used by Hueco pr Vrigs, and the non-appearance of the plasmolytic 

phenomenon, recently applied by A. J. J. van pm Verpe’). In order 

to test the practicableness of the method I tried to determine in 

this way the toxie limit of a few substances and it seems to me 

that this has been successful. Not every arbitrarily chosen plant-organ 

can be expected to lend itself equally well for these experiments; 

most of them proved serviceable, however, and as very fit for this 

purpose I mention the potato-tuber, beetroot, fleshy leaves of Aloe, 

juicy leaf-stalks like those of Begonia, Rheum and other plants. 

One example may illustrate the proceeding and give an idea about 

the observed differences in weight. 

1) Arch. Néerl. VI, 1871. 

*) Transactions of the four first Flemish Physical and Medical Congresses 
(Dutch). 
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y experiment had proved that the toxic limit 

of CuSO, for potato lay below a concentration of 0,005 grammol. 
per litre, four fragments of potato were dried with filtering-paper, 

weighed, and placed in solutions of Cu SO, containing: 

a 0,001; 6 0,002; c 0,008 and d 0,004 gr. mol. 

The bits of potato weighed respectively : 

aM b 3,225; ec 2,860 and. d 3,195" er. : 

After having stayed in the solutions for 24 hours, they were 

dried and weighed again, the results being: 

a 4,620; 6 3,310; c 2,895 and d 3,260 er. 

So they all had absorbed water; the toxic effect of the cupric 

sulphate penetrating at the same time would now soon become 

apparent, however. The bits were washed and placed in water from 

the supply (water from the dunes); after 24 hours they weighed: 

a: 4,670; 6. 3,350; c. 2,825 and d. 3,150 er. 

This time c. and d. had lost weight and this loss increased steadily 

during the following day, whereas a and 5 went on absorbing water. 

The toxic limit of CuSO, for bits of potato weighing 3—5 grammes 

consequently les, after 24 hours, between 0,002 and 0,003 grammol. 

per litre, i.e. between 0,03 and 0,05 per cent (molecular weight of 

Cars0 == 159). 

Henceforth a piece of tissue was considered undamaged if, after 

having stayed in the poisonous solution for 24 hours and then for 

another 48 hours in water (once or twice renewed), it had, at all 

events, not lost weight, if it had not gained. It is obvious that in 

these experiments only such organs can be used as will remain alive 

for a fairly long time, when immersed in water. I can state concerning 

potatoes, that normal fragments, placed in water which was daily 

renewed, even after 18—20 days did not lose weight but absorbed 

small quantities of water. It made no difference, at least within this 

period of time, whether water from the supply or distilled water 
was used. In all similar experiments the results obtained by weighing 

are confirmed in a striking manner by the circumstance that bits of 

potato, when they die off, turn dark-grey (conversion of tyrosine 

into homogentisinie acid by enzyme-action). Also various other parts 

of plants show some similar phenomenon which may serve as a 
check, in tbe first place the diffusion of colouring matter, as with 
red beetroot, Begonia and others. : 

In the manner described above, also the harmful limit of con- 

centration may be determined of neutral mineral salts which in a 

certain dilution are innocuous for a long time, but in more concen- 

After a preliminary 
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trated solutions must necessarily become harmful if it were only on 

account of their strong osmotic action on plant-cells; in other words, 

it is possible to determine the toxic limit of plasmolysing substances. 

In these cases the results of weighing are different in that the tissues 

in the salt-solution obviously lose weight but recover weight again 

when placed in water, if they have remained undamaged. If during 

the deplasmolysis death might occur, this can afterwards be recognised 
by a diminution of weight. 

By this method I have been able to ascertain that the potato- 

tuber is rather sensitive for plasmolysing agents. Pieces of this organ 

appear to be damaged when they have stayed for 24 hours in 

0.4 grammol. NaCl (2.34°/,), and are then placed in water. We 

will not decide whether death took place already in the salt-solution 

or on entering the water; sometimes, however, the grey discoloration 

already began to appear in the solution. A solution of 0.3 grammol. 

NaCl (1.75°/,) is perfectly harmless when acting for a day. Now 

other parts of plants offer a much greater resistance to neutral salts. 

The limiting concentration of NaCl for pieces of beetroot, e.¢., lies, 

when acting for a day, at between 1 and 1.5 grammol.; I did not 

determine this limit more accurately. Similar values are furnished 

by various other parts of plants, such as the tuber of Colchicum 
autumnale, the leaf of Aloe dichotoma and Aloe succotrina. 

For KBr, KNO,, the molecular concentration at which pieces of 

potato begin to be injured is pretty much the same as that given 

above for NaCl. For the present, however, it was not my intention 

to extend this investigation to a greater number of salts, although 

this would undoubtedly lead to many interesting results, also perhaps 

concerning the action of ions on the living cell. It only must be 
mentioned here that with glucose and saccharose, injurious effects 

on pieces of potato began to be noticeable at a concentration of 

0.5 or 0.6 grammol. which is only slightly higher than with NaCl. 

Interesting observations on the action of salt-solutions on plant- 

cells have been formerly made by J. C. Costrrus'); although they 
have not been repeated by the weighing-method, I must not omit 

drawing attention to them, since they seem to point to a different 

behaviour of the cells in the salt-solution, depending on the presence 

or absence of oxygen, which may be of importance with regard to 
what follows. 

The determination of the lowest limit of concentration for which 

substances are poisonous, led us to investigate whether this limit can 

1) Arch. Néerland. t. 15. 1880. 
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be shifted by adding other compounds to the solution. This is indeed 

often the case, and so the weighing-method lends itself to a repeti- 

tion of the experiments of KAHLENBERG and Trve*) and those of 

True and Gres’) in which by a different method the toxicity of 

metallic compounds was proved to be diminished by the addition of 

certain salts. The case which I have examined a little more closely 

does not concern a metaliic poison, however, but an alkaloid. 

The lowest poisonous concentration of chinine hydrochloride for 

potato is a very low one, namely 0.001 grammol. per litre *), the 

action lasting 24 hours. All parts of plants which I examined, proved 

to be about equally sensitive to this poison. The result of adding 

NaCl in a certain concentration to the chinine solution, is that after 

the same time, death occurs at a considerably higher concentration 

of the chinine, this concentration 

depending again on the amount 

of NaCl in the solution. The figure 

represents graphically this shifting 

of the toxic limit. One sees from 

it that by 0.2 grammol. NaCl per 
litre the harmful concentration of 

the chinine hydrochloride is raised 

from 0.001 to 0.005 grammol., 

a further addition of salt acting 

less favourably again. At 0.4 gram- 

mol., as was pointed out before, 
0 0,1 0,2 0,3 0,4 an ye ths . 

naa pure NaCl is injurious to the potato. 

As far as I have been able to gather, the toxic action of chinine 

hydrochloride on plants generally is modified in the same sense by 

NaCl. At any rate I obtained the same results with pieces of sugar- 

beetroot, the leaf-stalk of Begonia, fragments of the leaves of Aloe. 

As the cells of the sugar-beetroot resist much higher concentrations 

of common salt than those of the potato, it is not surprising that 

also in the presence of more than 1 grammol. NaCl per liter the 

antagonistic action towards chinine can be observed with this plant. 

The diminution of toxicity, observed by the above-mentioned 

authors when certain salts, harmless in themselves, are added to 

metallic compounds, has been ascribed in most cases to the concentration 

of toxic ions being decreased; their results agree with the connection 

0,005 

0,004 

‘TypoapsyY, “UU 
0,003 

0,002 

0,001 

1) Botan. Gazette. vol. 22, 1896. 

2) Bulletin Torrey Botan. Club. vol. 30. 1903. 

3) or 0,03965 °/, ; mol. weight of Cao Hy, No Os. HCl + 2 H,0 = 396,5. 
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between disinfecting power and degree of dissociation '), formerly 

studied by Paur and Kronic. Antitoxic actions of metal on metal 

with animal cells as reagent, studied by Lons, proved however that 

the explanation cannot always be sought in this direction’). So a 

deeper interpretation of the case here mentioned must be put off for 

the present, the more as, very likely, it will appear not to belong 

to the domain of physiology but of chemistry. 

The observations may be completed with the results of some ex- 

periments with other compounds. 

The toxicity of chinine hydrochloride for potato and for sugar- 

beetroot is as clearly as by NaCl diminished by KBr, Li Br, Ca(NO,),, 

which are rather different salts. Glucose and saccharose, on the 

other hand, have no influence whatever. 

Also of another organic poison, namely oxalic acid, the action 

proved to be partially neutralised by NaCl being also present in 

the solution. Especially the sugar-beetroot gave very distinct results 

here, although also with the potato the antitoxic influence of the 

salt was clear. In a less degree, but yet in an unmistakable manner, 

the toxicity of oxalic acid is counteracted by saccharose. | 

Some experiments with a metallic poison (cupric salts) gave results 

which were in general concordant with those of KAHLENBERG and 

his collaborators. 

Physiology. — “On some applications of the string galvanometer”. 

By Prof. W. Emrnover. Communication from the Physiological 
laboratory at Leyden. 

In a former paper*) the amount of sensitiveness of the string 

galvanometer and the time in which the deflections of the quartz- 
thread are accomplished were mentioned and illustrated by a few 
photograms. We stated that with a feeble tension of the wire a 
current of 10-12 Amp. could still be observed and that with a 
stronger tension, so that the movement of the wire is still dead-beat 
and the sensitiveness is reduced to a deflection of 1 mm. for 
2X10 8 Amp., a deflection of 20mm. requires about 0.009 seconds. 

1) Zeitschr. für physikal. Chemie. Bd. 12. 1896. Zeitschr. fiir Hygiene. Bd. 25. 1897. 
*) PrrüceR’s Archiv. Bd. 88. 1901. Americ. Journ. of physiol. vol. 6. 1902 
Other observations belonging to the same category of animal physiology, were 

recently made by K. Lesné and Cu. Riener mis, (Arch. internat. de Pharmacody- 
namie. XII. 1903). 

5) These Proc. June 27. 1903. p. 107. 

47 
Proceedings Royal Acad. Amsterdam. Vol. VI. 
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These data may be sufficient to form an opinion about the instru- 

ment in theory and to give an idea of its fitness for practical work; 

yet on this latter point the applications alone can give full and 

convincing evidence. 

In what follows we intend to mention some of these applications. 

Where the object is to measure very feeble currents no other 

galvanometer seems to equal the instrument we are considering. It 

is obvious that theoretically there is no limit to the sensitiveness of 

any arbitrary galvanometer for constant currents. One can indefinitely 

increase the period of oscillation of the magnets as well as the 

distance of the scale and so obtain any desired sensitiveness in theory. 

But practical difficulties soon draw a limit. One among other diffi- 

culties is the inconstancy of the zero-point, which is influenced by 

many circumstances and which causes the more trouble the more 

the period of oscillation increases. 

This is probably the reason why an electrometer is preferred toa 

galvanometer when very feeble currents have to be measured, e. g. 
when great insulating resistances have to be examined or the ionising 

power of radio-active substances. 

In the celebrated investigation by Mr. and Mrs. Curie *), which led 

to the discovery of radium, the radio-activity of various materials 

was judged by their power to render air conductive; and the conduc- 

tivity of the air was measured by means of an electrometer. The 

electrometer had to be charged by a current, which passed through 

a conducting layer of air, the rate at which the electrometer was 

charged being a measure for the current. 

Evidently it was not an easy matter to measure currents in this 

way; so Mr. and Mrs. Curie preferred a method of compensation 
by means of a rod of piezo-electric quartz. The charge received by 

the electrometer through the layer of conductive air was compensated 

by a contrary charge derived from the quartz-rod. To effect this the 

rod was subjected to a steadily increasing pull by continuously adding 

weight to a scale suspended on the quartz-rod. In this way the 

image of the mirror of the electrometer had to be kept at zero, the 

increase of the pull during the time being the measure for the current 

and in this case also for the conduetivity of the air. 

It is much easier to make these measurements with the string 

galvanometer. 

I connected the instrument with two brass plates A, and A,, fig. 1. 

1) See eg. Mme SkLopowska Curie, Recherches sur les substances radioactives, 

Annales de Chimie et de Physique TSO, ip. 799: 1903, 
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Both plates were round, had a diameter of about 25 em., were 

insulated and mounted at a distance of about 2 em. from each other; 

the laboratory-battery of about 60 Volts and a resistance of 1 Megohm 

were inserted in the circuit from the galvanometer G to the plates. 

1 Megohim. 

| ae 

The sensitiveness of the galvanometer was adjusted at 1 mm. 

deflection for 210 Amp., the time required for a deflection 

being about 5 to 7 seconds. Now a round plate, covered over a 

diameter of about 20 em. with powdered uranium-trioxide (containing 

water) was shoved in between A, and A, and laid on A,. The 

galvanometer now showed a deflection of 2.5 mm. As soon as the 

uranium-preparation was removed it pointed exactly zero again. 

The uranium-preparation was in this way repeatedly brought between 

the plates of the condenser and taken away again and each time 

the galvanometer showed the same deflection of exactly 2.5 mm. 

Each measurement was made in from 5 to 7 seconds; since, as has 

been shown before, a deviation of O.1 mm. can still be noticed, the 

probable error of the observations may be put at 4 per cent. 

The current measured amounted to 5 10 Amp., a value of 

the same order as that calculated by Mrs. Curm for other uranium- 

compounds which had been examined under similar circumstances 
by means of the piezo-electrometer. 

We will briefly mention some experiments with a few milligrams 

of a radium-salt. When the radium was placed between the condenser 

plates, a P.D. of 2 Volts proved sufficient to deflect the image of 
the wire a few centimetres. With a P. D. of 40 Volts in the circuit 
the same effect could be obtained by holding the radium-preparation 
at a distance of 1 metre from the plates. A definite distance of the 
radium from the plates corresponded to a definite indication of the 
galvanometer and it was obviously easy to drive the image from the 

scale by approaching the radium. It was remarkable in all these 

experiments that when the preparation of uranium or radium was 
47% 
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not moved, the deflection of the galvanometer also remained steady. 

These observations also show how easy it is to measure an insu- 

lating resistance with the string galvanometer. The experiment with 

the uranium-trioxide showed that the resistance of the layer of air 

60 Volts =z 

5 X 101 Amp. — 
= 1.210" Ohms or rather more than a million Megohms. An 

insulating resistance of 6 10'? Ohms can be demonstrated with 

the 60 Volts laboratory-battery by a lasting deflection. 

We finally mention another application of the string galvanometer 

for measuring very feeble currents, namely those which are caused 

by atmospheric electricity. A spirit-lamp is held up on a long pole 

in the open air. An insulated wire connects the flame with one ter- 

minal of the galvanometer-wire, the other terminal being earthed. 

Under these conditions one sees a lasting deviation of the galvano- 

meter which diminishes and disappears as soon as the pole is lowered 

and carried indoors, but which returns as soon as it is taken out 

and held up again. 

The deflection of the galvanometer in these experiments was 

generally more or less oscillating on account of the wind causing 

fluctuations in the contact of the flame and the end of the wire. 

between the two plates of the condenser amounted to 

Besides for measuring feeble currents, the wire-galvanometer is 

suitable in practical work for detecting small quantities of electricity 

and especially for accurately measuring rapid variations of electric 

tension or of feeble electric current. As the instrument for feeble 

currents which is quickest in its indications, it will undoubtedly prove 

useful for transoceanic telegraphy. 

The smallest quantity of electricity that can be detected by it, can 

easily be calculated. Let us imagine that a great resistance has been 

inserted in the circuit so that the electromagnetic damping of the 

moving wire may be neglected and that now suddenly a current of 

constant intensity is sent through the wire. 

The movement of the wire under these circumstances is accurately 

represented in the formerly published photograms *). Theoretically the 

wire will, at the moment the current starts, experience an electro- 

magnetic force by which an acceleration will be imparted to it. Its 

motion will be an accelerated one until a speed is attained such that 

the resultant of the electromagnetic force and the tension of the wire 

will make equilibrium with the resistance of the air. 

1) These Proc. June 27, 1903. p. 107, 
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If however the tension of the wire is feeble enough, the duration 

of this accelerated motion is very small compared with the total 

duration of the deflection so that it may be neglected. We are then 

allowed to speak of an initial velocity of the wire and may disregard 

its mass. The initial velocity is proportional to the current and may 

be estimated at about 20 mm. per second for a current of 10 Amp. 

with an image as is obtained with our magnification *). 

A current then of 10 Amp. only needs to last for ae sec. to 

cause a deviation of 0.1 mm. and as the photograms prove such a 

deviation to be still visible, a quantity of electricity of 5 >< 102 

Ampere-seconds can consequently be detected. This quantity is equal 

to the charge of a condenser of 1 microfarad at a potential of 

5X 10-* Volts or to the charge of a sphere of 4.5 cm. radius at 

a potential of 1 Volt. 

Since, as was pointed out above, the initial velocity is proportional 

to the current, the deflection for a small quantity of electricity, will 

entirely depend on that quantity itself, and it will make no difference 

whether a strong current passes during a short time or a feeble cur- 

rent during a longer time, if only the time of passage be small enough. 

The properties of the wire-galvanometer lead us to expect another 

very remarkable consequence. If the tension of the wire is increased, 

the velocity with which a deflection is accomplished, will increase, 

but at the same time the amount of the deflection for a given cur- 

rent will diminish. Now it has already appeared from the photograms 

that, provided the tension of the wire is not too great, the change 
in sensitiveness is exactly inversely proportional to the change in 

detlectional velocity, so that the initial velocity for a given current 

is independent of the tension of the wire. From this we derive the 
seemingly paradoxical result that under the condition mentioned the 

deviation for a quickly passed, small quantity of electricity is the 

same for any tension of the wire. 

The facts are in complete accordance with this argument and for 

an observer who is not accustomed to the instrument, it is very 

curious to see, how with a relatively much greater tension of the 

wire and a consequent great diminution in sensitiveness for constant 

1) This amount of 20 mm. is only approximately true. | hope soon to be able 

to deal more extensively with the movement of the wire under various conditions. 
The influence of the viscosity of the air will then be compared with that of the 
electromagnetic damping. It would be a decided advantage if the wire could be 

placed in an air-tight space, which would enable us to observe its deflections either 
in a vacuum or under increased pressure. 
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currents, the sensitiveness for a quickly passed small quantity of 

electricity remains nearly unaltered. 

And the practical application lies at hand. Whenever rapid varia- 

tions in electric tension have to be discovered and the disturbance 
by slowly varying currents has to be avoided, a requirement which 

frequently imposes itself in electro-physiological investigations, the wire 

must be relatively strongly stretched. 

The described sensitiveness for small and quickly passing quan- 

tities of electricity, more even than its sensitiveness for constant 

currents, makes the wire-galvanometer a suitable research-instrument 

for a number of phenomena which are usually observed by means of 

an electrometer. 

If one end of the wire is earthed, the other jomed to an insulated 

conductor, e.g. a resistance-box, a rubbed ebonite rod, brought near 

the resistance-box, will act by influence and easily drive the image 

from the scale. A single advancing or receding movement of the rod 

must obviously result in a double movement of the wire, since this 

latter always returns to zero when the rod stops moving. At a distance 

of a few metres, rubbing the rod with a silk cloth will still cause 

deviations of the galvanometer, each single stroke of the hand ocea- 

sioning a to and fro movement of the wire. 

When I had laid aside the ebonite rod and the silk cloth and 

came near the resistance-box with the hand only, a small deflection 

of a few millimetres could still be observed. When quickly approach- 

ing the hand, the wire showed a momentary deviation in one 

direction, when quickly withdrawing it, in the opposite sense. Even 

moving the fingers round one of the plugs of the resistance-box 

caused the wire to move. It must be emphasised that the resistance- 

box was not touched by the hand so that ordinary conduction 

from the body through the galvanometer to the earth was out of 

the question. 

I could not at once explain the phenomenon. My first thought was 

that the body or at any rate the hand was charged to a certain 

potential and like the ebonite rod drove electricity by influence 

through the resistance-box and the galvanometer. But the potential 

of one of the hands of an uninsulated person is too small to explain 

the movement of the wire. 

Also clothing, e.g. a woollen sleeve, appeared to play no part. 

If a round metal disk connected to the earth by a conducting wire 

and hence having presumably the same potential as the galvanometer 

and the resistance-box, was suddenly brought near or removed from 
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the latter, the same deviations were noticed as when moving the 

human band. 

Also these deflections changed only little when the metal disk was 
moved, after having been charged by a storage-cell to a potential of 

+ 2 or — 2. 

The idea that the strange phenomenon had to be ascribed to 

currents in the air which would generate electricity by friction, had 

to be rejected at once, as soon as, by means of a pair of bellows, 

a powerful air-current had been directed against the resistance-box 

without the wire showing the least motion. But in the end the 

explanation appeared to be very simple. The ebonite plate of the 

resistance-box has a certain charge and the lines of electric force 

bend from the ebonite to the metal plugs. As soon as a conductor 

now approaches, the lines of force are displaced and thus electricity 

is moved from the metal through the galvanometer to the earth. 

That this is the real explanation could be easily shown by rubbing 

the ebonite of the resistance-box and so charging it to a higher 

potential. When this was done the deviations became many times 

larger. 

An interesting proof of the usefulness of the wire-galvanometer 

as a sensitive instrument which at the same time is quick in its 

indications, is afforded by the ease and accuracy with which it 

registers sounds. 

When a Stemens’ telephone is connected with the galvanometer, 

the sound-vibrations falling on the plate of the telephone will send 

induced currents through the wire, by which this latter will be moved. 

As soon as a tone of arbitrary pitch is made to sound against 

the telephone with constant intensity, the image of the wire broadens 

in a curious way. In the bright field the narrow, black image is 

broadened to a band of several centimetres breadth, which has a 
light grey tint and whose appearance in the field is feebler as it is 

broader. The middle of the grey band always corresponds to the 
image of the quartz-thread in rest. The margins have a somewhat 

darker delineation than the rest of the band. 

This appearance is entirely explained by the circumstance that the 

wire executes regular, rapid vibrations of the same rhythm as the 

sound-vibrations striking the telephone. 

One peculiarity has still to be mentioned. If a sound like @ or o 
is sung against the telephone-plate, one sees the grey band divided 

into parts. Symmetrically with respect to the middle of the image, 

within its real margins something like secondary and tertiary margins 



( 714 ) 

are visible which admit of no other explanation than that the motion 

of the wire, representing the sound in its fundamental and partial 

tones, consists of a number of vibrations of different frequencies 

and amplitudes. 
We hope soon to analyse this phenomenon photographically. When 

the intensity of the sound is changed, the breadth of the grey band 

also changes immediately. And at the moment the sound stops, one 

sees the narrow, black image of the wire standing perfectly still 

again in the bright field. 
When the telephone is replaced by a microphone and a suitable 

induction-coil, the same phenomena are observed; with these contriv- 

ances however the arrangement has become much more sensitive. 

Feeble sounds now give rise to considerable broadening and it is 

surprising to see, how, when one speaks softly at a distance of one 
or more metres from the microphone, the image of the wire reacts 

powerfully on each word that is spoken or rather on each syllable 

that is pronounced, but always immediately occupies its position of 

rest as soon as the sound stops for a moment. 

Feeble sounds, as e.g. the cardiac sounds of a rabbit are excel- 

lently rendered by the galvanometer. 

Besides for the study of phonetics and of cardiac sounds, the wire- 

galvanometer will find fruitful applications over an extensive range 

of physiological research. We already communicated some results of 

an investigation concerning the human electrocardiogram *). Besides, 

an investigation of the nerve-currents is now in course of progress, 

about which we will only mention in this place that the action- 

currents of a nerve, resulting upon simple stimulation, can be shown 

and registered in an excellent manner. As far as [ know action- 

currents of the ischiadic of a frog, arising by the stimulus at the make 

and break of an ascending and of a descending constant current, have 

never been observed hitherto. The string galvanometer shows them in 

all their details as they must be expected according to Prrcer’s law 

of contractions and the existence of which could until now only be 

surmised from the observed muscular contractions. One also sees the 

superposition of the phenomena of electrotonus on those of the action- 

current, which need be no impediment to the interpretation of the 

obtained curves. We seem to be justified in supposing that perhaps 

new points of view will be opened about the manner in which the 

nerve is capable of reacting on various stimuli. 

1)-1 se, 
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Chemistry. — “Action of hydrogen peroryde on diketones 1,2 and 
x 

on a-ketonic acids. By Prof. A. F. HorreMar. 

Some aromatic acids may be obtained by first introducing the 

acetyl group by means of the reaction of Frieper and Crarrs and 

oxidising this to the carboxyl group. In many cases, however, this 

oxidation does not take place readily; the group CO.CH, yields with 

comparative ease the group CO.CO,H but the further transformation 

of the latter into the carboxyl group is often attended with great 

loss. Even the method of HooGewerrF and van Dorp, consisting in 

heating the a-ketonic acid with concentrated sulphuric acid does not 

yield the theoretical quantity. I have tried whether this transforma- 

tion might perhaps be attained quantitatively by means of hydrogen 

peroxide, according to the equation: 

R.CO. CO,H R.COOH. 
AHO OH? => CE HOO, =O 4005) 

This was indeed the case. Aqueous solutions of pyruvic acid, 

benzoylformic acid, thienylglyoxylic acid when heated with the 

calculated amount of 30 °/, hydrogen peroxyde (Merck) at once 

eliminated CO and yielded almost quantitative amounts of acetic 

acid, benzoic acid and thiophenic acid. From Prof. Eykmay, I received 

small specimens of four «-ketonie acids which he is investigating 

and these, when heated in aqueous or acetic acid solution with a 

slight excess of H, QO, also eliminated CO. On titrating the acids 

obtained from them it was found that their group CO .CO,H had 

passed into CO,H. 

This result led us to suppose that a-diketones might also be readily 
resolved by the action of H, O,, 

RK OORCO.R 
+ HO OH 

Some of the diketones, such as benzil, camphorquinone and 
phenanthrenequinone were dissolved in glacial acetic acid and warmed 

for some days with a small excess of 30 °/, H, O,. The expected 

= R. CO, H+ R*. CO, H, 

reaction took place almost quantitatively: it was remarkable that 

camphorquinone did not at once yield camphorie acid but first the 

anhydride, which was converted by boiling with dilute alkali into 

camphoric acid. 

Messrs. J. Huisrnca and J. W. Brrkman have carried out the 

experiments. 

Groningen, March 1904. Lab. Univers. 
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Mathematics. — “On a decomposition of a continuous motion 

about a fired point O of S, into two continuous motions 

about O of Ss” by Mr. L. B. J. BROUWER, communicated 
by Prof. KORTEWEG. 

(Communicated m the meeting of February 27, 1904). 

Two planes in S, making two equal angles of position are called 

mutually “equiangular to the right” if one is (with its normal plane) 

plane of rotation for an equiangular double rotation to the right 

about the other one and its normal plane. 
We will call the sides of one and the same acute angle of position 

“corresponding vectors” through the point of intersection of two 

equiangular intersecting planes. 

As is known a system of planes equiangular to the right or to 

the left is infinite of order two. Of course a determined equiangular 

system of planes to the right can have with a determined equian- 

cular system of planes to the left not more than one pair of planes 

in common {two pairs of planes cannot intersect each other at the 

same time equiangularly to the right and to the left); but one 

pair of planes they always have in common. We will show how 

that common pair of planes can be found. 

A pair of intersecting pairs of planes of both systems is of course 

easy to find. We lay through any vector OC the planes belonging 

to the two systems; their normal planes intersect each other in a 

second vector OD. Thus OCD is one plane of position of those 

two pairs of planes. In the second plane of position the four planes 

furnish four lines of intersection, let us say OH, OF, OK, OG, 

in such a way, that the considered pairs of planes must be OCH; 
ODK and OCH: ODG. The following figures are supposed to be 

situated in those two planes of position. 

‘ D 
B 

Fig. 1. 
Let the pair of planes OCH; ODK belong to the given system 

equiangular to the right, and OCH; ODG to the given system 

equiangular to the left. 
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The vectors in the second plane of position are drawn in such a 
way that either 

Ol OC 

ON OD (1) 

is an equiangular double rotation to the right, or that such is the 

case with 

OK => OF)! 

We shall suppose the first to be true (the reasoning is the same 

| OH — OC 

for the second case). Then 
| OF = OC 

| OG — OD 

is also an equiangular double rotation to the right; for, the planes 

OFC and OGD can be brought to coincide with these directions 

of rotation with the planes OHC and OAD, having the directions 
of rotation 

OT OC 

OK = OD 

| ORS OG 

| OG! — OD 
is an equiangular double rotation to the left. 

If farthermore OA and OB are bisectors of the angles HOF’ and 

OG. sand’ if we have, made ZCOA ST 7 DOD 2 BOA == 
zany MOA == 7KOB = /GOB, them thexpar of planes 

AOA' 

BOB 

is a pair of planes of rotation as well for the equiangular double 

rotation to the right (1) as for the equiangular double rotation to 

the left (2). So it is the pair of common planes which was looked 

for of the two systems of planes. 

We shall think now that through two 

arbitrary vectors OA and OB two planes 
intersecting each other equiangularly to the 

left have been laid; we shall now consider 

more closely the position which two such 

planes have with respect to the plane 

OAB and its normal plane. We shall call 

the indicated equiangular planes to the left 

a and 8; and indicate OAB by y and its 

Fig. 2. normal plane by d. In fig. 2 the lines 
drawn upwards lie in d and those drawn downwards in y. 
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The plane OCC’ is the plane of position of y and «, intersected 
by y in OF, by a in OC. Fig. 3 is supposed to lie in that plane 
of position. We have made fartheron in fig. 1 the angles A’OD’, 

COD’, COD equal to 4 AOB =p, and the directions of rotation 
indicated in those planes belong to a double rotation to the right. 

Fig. 4 is supposed to lie in the plane ODD’, and the lines OG and 

OG’ are drawn in it in such a way, that ODGD’'G’ = OCFC F’. 

Fr oe CG p’ 

Vr Ne W 

0 5 0 D 

Fig. 3. Fig. 4. 

We shall consider the plane BOG more closely. Let us project 

OB and OG both on a, then it is not difficult to see that the 

execution of those two operations, each of which is threedimensional, 

gives as a result two lines OH and OK, mutually perpendicular 

(see fig. 5, supposed to lie in «). 

The projecting planes are successively: OBL” (fig. 6) and OGA’ 

(free 7H 

0 4 F A 

ie 

0 H 0 K 

An oM B G 

Fig. 5. Fig. 6. Fig. 7 

We shall directly see that OB and OF” are situated on diffe- 

rent sides of OH, and OG and OA’ on different sides of OK, 

and that “~HOL = /KOG, if we suppose ourselves to be successively 
in the threedimensional spaces, in which the projecting takes place. 

So we see that the plane BOG has two mutually perpendicular 

vectors, making equal angles with « and projecting itself on « 

according to two perpendicular vectors namely OF and OG, projecting 

themselves according to OM and OA: the characteristic of equiangular 

intersection. 

Let us still examine of which kind that equiangular intersection 

is; we shall then perceive that on account of OB being transferred 

into UG by the equiangular double rotation 
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OF' — OA! 
OH => OK 

and this being of the same kind as 

OF" — OA! 
OA OF 

which in its turn can be made to coincide with 

OC! = OA! 
OA == OC 

by a single rotation about the plane OAA', the kind of equiangular 
intersection is the same as the kind of the double rotation 

OC! OA! 
OA OC 

which is to the left according to the data. 

So the plane BG is identical with the plane 8, for through OB 
only one plane equiangular to the left with @ can pass. 

If we now introduce the notation it 
C( 

b 
equiangular to the right” 

indicating if abcd denote four vectors through O, that the planes 
(ab) and (cd) are equiangular to the right and that the same double 

equiangular rotation to the right transferring a into 4, also transfers 

c into d, then 

OA, OB 

OF, OG 

is equiangular to the right and the corresponding equiangular double 

rotation to the right transfers « into 8. In other words we have 

proved the 

Gov : ac 
Theorem 1. If i) is equiangular to the right, then (; 4 is equian- 

gular to the left; or in other words though less significant : 

By an equiangular double rotation to the right any plane passes 

into one equiangular to it to the left. 

If we suppose three vectors abe (whose position of course determines 

the position of S,) to have come after some equiangular double rotations 

. ? aU . . . 

to the right into the position de/, then @ is equiangular to the left 
ae F 

ae k 5 ad : Z 
and i equiangular to the left; so ( ) equiangular to the right 

q dé 

ad } ; 
and i) equiangular to the right, so finally 

ad 

(1 ) 

cf 
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equiangular to the right: in other words the final position would 

have been obtainable out of the initial position by a single equiangular 

double rotation to the right; with which is proved: 

Theorem 2. Equiangular double rotations of the same kind form a 

group. 
Let us suppose given two equiangular systems to the right and two 

vectors OA and OB through each of which we bring the planes 

belonging to both systems; then the equiangular double rotation to 

the left, transferring A into OB, will transfer at the same time 

the angle of position formed in OA into the one formed in OS, thus: 

Theorem 3. Two equiangular systems to the right form in each 

veetor the same angle, which can be called the angle of the two 

systems. 

The obtained results we shall verify by deducing analytically 

theorems 1 and 8, which deduction will also throw some more light. 
Suppose a rectangular system of coordinates to be given in such 

OR OX, 

é IKON 

a way that 

is equiangular to the right. The same them holds good for 

OKs, AOK OX ON 

en Ox } and te a eN ay ea fr aE 

A vector « through ( we can determine by its four cosines of 

direction «+ Gy, €, 

A plane passing through the vectors « and 2 with direction 

of rotation from « to g, is determined by its six coefficients of 

position (i. e. projections of a vector it) Ar Aers Fins 2a ee 

which are defined by the following relations, if we represent e,8,— 040, 

by Se: 

IN | See 
|| iss ==, ee. 

“he st Ve oo = Sey: st Si. of ne, ale Soe ain Bis | 

We must take the positive sign in the denominator, for À,, must 

be positive, when the projection of « on OX,X, to that of 8 on OX, X, 

rotates through an angle less than a in the same way as (LX, to 

23 

2 

OX,; and in that same case &, gives us a positive value. If we 

now represent that positive root of the denominator by A, then 

4 S.: a Ss 

= ee = eke. 
5 Kk K 

An equiangular double rotation to the right can be given by the 
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system of equiangular planes of rotation to the right with direction 

and the angle of rotation. 

For all those planes of rotation 

453 In Ay 

As == dis 

Ax zi is, 

have the same values. These three values «,,a,, a,, besides the 

cosinus of the angle of rotation a,, we can take as determining 

quantities of the equiangular double rotation to the right. A rotation 

<< 2a is unequivocally determined by that (for, whether the angle 

of rotation is = a, which is left undecided by the value of the cosinus, 
<< 

follows from the sign of the a,, a, d,). 

Suppose an arbitrary vector « to be transferred by the rotation 

into 3, then it holds good for each pair of vectors «2 that: 

a, 8, — a, 8, + a, 8,—a,8, Ka, 

a, B, — a, Bs, + a,8,—e,8,=— K.a, 

a, B, — 4, 8, +08, — 0,8, —= Ka, 

a, 8, + a, 8, + a, 8, + 4,8, = a, 

If however we consider that A = -+ ‘sin® &, if 9 is the angle of 

rotation, then A’ proves to be a constant for all pairs of vectors so 

that we may regard K.a,, K.a,, K.a, and a, as determining quan- 

tities of the double rotation which we shall call 2,, 7,, %;,%,; and 

we shall write the relations: 

a ee B, mee B. =F a. Bs Sin a, 8, en 

a, B, 0, B, — 4,8; + ds B, = Hs | 
en re ler or AA 

— a, B, = ay B. en 8; ais Cs B, Ts | 

a, B. = a. B, = as Ds a a, D, ake 

in which we have at the same time arranged the first members 

according to 8, 2,8, 8, We now perceive: 

x," an 1, se Hs LE a,” = k* (Ags + Ay.” a ds si Ag oF Jas aR 4;,") EE 

“ite 2 (Ass Ai as ie: Aas a Avs Auli ate a,” 

=K?(1+2 X 0) Ha, 

ene sin” o ot cos® wo 

h. 

So we can regard 2,, %,,%,,7, as cosines of direction of a vector 

through QO in S, and we can represent an equiangular double rotation 

to the right by a vector through @O in S,, which determines it 

| 
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unequivocally. (A vector without length; lateron we shall determine 

it, likewise unequivocally, by a vector with length, in $,). 

It we farthermore consider the determinant on the coefficients of 

8. Ba Bs, 8, in (H) it proves to satisfy all the conditions of an 

orthogonal transformation. 

We call that transformation with that determinant 

‚ —4 +a, +4, 

+a, —a, —a, +4, 

—a, +a, —a, +a, 

= ct, ar as =F as zin a, 

the (+r) a-transformation; it appears in the relations (/7), if the 

first members are arranged according to the cosines of direction of 

the final position of the rotating vector. If they are arranged according 

io the cosines of direction of the initial position the determinant of 

the coefficients becomes 

B, Pare ee 

Pas Bs B, 8, B, 

B, HE, B, B, AE 8. 

B, 8. B, Ds ’ 

which we shall call the (— 7) 8-transformation. 

Quite analogous to this we have for equiangular double rotations 

to the left (e, e, 0, 0,) bilinear homogeneous equations between the 

cosines of direction of initial and final position of a vector, let us say 

a and 2, which arranged according to the #’s, give as determinant 

of the coefficients 

Cy Oe. a, — 4, 

a, en Se, 

— a, a, En 

ae a, cs Os 

the (+ /) «transformation and arranged according to the a@’s 

ie) ee B, 8 

B, Erbin aren B, By 

3, B, B, B, ’ 

the (—/) g-transformation. 

We can now state the following: 

If the equiangular double rotation to the right (a, zt, zr, zt) transfers 

the vector (@, «, a, ct) into (B, 8, %, B) then the (+ 7) a-transformation 

transfers the vector (a, x, %, %,) into (8, B, 8, @,) 
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and the (— 7) @-transformation transfers the vector (ar, ar, ar, zr) 

into (a, ct, a, et). 

Analogous to this: 

If the equiangular double rotation to the left (9, @, @, @,) transfers 

the vector (a, «, a, a) into (8, 8, B, 9), then the (+ /) a-transformation 

transfers the vector (e, 0, @; @,) into (9, B, Bs B,) 

and the (— /) g-transformation transfers the vector (¢, @, 0; @,) into 

(ace. dra): 

Let us now suppose that S, has first an equiangular double rotation 

to the right (a) transferring an arbitrary vector a into 8'; then an 

equiangular double rotation to the left (@), transferring 9' into y, then 

we can write: 

xm = [(+ 7) a] 6 e=([(—)rlé 

x={[(+ re] - [Oye 
where the form between {} denotes the determinant of transformation 

having as first row the sum of the products of the terms of the 

first row of [(+ 7) @] with the corresponding ones of respectively the 

first, second, third and fourth of [(— 2) y], whilst the second etc. row 

in a corresponding manner is deduced out of the second etc. row 

of [(+r)a] (all this in the way of forming a product of determinants). 
If S, has first an equiangular double rotation to the left (e) transferring 

a into 6" and then an equiangular double rotation to the right (’), 

transferring 6" into y, we have: 

=[(+ Je] w=[(—*”D x] 

Till) - (4+ )ehe. 
But now 

[Ge ee} DS (yy EE Del 
which can be at once verified, so: 

n= 7. 

Thus : 

If S, is allowed successively an equiangular double rotation to the 
right (z) and one to the left (@) the order of the two rotations may 

be interchanged. For, in both cases an initial position of a vector a 
gives the same final position y. 

And if we regard the quadruple a, @', 6",y, then coe is 
ut 

equiangular to the right, according to the rotation (ar) and & 0) 
Y 

equiangular to the left according to the rotation (9); by which we 
assuredly once more have proved theorem 1. 

48 
Proceedings Royal Acad. Amsterdam. Vol. VI. 
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Let us farthermore suppose (o) and (zt) to be two equiangular 
double rotations to the right, transferring a given vector « the for- 

mer into §, the latter into 7. Then 

oes r=([(+7el%- 
The same orthogonal transformation transferring o into §, transfers 

t into 4, so that the angle between § and 1 is the angle between the 

vectors o and t independent of the initial position «. As a special 

case theorem 3 is included in this, for the case that the two double 

rotations take place about an angle 42; for then the angle between 

S and % is the angle of the two planes of rotation through ¢, proving 

to be independent of «. 

We have still to mention that theorem 1 in the second form is 

entirely included in the applications of the biquaternions on S, as 

given by Dr. W. A. WurnHorr in his dissertation : “De Biquaternion 

als bewerking in de ruimte van vier afmetingen” (the biquaternion 

as an operation in fourdimensional space). For an equiangular double 

rotation to the right is represented by Q.e, He, (p. 127) where 
Q represents a certain quaternion with norm unity. 

This applied to an arbitrary double vector 

ae, + 0,8, 

changes it into 

Qa,é, + dE 

so it leaves the isosceles part of that double vector to the left 

unchanged and so also the equiangular system of planes to the left to 

which it belongs. This holds good for an arbitrary double vector, 

so particularly for a plane. 

Finally theorem 3 can be proved as follows: 

If p and w are the acute angles of position of two planes, then 

if we represent the coefficients of position respectively by 2’s and w’s: 

cos p Cos wy — A53 Mos t4s; Uzi ie Ane DE ee in ee Us, == 

== = (A.,-+-4,,) (u,,--#,,) << = (Ass De Us) 

For intersecting planes with angle of position gp: 

cos p = & (4,,+4,,) (U3 +41.) = = (Aas Je) (Mss Ui): 

So for two intersecting planes, belonging to two definite equiangular 

systems to the right or two to the left 

VE Ua ay A A and a; =e 

resp. En Nyaa ee and Tne Cary ise == [tas and cos p' == COS p'. 

We shall now resume our geometrical reasoning dropped after 
theorem 8. Let us take through O a definite vector OW in S, but 
not movable with S, and let us represent each system of planes equi- 
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angular to the right by the line of intersection of the plane through 
OW belonging to it with S,1 OW. That S, is thus, entirely filled 
with these representing lines which are in (1,1)-correspondence with 
the represented systems of planes. 

We shall call that S,t OW regarded as a complex of the rays 
representing the equiangular to the right systems of planes, “the repre- 

senting S, to the right of S,’ or shorter “the S, of S,”. In the same 
way we form the “S, of S,’. Each pair of planes in S, is then 
unequivocally determined by its representants in S, and S;and rever- 

sely the pair of planes determines unequivocally its representants. 

Theorem 4. An equiangular double rotation to the right of the S, 

about a certain equiangular system to the right which double rotation 
leaves according to theorem 1 the position of S; unchanged, gives a 
rotation of S, about the representant of the system of the planes of 

rotation over an angle equal to double the angle, over which the 

equiangular double rotation to the right of S, takes place. 

Proof. In the first place ensues from theorem 
3 that the representants in S, keep making mutu- 

ally the same angles; so S, has a “motion as a 
solid”. We suppose through OW to be laid its 
plane of rotation a in S, and its normal plane ~. 
In fig. 8 we suppose the lines tending downward 

to lie in « and those tending upward to lie in 8 

whilst the indicated directions of rotation are 

those of the equiangular double rotation to the 

right which we consider. Angle WOC is made equal 

Fig. 8. to } «. Then the S, is the S, through OC and 
8. Let OP be an arbitrary vector in 8 and p the angle, over which 

the equiangular double rotation to the right takes place. The double 

rotation leaves OC unchanged as representant of the equiangular 
system to the right on (ag). Moreover it transfers OW into OW’ and 

OP into OP’. If we then still make “ P’’OP’ equal to “ P'OP 
we have: 

OP, OP : 
( ow, 5) equiangular to the right, thus: 

OP', OP . 
( ow, de) equiangular to the left, or also : 

oa a) equiangular to the left, so at last 

OP", OW | | 
( OP’, aes) equiangular to the right. 

48* 
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The plane POW giving OP as representant of its equiangular 
system to the right before its double rotation, gives after that rotation 

(transferred to P’OW’) as representant OP’’ making an angle 29 
with OP; so an arbitrary vector OP in S,1LOC (the invariable 
vector) rotates about OC over an angle 29, with which the theorem 

is proved. 
We can now say: For an S, moving as a solid about a fixed 

point the position is at every moment determined by its “position 

to the right” (the position of the SS, moving as a solid about a 

fixed point) and its “position to the left” (the position of S;). For, 

if of two positions the pairs of planes through O coincide, then this 

is the case too for all planes, thus for all rays too. 

N.B. We can remark by the way, that in this way we have 

proved quite synthetically that two positions of S, have a common 

pair of planes, namely that pair, which has as representants the 

axis of rotation of the two positions to the right and that of the two 

positions to the left; so, taking into consideration that also the 

common fixed point is always there (having as projections on the 

positions of planes remained invariable the centres of rotation of 
the projections of S, on it), that the double rotation is the most 

general displacement of S,. However, until now we have occupied 

ourselves only and wish to keep doing so with the motions of S,, 
where always the same point ( is in rest. 

For a continuous motion of S, the position and the condition of 

motion are at every moment determined by Sand $/; so the motion 
of S, is quite determined by the motions of S, and $/; and at every 
moment the resulting displacement of S, is quite determined by 

that of S, and of Sj, independent of the order of succession or 

combining of the two latter; they have no influence upon each 

other. We can regard a motion of S, as a sum of two entirely 

heterogeneous things, i. e. which cannot influence each other in any 

way or be transformed into each other. 

We can proceed another step by indicating not only by a line in 

S, a system of equiangular planes of rotation to the right, but 

also by a line vector along it an equiangular velocity of rotation — 

to the right, that line vector being equal in size to the double 

velocity of rotation of the double rotation and directed along the 
vector moving with S, in the direction of OW. Then equal and 

opposite velocities of rotations to the right of S, are indicated 
by equal and opposite vectors in 5S, 

Let OP. be such an indicating vector and OQ, and OS, two 

mutually perpendicular vectors in the plane erected perpendicularly 
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to OP, in S, in such a way that 

OF. OMe 

0Q;, OS, 

is equiangular to the right, then to the equiangular double rotation 

to the right of S,, indicated by OP, corresponds the rotation of S, 
about OP. equal to the length of OP. in the direction of OQ. — OS, 

Let OP’, be another indicating vector and let us determine in an 

analogous way OQ'. and OS',, then the orthogonal systems of vectors 

OW P, Q, S, and 

OW PE OSL 

are congruent, can thus be made to coincide by a rotation of S,, 

with OW, thus S, too, remaining in its place, so that the indicating 

vector OP. by a motion of S, in itself can be made to coincide 

with the indicating vector OP', in such a way, that at the same 

time the directions of rotation of S, belonging to it coincide in the 

normal planes. But then an indicating vector in S, represents that 

velocity of rotation entirely in the way usual in space of three 

dimensions, as also by its length it indicates the size of the velocity 

of rotation of S, belonging to it; if namely we endeavour to regard 

the definition of that usual mode of representation entirely apart 
from the notion “motion with or against the hands” which is lacking 

in S,; and say simply after having taken in that space a system 

of coordinates OXYZ: the vector of rotation will be erected to 
that side of the plane of rotation, that for the plane of rotation 

being by motion inside the space made to coincide with the plane 

of XY in such a way, that the direction of rotation runs from OX 
to OY, the vector of rotation is directed along the positive axis of Z. 

For us that system of coordinates in S,: OX,, OY,, OZ, has 

been chosen in such a way that with OW it forms a system of 
coordinates in S,, for which 

Ok OZ; OZ, OX: OX, ON, 

Cae a) Ks bn) Fos aa) 

are equiangular to the right. 

A vector along OX, then indicates a rotation of JS, in the sense 
OGY. SOZ. 

Entirely analogous reasonings hold good for S). It being however 

more profitable to be able to say also for S;: a vector along OX, 
represents a velocity of rotation of S; in the sense of OY; OZ, 

we must modify the preceding either by choosing the system 

OX: Y,;Z W in such a way that 
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OY), OZ 

es OW 

is no more equiangular to the right, but to the left, or if we suppose 

OY, OZ, 

55 se 

to be also equiangular to the right, we must take as indicating vector 

in S that vector in the direction of which OW would move together 

with S,, not the one moving together with S, in the direction of OW. 

We shall do the latter. The advantage of this choice will be evident 

from what follows.’ 
We have still to remark, that if only the position of S, and S;is 

determined, the position of S, ensues from it not in one, but in 

two ways; for, a position of S, gives no other positions of S, and 
S, as its “opposite position” for which all vectors are reversed ; that 

opposite position can be obtained by an arbitrary equiangular double 

rotation over an angle a; S, and S; then rotate 2 z and are again 

in their former position. 

But a continuous motion of S, out of a given initial position is 

unequivocally determined by the given continuous movements of 

S, and S, out of the corresponding initial positions. So we shall 

have completely answered the question how a solid S, moves under 

the action of determined forces if we can point out how S, and 5, 

move under those actions; in other words if we can point out “the 

cones of rotation in the solid and in space”. 

APPLICATION. The Euler motion in $,. 

The equations of motion for this have been given for the first 

time by Fran in the “Mathematische Annalen” Band 8, 1874 p. 35. 

The system of: coordinates OX, X, X, X, in the solid we shall 

choose in such a way that the products of inertia disappear. We 

shall suppose 
OX OX 

OX,, OX, 

to be equiangular to the right. 

And we choose OX, Y,Z, and OX; Y,Zj in such a way that: 

OK, SOX OX OX, 

Ge ON en, ia 

is equiangular to the right and 

OX ROK ORG OX, 

ee OY), (OF, oel 
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equiangular to the left, (from which ensues as a matter of fact 

that also 

OX, OF) (OX, OY 
ope oe) at eA ae) 

are equiangular to the right). 

The systems OX, Y, Z, and OX; Yi Zj execute the motions of 

iS, and S; which are to be considered. 

Let us farther call ,@,, ,@,,,@,,,@,,,@,,,@, the components of 

the velocities of rotation according to the system OX, X, X, X,; 
and ¢,, @,, fp, the components of the velocities of rotation of 5S, 

according to OX,, OY,, OZ,, likewise w,,W,,~, the components 

of the velocities of rotation of S; according to OX), OY), OZ. Then 

we know the components of velocity of rotation to the right 
OX, => OX, Done OY, <> 02, 
OX, > OX. or according to OX,» OW 

and analogues, and likewise the components of velocity of rotation 

4 (,@, + ,@,) according to 

OX, =. OX. 
to the left 4(,@, —- ,,) according to OX, OX, or according to 

OY; — OZ 
OW — OX) and analogues. 

Therefore : 

Pf, = 03 + ,W, ap, == 50, — 0), 

P, 3%, == 20, ww, == 3, a 2%, 

Pr Ord, YW, = ,wW, — ,,- 

The Euler equations of motion “in the solid” (giving the opposite 

of the apparent motion of the surrounding space) follow more simply 

than according to Fraum out of the vector formula 

fluxion of moment of motion = moment of force — rota- 

tion X moment of motion 

which is easy to understand for a three dimensional space as well 

as for a four dimensional one, 

(and where the sign X indicates the vector product) 

For, “in the space” the fluxion of the moment of motion = moment 

of force; but of this for the position in solid has already been 
marked the fluxion wanted to keep the position constant in the solid, 

i.e. the fluxion which corresponds to the rotation of the moment- 

vector about the rotationvector and this is = rotation > moment 

of motion. 

Let us call the squares of inertia 2m,’ ete. P, etc. and let us put 
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i eee eee 
erder at Py Sa 

PPN SP 
PED PEPE 

Then we can write the rotationvector in the form: 

237+ .W,j + ,O, 4 + h(,0,1 HJ Hs, 2) 

or in the form 

e (p,t + Psd + Pol) He, (Wt + Wo + Ys A). 
The notations 2 and « are taken from the above-named dissertation 

of Dr. W. A. Wurnorr; A is defined on page 67; €, and €, on page 78. 

The moment of motion becomes 

GE rs LSAT ae oe Os dE) 7 4 (P, Bar een 

+ AP, EAO toe (Ge a6 Bt (hg) gen 

or in an other form 

3 €, (Rep, AP Ai Y,) 2 ti (hp, eli A; UN ie (hy, =e A 3 Us) ks =f 

+ he (Bw, + A, 7,)¢+ (Ry, + A, pj + (Rw, 4- As 75) & 

If p and w represent the rotation vectors in #, and Lf), we can 

write the rotation: 

Ephes Ws 

and the moment 

bR(e, p +e) + be (A) + be, (4) 4). 
where the notation (A)p means: A, p‚t + A, ¢.j + A; Po k. 

The first and strongest of these terms falls along the rotationvector ; 

for a body with equal squares of inertia it is the only one; the 

second, which, together with the A’s, becomes stronger as the body is 

more asymmetric, we might call the ‘crossed moment” because its 

right part is caused by the left part of the rotation and inversely. 

Let us put finally the moment of force in the form &‚ u + &, », 

where w and v are threedimensional vectors; then the above given 

formula of the vector can be broken up into the six following 

components, given successively by the coefficients of &, 7, &, 7%, &,/, 

ej E, ko fok. 

Rg, in W, en AW, Pp, + 2u, 

Rw, zi 4a Pp; Oe INST A, Ps W, + 2, 

Rg, ek w, ASR = AW, ¢, + 2p, 

Rap, + Ay Po = As Fs Wi — Ar Gi Ws + 2%, 

Rg, | Ay), = AU 9, — A, WP, + 2, 

Ry, ates Pp, = A, pW, — A, PW, + 2, 
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If we put h*—A,*=a, and RA,-+ A, A-=b,, and if we 
represent the vector a, 9,7 + a, 9,j + a, 9,hk, by (a) g, we can write 

the six equations of motion: 

(a) p = V.(b) ph. gp + Ru — 2Av 

(a) p= V.(b)p.w + 2Rv — 2Au. 

For absence of external forces: 

@Op=Vv.bw.p | (h) 
OVO 

In this form we can directly read: 

ist. If in the initial position g=w, then g remains equal to w, 

i.e. if the initial rotation of S, is a rotation // to a principal space 

of inertia, then the motion remains a rotation // to that space. The 
equations of motion for that case can be reduced to a system to be 
treated as the well known Euler motion in $, when the forces are 

missing. 

Zed, For unequal A’s “invariable rotating” is only possible under 

the following two conditions which are each in itself sufficient: 

a. for g and w both directed along one and the same axis of 

coordinate (X-, Y- or Zaxis of the representing spaces) i.e. for a 
double rotation of S, about a pair of principal planes of inertia; 

b. for g=O or p=O, ie. for an equiangular double rotation 

of ee 

It has been pointed out by Körrrr (see “Berliner Berichte” 

1891, p. 47), how a system of equations analogous with what was 

given, can be integrated. (The problem treated there is the motion of 

a solid in a liquid). According to the method followed by him the 

six components of rotation can be expressed explicitly by hyper- 

elliptic functions in the time. If however we have gp, ¢,, G3, Ws Woo Wz 

expressed in the time, we have the ‘cones in the solid” for $, and 

5. To deduce from these the ‘cones in space” we set about as 
follows. We notice that the moment of motion to the right Ry + (A) w 

in S, remains invariable “in space’’ (in S; that vector changes of 
course its direction, but there Rw + (A), remains invariable) ; calling 

the two spheric coordinates (“polar distance’ and “length’’) of p with 

respect to Ry + (A) w during the motion of p in space 8 and y and 

remarking that each element of the “cone in space” at the moment 

of contact coincides with the corresponding element of the “cone in 

the solid”, we can express 9, & and x in the time, with which the 
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“cone in space” for S, is found. Analogously the “cone in space” 
is determined for S; with respect to Ry + (A)g. 
We shall just show that as soon as two of the squares of inertia 

P become equal, which means the same as two A’s becoming equal 

we can do with usual elliptic functions only. 
For. instance let A, = A,, thus also a, = c, = .4,; 6,0), 

Let us call ‚p‚ and ,w, the value of the decomponents of p and w in 

the YZ-plane, r, and #4 the anomalies of those decomponents (counted 

from Y to Z), and f the difference of anomaly of ,w, and ,7,; then 

the equations (2) become for this case: 

a, Py = — 203 Ps oW, SIN F Gb, = 00s 3, NIE 

2% Ps = ads Pr oP SNF ata oP, = — 29, oP, YW, sin F 

b, Ws b, 2 
= AD CO en LN ee Fo W, Py F p Pr 1 

2%3 2% 2P3 ats 2% 23 
; b b wy p eer 2/3 23 2F 3 
PS AG =P) ar REP. Say Utes 

2 8 243 2Ps Ws, 

from which we deduce four integral relations between 

Di 30; 5 Ws ., ande, mamely 

Cy 

p, +, ye (Z) 

2%3 Ps =" ay, ~,° == bar nd (Jf), 2%, ate af a, w,? = Ge ie (ZIE) 

Babs aPe st’, OEF 4 0, 0,9, Or 2 en ee 

If we put in these 

C . 

LS cos 1), = sin %, 
243 Va, 
Cs Cs 

2~; = cos, = sin 5, 
2%3 Wa, 

we have the differential eqations 

a 20s Ee cos § tne, 6 == — C, COS 1) Sin F 
243 V 4 2%3 va, 

with the two integrals: 
c, siny + ec, sin S= C,, 

1=— 

c . . 4 
„bs cos n cos § cos F + b, sin sin § = Es 

2 3 

so that after elimination we obtain the following differential equation in 7: 

20, Ges COB aje 1? = (06, —b,®) e,* sin *y 

— 2e, (,b,7—8,’) ¢,° sin °n 

aie Cy" ¢ 3,7) Sai Oe: A, le 2 Zan b, Cy” sin “a 

ale 2 C, (c,” 7 4S abe C, b,) Cs sin N 

= Cy” (c,*—¢,”) 203 
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or c, siny(=V a,-¥,) put equal to u: 

„a? a, uw? = F,(u), in which we can easily verify that PF, (u) has two 

real roots between —c, and +c, (the two other roots are real 

outside those limits or imaginary according to „b,*—b,* being g than 0); 

those two roots indicate the limits between which 4 swings to and 
fro according to a course indicated by elliptic functions. For the 

case ,),? > 6,’ for instance, thus for four real roots u, < u, < u, < Uy, 

that course becomes: 

2 

aye teh Zu. u (.6,7—0.*)] 
uu, 

where sn = sn R
E | 

rg Taz SN 
a 

Farthermore: 

b, 2 2P3 + oW); COS F 

rn mrd Ee 
2% ats 23 

where the second member is a rational function of y, (w, can be 

rationally expressed in gy, according to (I), ,¢,’ according to (IN), 

Pr sW; cos F according to (IV)), so that fr, too can be expressed in ¢ 

by elliptic functions and by that the entire “cone in the solid” ; and 
further according to the above method also “the cone in space”. 

The following special cases can very easily be traced to the end. 

1st. The four squares of inertia are equal two by two. This case 
is obtained by putting A, = A, = 0. 

Then 

a, = R?— A? b, = RA, 
Pi Dad 

And the equations of motion pass into: 

a, Y, =0 a,b, =0 
23 2Ps EV 0 2%3 oY, Lr 0 

b, b, 

= a YW, EN mies 

LE 
Fe (9, raz w,) 

a3 

from which we directly read, ¢,, ‚p‚, y, and ,w, remaining constant, 

that the “cone in the solid” for S, and for S, is a cone of revolution 

with the X axis as axis of revolution. Farthermore the moment 
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Ro+A,w, to the right lying in 

the meridian plane of p remains in 

S, invariable. Thus “in space” that 
meridian plane rotates about the 

vector Apt A,w,, by which the 

“cone in space” is known, and 

likewise proves to be a cone of 

revolution. Analogous for S;. Fig. 9 
shows the two cones of rotation 

in S, The outer cone is the 

moving one. 
Fig. 9. 

2ed, Three of the squares of inertia are equal and unequal to the 

fourth. We take the axis of the unequal one as X, axis in S,. Then 

B= A, = Ans Aida de Wi Or =d = = onda 

equations (1) pass into 

. b 
g——Vw».¢9 

a 

b 
a Vp.w 

a 

therefore gp and w are both perpendicular to p and to tp, whilst p+w=0, 

so p + w is constant and p and pp are each for itself constant in absolute 

value, so that they both rotate about their sum (“in space” that 

vector of the sum has in general quite a different position for JS, 

than for S,) by which the two ‘cones in the solid” are determined. 

“Invariable rotating” of S, we have here wherever p and wr, 

6 regardless of their value, coincide. To find 

aT en the “cone in space” for $S,, we notice the 

LEE invariability in S, of Rp + Ay. “In space” 

| p rotates about Ap Aw, for the angle 

w between those two vectors remains constant. 

In JS; rotates analogously “in space” wp about 
Ry + Ar. Fig. 10 represents the two cones 

of rotations in S,. (Here too the outer cone 
is the moving one). 

We remind the readers once more, that where we bring p and y, 

as far as their positions in the solid are concerned, into relationship 

with each other, we must of course in our mind make the positions 

to the right and the left that is of the systems of coordinates OX, 
Y, Z. and OX, Y; Z to coincide with each other, so that but one 

system of coordinates OX YZ is left (for instance for the equations 

Fig. 10. 
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(1) this must be noticed); but in space (i. e. the Ss 2 OM) 
those systems of coordinates OX, Y, Z, and OX, Y; Z have at 
each moment very definite positions differing from one another. 

Chemistry. — Prof. C. A. LoBry pe Bruyn read also in the name 
of Mr. L. K. Worrr a paper entitled: “Can the presence of 
the molecules in solutions be proved by application of the 
optical method of TryNpauL?” 

(This paper will not be published in these Proceedings). 

Chemistry. — Prof. C. A. Lory pr Bruyn presents also in the 
name of Prof. A.F, HorreMAN a paper by Dr. J. J. BLANKsMA, 
entitled: “On the substitution of the core of Benzene.” 

(This paper will not be published in the Proceedings). 

(April 19, 1904). 
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Geology. — “Facts leading to trace out the motion and the origin of 

the underground water in our sea-provinces’. By Prof. Eus. 

Dvusors. (Communicated by Prof. H. W. Baxauts RoozrBoom). 

(Communicated in the meeting of June 27 th, 1903). 

As to the origin and the condition of the underground water in 

our low-lands, we are, as yet, almost entirely in the dark; facts, 

that might throw light on the subject, are almost entirely lacking. 

The hazardous suppositions made on the subject by some, and 

the extraordinary caution, which others thought necessary in practice, 
prove this. Only lately Darapsky, in a dictatorially written article, 

held forth that even now rivers of former geological periods 

follow their very same channels, but now as underground streams. 
The underground water he considered as almost exclusively river- 

water *). 

Others have admitted powerful artesian currents from the eastern 

high-land, without any decided facts supporting that opinion. Again 

others fancied to have found the explanation in VorGer’s hypothesis, 

on the condensation of vapour in the ground; a hypothesis, refuted 

already a long time ago by no less an authority than Hany *), A single 

phenomenon observed in one of the East-Frisian Islands, already 

years ago observed in our own country, and explained, but now 

forgotten, led some to imagine possibilities, as to the sea threatening 

us also from below, a thing which filled them with anxiety. Not to 

mention altogether absurd and physically impossible suppositions. 

However it appeared to me that an earnest searching for facts, 

could not but bring to light something that would give us a clue, 

further to find our way in this important question, important both in a 

scientific and a practical respect. Indeed, thanks to the kindness 

I met from different sides, I was enabled, during these latter months, 

to make a large number of observations and to collect facts which 

show forth, in outline, the direction, the origin and the general 

condition of the underground water in the main part of our 

low-lands. 
Since it will take some time fully to work out the results obtained, 

the present circumstances make it desirable I think, already now, in 

this short communication, to make known the most important of 

1) L. Darapsky, Die Trinkwasserfrage in Amsterdam. Journal für Gasbeleuchtung 

und Wasserversorgung. 46 Jahrgang, p. 468, sqq. (1903). 

*) J, Hany, Zeitschrift für Meteorologie. 1886, p. 482—486, 
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them. My researches were principally limited to the southern part 

of the North-Holland low-lands, including the dunes, and the adjacent 

parts of the provinces of Utrecht and of South-Holland. It is a 

matter of course that also here I had to limit myself to the chief 

points of the question. 

In the last decennia, hundreds of borings have been done in the 

polders, in the dunes and in the area between them by the corps 

of military engineers and by others, with the object of making 

fortifications or of obtaining fresh water. Down to a certain depth, 

the constitution of the soil is consequently pretty well known, and some 

deeper borings have tolerably well acquainted us also with the 

constitution of the soil at greater depth. Sand is the chief substance, 

alternating with beds of always very impure clay. Close to the 

surface, pretty generally, a zone is found of clayey substances, (the 

well-known “old sea-clay” of STARING), over considerable areas, 

covered with a layer of peat, which clay, in the dunes, where that 

peat is generally lacking, is covered with blown sand. Under the 

finer sand of the upper-soil, often mixed with clay, in which occur, 

in large areas, deeper layers of peat, there is a zone of coarse-grained, 

often gravelly sand, not unfrequently containing pebbles. In the 

west of the mentioned region, the top of that zone lies about 30 M. 

AP. deep, or a few metres higher; in the east, near Aalsmeer, 

Sloten, Amstelveen, Mijdrecht, Wilnis, Oudhuizen, it rises to 16 or 

14 M.-— A.P.; near Muiden and Nigtevecht as high as 10 or 8 M. 

— A.P. and its reaches the surface further east. Under Amsterdam and 

both south-east and north-east of it, the soil, on the whole, is much 

richer in clay. 

Also at greater depths, clay-beds occur, but never as unbroken 

layers, extending over great distances; the most regular zone is 

after all that of the so-called old sea-clay, near the surface. It is 

besides of importance, that near our eastern frontiers much older 

formations come to the surface, than have been found, some hundreds 

of metres deep, under the lowlying lands in the west. This in itself 

is a reason not to expect artesian water, from Germany, in our 

western sea-provinces, to some hundreds of metres below the surface, 

at least. 

Of great significance for the problem is also the fact that more or 

less pure clay rarely occurs. What is considered as such, on further 

examination, (washing of a number of samples of different origin, 

and especially chemical analysis, which analysis Dr. N. Scnoort 

was kind enough to do at my request) proved to consist for only 
one third of clay at the most, generally for much less, even for only 

49% 
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one seventeenth. The investigations by Prof. SprixG *) have proved 

the fact that, and the reason why, even very thick layers of im- 

pure clay, e.g. the limon supérieur de la Hesbaye, let through water. 
What then must we think of our clay, which, though technicians 

will call it impermeable or “rich clay’, likewise, for the greater part, 

consists of sand ! 
The chemical analysis of specimens of the fattest clay-sorts selected 

from their outward look, (a large number of such specimens being 

at my disposal from a variety of borings) showed the real clay 

percentage to consist of less than a third: at Sloten (boring IV. 2, 

at 4M. A.P.) and at Uitgeest (Station, at 43 M. — A.P.). Of about 

a fourth: at Hoofddorp, Haarlemmermeer (at 6 M. and also at 

34 M.—A.P.); at Amsterdam (Dairy at the Prinsengracht, at 9 

M. ~A.P.) and in the dunes, 3 K.M. west of Santpoort (at 40 M. —A.P ). 

Of about « fifth: at Amsterdam, (Dairy in the Second Spaarndammer 

Dwarsstraat, at 3.5 M. + A.P.); at Harlem (Hagestraat, at 14 M. —A.P.); 

at Hillegom (Treslong, at 14 M. — A.P.); at Beverwijk (Middle of 

Breestraat, at 19 M.-— A.P.); at Alkmaar (Station, at 22 M. — A.P); 

in the northern part of the Watergraafsmeer polder (near the Ooster- 

railroad, at 35 M.— A.P): at Katwijk (875 M. South-West of the 

water-tower of the Leyden waterworks, at 1.6 M. — A.P.). Of about 

a sixth: at Sloten (boring HI. 1, at 5.50 M. > A.P.) and at Eertden- 

koning, in the west of the Haarlemmermeer polder (at 19.5 M. —A.P.). 

Of about a seventh: at Velsen (near Rosenstein, at 2.50 M. — A.P.); at 

Katwijk (in the same borings, at 3.8 M. — A.P). An eighth to a ninth: 
at Beverwijk in the same borings at 5 M.— A.P); at Amsterdam 

(Prinsengracht, at 6 M. > A.P.) and in the Koningsduin near Castri- 

cum (at 32M. A.P). Of less than «a fenth: at Driehuis (Nunnery, 

at 18 M.-—A.P.). Of about a jifteenth: at Amsterdam (Second 

Spaarndammer Dwarsstraat, at 62 M — A.P.); at Hillegom (Treslong, 

at 4 M.— A.P.). Of about « seventeenth: in the Watergraafsmeer polder 

(at 8 M. A.P.) No clay at all, at Amsterdam (Second Spaarndam- 

mer Dwarsstraat, at 43 M.— A.P). The last specimen, looking like 

fine-sandy clay, proved to consist of sandy caleareous tufa with 

12°}. CaO: 

As to peat, experiments have shown to me that its impermeableness 

1) W. Sprinc, Quelques expériences sur la perméabilité de l’argile. Annales de 

la Société géologique de Belgique. Tome 28, p. 117—127 (1901), and : Recherches 

expérimentales sur la filtration et la pénétration de l'eau dans le sable et le limon. 

Ibid. Tome 29, p. 17—48, 1892). Compare also the report of H. Rasozée on those 

investigations in: Bulletin de la Société belge de Géologie, de Paléontologie et 

d'Hydrologsie. Tome 16, p. 269—295, (1902), 
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is equal to that of sandy clay, but that in another respect, it 1s 
very different from clay, i.e. in its water-containing capacity. Whereas 

clay, like sand, can contain water for scarcely more than a third 

of the volume of the dry substance, non-compressed peat can do so 

many times over. Peat of the Rieker polder, near Sloten, on the 

territory of the military water-works, was found to have a capacity 

of holding water, nine times the volume of the dry peat; and the 

water in it can, although slowly, yet freely move. 

On the whole we have to deal with an upper-soil of finer, often 

clayey sand water, and on which or in which, in most places, 

enormous water-reservoirs occur: the peat beds, for even the com- 

pressed peat contains still a large quantity of water. In the colder 

(rainy) seasons the upper peat layers are not only always kept filled 

with fresh water, but they can, though slowly, provide lower regions 

from their water-store ; and along with the water, no doubt with carbonic 

acid, which deep below will dissolve iron and chalk ; and methane 

which, in the same way as carbonic acid, the more easily dissolves, 

the higher the pressure is. Deep down the latter product of decaying 

organic matter, cannot be formed, on account of the absence of 

bacteria. 

Those upper-layers, little permeable, more or less shut off the 

zone of gravelly coarse-grained sand which at the bottom, in a 

similar way but much more imperfectly, in its turn is shut off by the 

irregular beds of impure clay and fine-grained sand, occurring there. 

Under those conditions the vertical motion of the water, must on 

the whole be difficult; at one place more and at the other less, 

according to clay or sand locally prevailing and in proportion to 

the latter being finer- or coarser-grained, whereas in the coarse- 

grained medium zone or zones, horizontal motion is comparatively 

easy ; that medium zone is therefore the great channel, and in 

extracting underground water this ‘““water-vein” is generally found 
at about 30 M.— A.P. or a little deeper still. 

That indeed below that depth the underground water has an easy 

horizontal passage, appears from the fact, that the height to which 

the water ascends in tube-wells, driven below the upper-edge of the 

coarse-grained bed, falls but little; whereas higher up in the fine- 

grained sand, it nearly always is considerably higher, (i.e. excepting 

the deep polders, where the deep water will naturally rise above 
the surface of the soil). 

As to fixing the direction in which the deep underground water 

moves, a thing that will enable us to inquire after the existence of those 

currents, supposed by some, and also the origin of the underground 
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Water, the means to do so, although hardly ever applied, are evident. 

Just as on the surface, it is the law of gravitation that also deep 

below, gives to the water its horizontal course. The direction of that 

motion, as caused by gravitation, can be demonstrated from the 

inclination of the pression-line of the water, deep below, for that 

motion. can happen only from spots under greater, to those of smaller 

pression. The vertical motion, under any given constitution of the 

soil, can, as a rule, be inferred from the positive or negative character 

of the pression below, with respect to the level of the water on 

the surface. 

When the water from the underground, freely rising in a tube- 

well, remains below the level of that in the upper soil, that vertical 

motion can take place only in a downward direction — if at 

any rate, then and there, a motion in a vertical direction on the 

whole is possible, which is mostly the case. When, on the other 

hand, the level of the water, in the tube-well rises higher than that 

of the .surface-water, as is the case in the deep polders, vertical 

motion in a somewhat permeable soil, can take place only in an 

upward direction. The quantity of chlorides in the water, determined 

as chlorine, furnishes us with an other indication of the direction 

of that vertical motion. 

So the observation of the height to which the water ascends in 

the tube-wells and the mutual comparison of the same, can teach 

us much as to the direction in which the water moves. A great number 

of those observations have enabled me to ascertain, that also deep 

below, the motion of the underground water (uninfluenced though it 

remains by small irregularities), depends on the shape of the surface. 

In short, the direction is from the dunes to the lower regions; 

from the higher to the deeper polders, and any great unevenness of 

the surface, makes its influence felt, already at a considerable distance. 

In the dunes the deep underground water is under the highest 

pressure ; in the deepest polders it ascends in the tube-wells to a 

level some metres lower, although there it wells up above the 

ground. Near a low-lying polder the water falls also in very deep 

wells. So not only near the surface, but also deep below, there is 

a motion from the dunes to those polders and also from the higher 

to the lower polders. 

sefore communicating the observations, on which those results are 

founded, 1 must specially state, that there are influences, which for a 

time may more or less change the pression of the water in the 

underground, as it appears from the rise or fall in the wells. In the 

first place must be mentioned: rains, which make their influence felt 



almost immediately, which influence is far more powerful than any 

other. After the heavy rains in the fourth week of April 1903, 

a number of deep wells on being sounded (Aprii 27th) showed a 

higher level of 0.18 to 0.20 M. A week later it had sunk about 

0.06 M., and only after the dry latter half of May, towards the 

end of that month, it was again what it had been towards the end 

of April, before the heavy rains. The rising of the deep well-water, 

immediately after much rain, may be in part the result of the 

greater pressure of the upper-soil. In the same way, a train passing 

over the railway-dike in the Watergraafsmeer polder, for a moment 

raised the water 7 m.m. in a deep well, at a distance of 18 M., 

which well was 34.5 M. beneath the surface of the polder. Principally 
the rain will increase the hydrostatic pression. In the second place, 

changes in the pression of the atmosphere have a passing influence 

on the level of the water in deep wells. Those changes make them- 

selves felt at once, but that natural barometer is an imperfect one; 

the effect of the changes in the atmospheric pression soon disappears. 

For some hours however millimeters rising or falling of the quick- 

silver have their equivalent in centimeters on the watergauge. 

In the third place the low and the high tide of the sea, exercise 

«a negative or a positive pression on the deep underground water, i. e. 

on those spots, which are not too far from the sea (3 or 4 K.M. 

seems to be the utmost limit here). I have always taken those 

circumstances in te account. For the rest, as far as necessary, the dates 

of the observations are stated here. With a few exceptions, I myself 

ascertained the level of the water (with respect to N.A.P., the new 

water-mark of Amsterdam, as a standard) or it was done under my 

control; some other results I hold from reliable sources. 

In the dunes now, the pression of the deep underground water ascends 

to about 3 M. above A.P. So on March 30% 1903, in a well of the 

Harlem waterworks sunk down to 53 M.— A.P., situated in the 

midst of the dunes, at 3 K.M. west of Sandpoort, and a little further 

from the polderland, the level of the water was observed to be at 

2.91 M. + A. P.; in another well in the dunes, deep 45.5 M. — A. P., 

almost 2 K.M. further south, and at a distance of 2'/, K.M. from 

the polderland, the water ascended to 2.19 M. + A.P. In a third 

well, close to the water-tower near Overveen and 1 kK. M. from the 

low-lying lands, as deep as 54 M. — A. P., it rose only to 1.20 + A.P. 

Those three wells are at a distance of 2'/, to 3 K.M. from the sea. 

In another well, near to the Brouwerskolkje, sunk down to 70 M.~> A.P., 

(in 1890), at */, K.M. from the one near Overveen and less than */, K.M. 

from the low-lying land, the water had been seen to ascend to 
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0.30 M. + A.P. The boring-hole, although still in the dunes, being 

comparatively low, the water rose here above the ground. The fact 

that those four wells are situated in the dunes, together with their 

comparative distances from the lower regions, distinctly make their 

influence felt here. 

Nearer to the inland dunes, the level of the water is every- 

where lower than in the middle. On the 11% of April 1903, in 

the Koningsduin near Castricum, the level of the water in two 

wells, sunk down to 32 M.— A.P., was 1.195 and 1.23 M. + A.P. 

They were at a distance of about '/, K.M. from each other and 

they were */, K.M. from the low-lying land; the distance from 

the sea being 2'/, K.M. On the same day the level of the water 

was 0.29 M. + A.P., in a well, deep-33 M.— A.P., near Sant- 

poort, at the inland of the dunes and 2200 M. from the Zuid- 

Spaarndam polder (the level of the superficial water or the Summer 

Level here being 2.60 M.-—-A.P.), whereas it reached no higher 

level than 0.055 M. + A.P. at Rosenstein, separated from the dunes 

by the plain of Driehuis, and only 1300 M. from the Noord-Spaarn- 

dam, polder, (of the same depth as the polder of Zuid-Spaarndam). 

Just as in the Brouwerskolkje near Overveen, the water rises 

above the boring-hole also near Bergen, on the grounds of the 

Alkmaar waterworks, in wells, only about 20 M. — A.P. deep, 

for the reason of the dunes having purposely been lowered. Here 
3 / 

[4 

shallow polders (summer-level — 1.33M.), it rose to alevelof 1.85 M. 

+ A.P., on March 1st 1903. 
In a well, deep 40 M.> A.P., on the grounds of the paper-manutactory 

of the firm van GELDER & Sons, at Velsen, which well is situated at 

1300 M. from the Noord- en Zuidwijkermeer poiders (having 2.40 M. 

— A.P. Summer-Level) the water on April 14% 1903, had a level 

of 0.26 M. + A.P. without, for 53 hours, there having been any 

pumping, neither there nor at any of the other wells. Under meteor- 

ological conditions which admit of comparison, a well, deep 44 M. 

— A.P., near the small steam-mill, in the Meerweiden, on the North- 

however, in the midst of high dunes and at K.M. from rather 

Sea Canal, had a level of 0.485 M. = A.P. it being situated 

only 370 M. from those polders and between two shallower ones 

- 0.50 and — 1.40 M. Summer-Level). In the Zuidwijkermeer- 

fort, situated in the polder of the same name, a well, 45 M. — A.P. 

deep, had on March 8% 1902 a level of about 0.80 M. — A.P. 

Here we distinctly see the lowering of the level of the water in 

deep wells, from the dunes to the polders, which shows a horizontal 

motion in that direction. 
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The same appeared, still more distinctly, south of Harlem, through the 

influence, which the extensive Haarlemmermeer polder, with its outlying 

polders, eastward, has on it; the summer level of those polders, 

which together cover 42000 H. A., being about 5 M. or more under A.P. 

At Aerdenhout a well, 32 M. — A.P. deep, showed a level of 

0.52 M. + A.P. on May 5t 1903. We may admit that at the time 

the level of the other wells was being ascertained, it must have 

been here about O.40°M. + A.P. This well is 3600 M. from the 

Haarlemmermeer polder and only 350 M. from the Veenpolder 

(Summer-Level — 0.75 M.). A well at Heemstede, on Kennemeroord, 

deep only 26.3 M.— A.P.; but sunk down into the gravelly sand, 

had on June 2™¢ 1903 a level of 0.575 M.—A.P. That well, 

although in the inner-dunes, lies only 2200 M. from the Haarlem- 

meer polder. Another well, some 100 M. north of the Common-Hall 

at Heemstede, at about 1300 M. from that polder and still in the 

inner dunes, had-on May 29th, a level of 0.78 M. — A.P. In a third 

one, nearly 30 M. > A.P. deep, situated within the precincts of the 

community of Heemstede, but at only 440 M. from the Haarlemmer 

polder, on Bosbeek, at the border of the inner dunes, and under 

meteorologie conditions admittting of comparison, the level of the water 

was 1.29 M— A.P. A well on the Leyden Canal, deep 32 M. — A.P., 

near the remise of the Harlem Electric Tram, on April 9th 1903, 

had a level of 0.225 M. — A.P. This well, within the Veenpolder 

(Summer-Level — 0.75 M.), lies one side at 3700 M. from the encircling 

canal of the Haarlemmermeer polder, but also at only 1400 M. from 

the Noordschalkwijk polder, (Summer-Level > 1.25 M.) and the other 

side about 1 K.M. from the dunes. A well near the Harlem Gas 

Works, in the Veenpolder (~ 1.40 M. Summer-Level), 1700 M. from 

the encircling canal of the H.M.P., had, on March 31st 1908, a level 

of about 1.00 M.— A.P., and in a well on the grounds, reserved 

for the Harlem Abattoir, the level on April 4" was 1.08 M. — A.P. 

This well lies in the Roomolen polder (Summer-Level -> 1.25 M.), at 

1500 M. from the encircling canal of the H. M. P. 

On the other hand in a well at Hillegom (behind the building of 

the Hillegom Bankvereeniging), sunk down to 39 M. — A.P., 

1200 from the Haarlemmermeer polder, the level of the water on 

April 8 1903 was only 1.20 M.— A.P. Although equally far from 

that polder as the well near the Common-Hall at Heemstede, the 

distance that separates this well at Hillegom from the central range 

of dunes, being 2900 M.; that at Heemstede only 1650 M. The 

upper-soil moreover at Hillegom is much richer in clay than that 

at Heemstede, the deep underground water consequently on the first 
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mentioned spot, being much more under the influence of the pression 

which makes itself felt in the H. M. polder. 

At only 1125 M. north-east of the well at Hillegom, but 300 M. 
within the Haarlemmermeerpolder, at “Eert-den-Koning”, a well 

has been sunk down to 26.3 M. +A. P., in which on April 21%, 

(before the heavy rains of the last weeks of that month), the level 

of the water was 2.57 M. — A.P. The cause of such a difference 

is some 1500 M. greater proximity of the centre of the Haarlem- 

mermeer polder. In the midst of that polder, at Adolfshoeve, on 

the east Hoofdweg, 890 M. southwest of the Vijfhuizer Dwarsweg, 

I saw the water ascend only to 4.70 M.— A.P. in a well, deep 

34 M.A. P., sunk down below a bank of clay, slightly less deep. 

Probably the rains of a few days before, had raised the water a 
decimeter above its dry weather level. At Hoofddorp I found on 

May 8 1903 a level of 5.08 M.— A.P., in a well only 18.5 M.— 

A.P. deep. Although less deep than the other wells, also this was 

sunk into the less fine sand, and near the top of the coarse-grained 

sand, beneath the less permeable upper-soil of fine sand and clay. 

If the well had been sunk below the clay-bank and 34 M.—> A.P. 

deep, the water no doubt would have risen a little higher. So the 

result is, that in the midst of the Haarlemmermeer polder, the under- 

ground water, from under the deeper lying clay, can ascend half a 

metre above Summer Level (this being 5.20 M.— A.P.), on the other 

hand, from under the clayey top-layer, it can rise but little above 

it. The pression it acquired in the dunes and in the surrounding, 

shallower polders, on its way to the H.M. polder, is in the middle 

of it, at 18.5 M.—A.P., almost entirely lost; and at 34 M. — A.P. 

reduced to about half a metre, so it can rise but little above 

the surface underground water, whereas at ”Eert-den-Koning”, the 

ascending capacity of the water rising from 26 M.— A.P. is 2.63 M. 
above Summer Level, or about 1.50 M. above the grass-land of 

the polder. The upper-soil, we must bear in mind is half permeable, 

and on its way to the middle of the polder, the water gradually 

loses more or less its ascending-capacity. Consequently also, the water 

cannot horizontally move further east, for then it would have to 

move to parts, where there is more pression. 

That indeed the difference in pression between the surrounding 

higher parts and this deep polder, is the cause of the motion, 

appeared from observations taken on other spots round the Haarlem- 
mermeer polder, and in the deep polders more east, adjacent to it, 

including the large Mijdrecht-polder. 

North-east of the Haarlemimermeer polder, in the Rieker-polder, 
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a great many wells have been sunk for military purposes, most of 

which wells are about 50 M. > A.P. deep. The levels in them were 

repeatedly sounded by me, which, considering their large number, 

led to important results. Specially of great significance is what those 

soundings teach us, as to the direction in which the deep underground 

water moves. Subjoined table, in which, as much as possible, only 

wells of corresponding depths have been put down, entirely confirms 

what I found elsewhere. 

Those soundings were done on June 5% 1903. The distances of 

the wells to the H.M.polder itself, one will get by adding 80 M. to 

the figure that expresses the distance between them and the encircling 

canal. 

Distance in M., to Level of the water 

Number Depth, the encircling canal in the well, 

of the well. in M.— A.P. from the H.M. P. EMS SAE 

ee 56.5 25 3.00 

Be 9 47.0 50 00 

20 49.8 75 2.985 

21 45.6 100 2.995 

Hrd 47.2 367 2.94 

10 Do 529 Don 

21 51.5 750 2.835 

23 52.3 $95 2.83 

25 52.9 840 2.82 

35 55.0 1090 2.81 

36 54.0 1120 2.80 

37 50.6 1145 2.80 

40) 52.8 1225 2.78 

Here clearly comes out a motion of the deep underground water, 

from the higher polders, north of the Haarlemmermeer polder, 

towards this deep polder. On 1200 M. of distance there is an 

inclination of 0.22 M., or 1,8: 10000, whereas in other directions, 

there is no regular inclination. That indeed no general motion from 

east to west or vice versa is to be thought of, naturally follows 
from the comparison between the level of the water in wells thus 

situated. For instance from the following row of wells, all at 25 M, 

from the encircling canal of the H. M. polder. 
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Number Depth Distance in M. Level, 

of well. in M.— A.P. from well II. 5. ing FAL: 

LED 56.3 0 3.025 

6 39:0 50 2.98 

7 40.1 100 2.98 

8 56.5 150 3.00 

10 46.5 250. 2.99 
12 BoD 318 3.005 

14 44.0 380 3.025 

|S ie, 38.0 595 3.01 

At the same time the fact stands forth that, once a level reached 

under the fine-grained and clayey upper-strata, further differences in 

depths are of little consequence. 

Comparison of the other soundings will show forth the same for 

either statement. 

The average level of last mentioned 8 soundings, in wells at 

25 M. distance from the encircling canal, is + 3.00 M., so equal 

to that in well IL 8 which we used as starting-point in the first table. 

Though there is no great current in the one or the other direction, 

vertical on the one towards the H. M. polder, (so from east or west,) 

there seems to exist a slight local motion from the Nieuwe Meer 

(level about + 0.60 M.) to the west (Summer Level of Rieker polder 

1.80 M.), as may be seen from the comparison between wells, 

situated at increasing distances from that small lake, but pretty well 

at an equal distance from the H. M. polder. 

Number Depth, Distance in M., Level, 

of well. in M.~A.P. fromthe N. Meer. in M.~ AP. 

Et 48.5 60 2.935 
2 48.7 90 2.935 
3 50.5 110 2.925 
4 51.0 135 2.932 
7 52.8 220 2.955 
8 51.5 235 2.95 
9 50.0 235 2.955 

10 49.5 235 2.96 
12 41.3 300 2.98 

It 14 44.0 690 3.025 
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The real existence of the above indicated motion, from the 

shallow polders, north of the H. M. polder, towards the latter, is 

confirmed by observing the level in a well, sunk down to 32.5 M. 

+ A.P. under the direction of Dr. ALEXANDER KLEIN, near the 

“Huis de Vraag”, between the Rieker polder and the Sloter Binnen- 

and Middelveldsche combined Polders (Summer Level — 2.15 M.), 
not far behind the Vondel Park. On June 16 1903, I found the 

level to be 2.46 M. + A.P. The well lies 3100 M. from the H. M. 

polder, or about 1800 M. further than well III. 40, in the Rieker 

polder. So also here there is an inclination of about 1.8 : 10000. 

Also towards the polders whieh le eastward, adjacent to the 

H. M. polder, and hydrologically one with it, the motion of the 

water, deep down, is from the higher to the lower ones. This was 

shown by soundings, done on June 24» 1908, in wells, all sunk 

down to about 30 M. — A.P. and belonging to fortifications south- 

east of Amsterdam. There appeared to be an impelling force in that 

deep water towards the Groot-Mijdrecht polder (where they keep the 

water to a Summer Level of — 6.60 M.). 

The following small table, concerning observed levels on August 
26% 1903, shows this : 

Distance to the Level, 

Groot-Mijdrecht Polder in M. = A.P. 

Fort near Nigtevecht 7 KM. 12775 

Mil. Post near Oostzijdschen Watermill 5.5 2.01 

Fort near Abcoude 4.5, 3) 2.12 

eeh oe Wankel EGTE 2.29 

Pai. ee | Baton! OAs. 4.43 

The fact that the inclination of the pression-line is specially great 

here, near the deep polder, and also from Nigtevecht to the Oost- 

zijdschen Watermill, must, | think, be attributed to the greater height 

to which the gravel-diluvium rises in this part, a thing to which 

attention has been called, already at the beginning of this paper. 

The influence of surface-water can therefore make itself felt comp- 

aratively strongly, when locally rapid changes occur; at Botshol, 

on account of the neighbourhood of the deeper polder, and at 

Nigtevecht on account of the rising of the upper-part of the deposit 

of coarse grained sand, which at a comparative small distance, east 

of Nigtevecht, at certain spots, even reaches the surface. The reason 

being that the artesian regularity of pression, to which the deep 
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underground water is submitted, is broken by those local irregularities 

of the geological structure. 

That we have not to think of strong currents of the deep under- 

eround water, in a general direction for all, but of currents, dependent 

on the loeal form of the surface, may finally be confirmed by 

soundings in two wells, sunk also under the direction of Dr. KLEIN, 

in the Watergraafsmeer polder (Summer Level > 5.50 M.). One of those 

wells, in the north of that polder, near the Ooster-railway, at 250 

M. north-west of the so called Poort, deep about 39.5 M.—> A.P., 

had on June 18th 1903 a level of 3.215 M.—A.P. In another, 

presumingly 35 M.— A.P. deep, in the south of that polder, near 

the Omval, the level was 3.125 M.— A.P., on June 23¢ 1903. The 

latter lies 5 K.M. almost straight east, from that near the “Huis de 

Vraag,” which in its turn lies 2.3 K.M. east, but a little towards 

the north. from well [IL 40, in the Rieker polder. 

Another well, about 25 M.-— A.P. deep lies, in the south-west 

corner of the Bijlmermeer polder (Summer Level — 4.80), at 4 K.M. 

north-west of the well near the Oostzijdschen Water-mill, 4.8 K.M. 

south-east of that near the Omval and 11 K.M. from the Bullen- 

wijker and Holendrechter polder (Summer Level 3.85 M.). This 

well had, under the same meteorological conditions, a level of 3.075 

M.— A.P. At the well-known boring done by the corps of military 

engineers, at Diemerbrug, near the Weesp turnpike, beyond the 

northern extremity of the Bijlmermeer polder, the level of the water 

in the well, then 73 M.—A.P. deep, was 2.51 — A.P. on Oct. 18th 

1888. That well was 2 K.M. from the eastern border of the Water- 

graafsmeer polder. 
Consequently the result of the different observations is, that there 

is not a general, so called “artesian” current from east to west 

or vice versa, in the region between Amsterdam and the H. M. 

polder, neither south-east of Amsterdam ; those found, are but special 

currents originating in local differences of height of the surface and 

directed towards the Haarlemmermeer- and adjacent other deep polders 

and towards the Watergraafsmeer-, the Bijlmermeer- and the Holen- 

drechter polders. 

Another result is the conclusion we may draw, as to the direction 

of the vertical motion of the underground water, by comparing the 

different levels of the water in the deep wells with that of the 

varying levels of the underground water rising from smaller depths 

and with the highest level this reaches. In short in the shallow 

polders, in the dunes and in the area between them, the direction 

appears to be downward; in the deep polders, on the other hand, 
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such as the Haarlemmermeer polder and the adjacent deep ones, 

upward. It is a wellknown fact that the water in deep wells rises 

above the surface of the underground water and above the grass- 

land of the deep polders. In polders of smaller depth, the deep 

wellwater remains below the surface. Likewise the ascending 

power of the water, as a rule, gradually diminishes towards the 

middle of the deep polders. In higher parts, such as in the dunes 

and in the flat sandy adjacent area, the surface of the under- 

ground water is considerably higher than the level of the water 

in the deep wells. So here we find increase of pression from 

below upward, and descending movement of the water. In the 

dunes near Castricum the level of the surface of the underground 

water is about 1.30 M. higher than that reached in the deep 

wells; at Santpoort, at the inland side of the dunes, the difference 

even being 1.80 M. 

In connection with the above indicated conditions, especially in 

the colder seasons, when the underground water is generally fed 

with the water penetrating the soil from the rainfall, the dunes, 

the shallow polders and the intermediate area will get a fresh 
supply of water, whereas there is always a ioss by the pumping in 

the deep polders, to which, certainly in no less degree than to the 

sea, there is a constant affluence. The underground water not being 

of distant origin, it can as a matter of course be derived only from 

rains on the spot itself, or at a small distance. 

Just a passing remark in connection with the results arrived at, 

to call the attention to the drying out of the dunes and especially 

of the lower stretches of land west of the H. M. polder. This drying 

out, i.e. considerable lowering of the surface-level of the underground 

water, actually noticed for already half a century, has repeatedly been 

attributed to the waterworks in the dunes for the water-provision 

of Amsterdam; to my opinion however it is in the first place 

due to the draining of the Haarlemmermeer, just half a century 

ago, from which event dates the powerful subterranean current 

from the dunes to the deep extensive Haarlemmermeer polder. 

Especially in the lower tracts from Zuidschalkwijk to Bennebroek, 

up to a few kilometers from that polder, the drying out process 

has made itself felt, on account of clay above the coarse-grained 

sand being almost entirely lacking. In those parts the water in the 
ditches, when there is no fresh artificial in-flow, will soon sink down, 

actually making its way under the encircling canal of the H.M. 

polder, as is proved by the considerably lower level in part of 
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that region *). Ever since, a few years ago, the level of the H. M. 

polder was lowered 0.30 M., the level of the water in a pond, 4 M. 

higher, at Meer-en-Berg, and 400 M. outside the polder, was observed 

to be lowered as much. From this we can imagine how powerful 

the influence of a lower level of 5 M. must have been at the 

time when the Lake of Harlem was being drained dry. 

As to the motion of the deep underground water, at the side of 

the dunes, facing the sea, I have been able to make only a few 

observations. The great uniformity with which the dunes border on 

the sea however, in connection with the other results of my investiga- 

tion, permit drawing pretty safe conclusions from them, as to the 

general condition. 

A well known fact is that the superficial water flows from the 

dunes towards the sea, just as it does inland from the dunes to 

the adjacent flat area and the polders. A remarkable proof of the 

water flowing from the dunes to the sea, is the welling up, at 

ebb-tide, of fresh water on the beach, north of Noordwijk-aan- 

Zee. Puddles and furrows form themselves, from which, as long 

as it is ebb, not unlike rills, fed from sources, large quantities 

of water, only partly consisting of salt-water, flow towards the sea. 

Particles of clay brought up with the water and found in the ripple- 

marks on the beach, suggest the presence of a clay-bed, close to 

the surface, through interruptions of which the welling up of the 

water takes place. On March 27% 1903, at 11 a.m., it being low- 

tide, about 9 hours after high-tide, (the wind 38.S.E.), I seooped 

opposite strand-pole N°. 78, from such a rill, about 200 M. long, 

(the debit of which might be calculated to be in the least 7 M* an 

hour), a sample of water, which proved to contain 11550 mG. of 

chlorine the Liter. So for '/, it was fresh- and for */, sea-water, 

and hourly more than 2.3 M* fresh water found its way into the 

sea, through that little ebb-rill. The great uniformity now with which 

the dunes slope down to become beach permit us to accept as 

a general though in most cases urvisible fact what here, through 

local circumstances, happens visibly. 

Another proof for the considerable flowing down of fresh surface- 

water towards the sea, furnished to me a stone-well at the foot of the 

dunes, on the beach at Zandvoort, from which the fishing-smacks 

take their water-store. The bottom of that well is 0.72 M. — A.P., 

1) That also from the encircling canal itself, which is about 3 M.— A.P. deep, 

the water is sinking down, is proved by the fact, that near the Cruquius, the 

level is always some centimeters lower than in the Spaarne and in the canals 

of Harlem. 
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i. e. 0.04 M. above average low-tide mark, and 1.60 M. below 

high-tide mark. Ou Febr. 18t 1908, at 4.20 p.m., it being low-tide, 

the quantity of chlorine of the water in that well, was 291 m.G. 

the Liter. On March 6% 1903, at 10.30 a.m., about three hours after 

high-tide, the level of the water in that well was 0.93 M. + A.P. 

or 0.76 M. above the sea, at that moment. 

Also in the deeper, coarse-grained sand-layers, there is a main 

current of fresh water towards the sea. In a well in the dunes, 

350 M. from the sea (low-water line), on the Kerkplein at Zandvoort, 

sunk down to 28.8 M.—+ A.P., the level of the water on the 14¢ of 

April 1903 was as follows : 

At 4.30 pm. 1.445 M. + A.P. 

ae “ra dea? 

9:40, 1.520 be) 

So a distinct influence of the high-tide, which at IJmuiden rea che 

its highest level, 1.43 M.+A.P., at 4.55 p.m.; at Zandvoort presum- 

ably 8 minutes earlier, is evident. 

The next day, in the same well — the deeper one of the two — 

the level of the water was found to be: 

At 12 o'clock 1.28 M. + A.P. 

„Za! pan 1524 

wrat DMAE DD 

nie PE en oe EOS 

Seige PE G 

at VELDEN 1193 

NE ee 1.205 

Mattie en LG) 

Comparing the above figures with those of the self-registering 

tide-gauge at IJmuiden, it appeared that the influence of the tide 

makes itself felt 40 minutes later in that well, situated 350 M. from 

the sea. The sudden way in which the gradual rising of the water 

stopped at 3.5 p. m. was found to correspond with the somewhat earlier, 
change in the level of the sea, the difference in time corresponding. 

At IJmuiden, 1.30 p.m., the low-tide level was observed to be 

0.76 M. A.P. So the water in the well was 1.95 M. higher. At 
high-tide however, it was at that time, but about 0.10 M. above the 

level of the sea. So the amplitude of the tide influence in the well, 

50 
Proceedings Royal Acad. Amsterdam. Vol. VI. 
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was then about 0.34 M. But the tide rose then unusually high 
(0.55 M. above the average high-tide mark) the low-tide mark being 

then just the average one. I think I may estimate the average vertical 
amplitude in the well to be, at the most, 0.30 M., and believe pretty 

near to hit it, when accepting 1.30 M. + A.P. as the average level 

in that well, or 1.50 M. above the average sea-level. 

When considering the motion of the deep ground-water, in the 

direction of the sea, caused by the hydraulic pression in the dunes, we 

must not overlook the much greater specific weight of sea-water. A 

column of sea- water 30 M. deep, (with a specific weight of 1.0244, on the 

average, as that of the North-sea-water), will be kept in balance by a 

column of fresh water, about 0.75 M. higher. No doubt however the 

depth of the fresh water, in the coarse-grained sand below it, is much 

greater than 30 M. A.P., without any considerable decrease in the 

ascending power. A direct proof of this is the small percentage of 

chlorine of the water in the deep well in the Kerkplein, amounting 

only to 45 m.G. p. Liter, and that in the well on the beach, 

30 M. deep, about 250 M. more south, was 52 m.G. the Liter. In 

statistic equilibrium, 1.50 M. above the average-level of the fresh under- 

ground water would correspond with a depth of 61.5 M. But on 

account of the motion of the fresh water we have here to deal with 

a condition of dynamic equilibrium; the pressure at great depths 

consequently is not simply settled by the height, to which the 

water ascends higher up, in the ground. However below 30 M. (in 

the coarse-grained sand) there will be little difference, so we cannot 

but accept, that an extra-pression of 1.50 M. of the sweet ground- 

water, apparent from the level the water reached in the tube, will 

correspond with a depth of about 60 M. > A.P.; taking in con- 

sideration the decrease of pression downward, we may safely state 

the depth to be 50 a 60 M. — A.P. One thing is sure, the water 
which rises from about 30 M. — A.P., has still ascending power 
above the level of the sea. This may be distinctly observed in the 

well, sunk on the beach, although being 300 M. nearer to the 

low-tide line, a considerable decrease can be noticed. At that small 

distance, the deep underground water in the dunes has already, for: 

the greater part, lost its ascending power and we may accept that 

not far out into the sea, it is entirely gone. That strong pression-fall 

must be principally attributed to tide-fluctuation, which every time 

renews a fourth of the water in the sand, as far as that fluctuation 

makes itself felt; apparently (the well in the Kerkplein shows it) at 

a rather considerable distance, from the sea. But also the fact that 

the beach slopes down — at Zandvoort the depth of the sea, 400 M, 
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from the low-tide line, being 2.5 M.; 1200 M. beyond that line, 

5 M. below A.P. and that the fine-grained sand intermixed with 

clay of the original upperlayers for a great part will have been 

replaced by coarser sea-sand, must considerably have contributed 

towards greatly increasing the pression-fall of the deep underground 

water, at the sea-side. At high-tide the flowing off however is very 

small, and all things considered, the flowing off of the water from 

the dunes, at the polderland side, certainly will not be less considerable 

than that towards the sea. 

But let us drop this subject, too few facts being at our disposal 

to judge of that complicated process, and watch the influence of the sea- 

water at a greater distance from the coast. There can exist no doubt 

as to the underground of our low-lands being soaked with sea-water. In 

none of the borings executed in the last scores of years, if only deep 

enough carried through, the proof of it was lacking; more or less deep, 

according to circumstances, but the underground water showing an ever 

increasing quantity of salt, highly exceeding that of all polders ditches 

or canals, exceeding even that of the Zuiderzee. In or near the dunes, 

one must go much deeper to find sea-water, than in the polders; 

and in the polders, on higher ground, as a rule, deeper than in those 

lower situated. In the Brouwerskolkje, at a depth of 72 M. + A.P., 

the percentage of chlorine did not exceed that of surface dune-water, 

neither was this the case in wells of the Harlem water-works, deep 

54 M. — A.P; nor in the one, in the dunes at Elswout, 80 M. — A.P. 

deep; nor in the Rieker polder at more than 50 M.— A.P. Near 

the Huis-de-Vraag, in the north-east corner of the Rieker polder, 
down to 32.5 M. A.P. only 34 m.G. chlorine a Liter was found; 

at 46.5 M.—A.P. not more than 81 m.G.; and near “Het Kalfje”, 

on the Amstel, south of Amsterdam, at 31 M. A.P, only 47 m.G. 

a Liter. At Purmerend, situated in shallow polders, with Summer 

Levels of 1.25 to 1.60 M.—A.P., but surrounded by the deep 

Purmer- (Summer-Level ~ 4.47 M.), the Beemster- (S.L. + 4.00 M.) 

and the Wijdewormer polder (S.L. — 4.50 M.), the water rising from 

50 M.— A.P., has a quantity of only 43 m.G. of chlorine a Liter. The 

well-water at Schermerhorn, in shallow polders, between the deep 

Beemster- and Schermer polders, at 76 M. — A.P. deep, contains 170 
m.G. chlorine a Liter. Although the underground water in those 
deep polders, on the whole is brackish, the quantity of chlorine 
was only 192 m.G. a L. in the Purmer polder, at about 1 K.M. 
from the encircling dike, in the direction of Purmerend on the Wester- 
weg, and 600 M. north the church. Similar fresh deep underground 

50% 
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water is also found in the south-east corner of the Beemster polder, 

opposite Purmerend. 

On the whole west of the Haarlemmermeer polder, in wells not 

greatly exceeding 30 M. in depth, the underground water is equally 

fresh as dune-water, also at Heemstede and at Hillegom and in some 

of the shallow polders near Haarlem. At great depth, there is in 

those parts a considerable increase in the quantity of chlorine. Near 

the railwaystation of Vogelenzang, between the Leidsche vaart and the 

railroad, at 1600 M. from the Haarlemmermeer polder, at a depth of 

88 M— A.P, it amounted to 184.6 m.G. a Liter, it being only 35.5 m.G. 

a Liter at 25 M.— A.P. Near the villa Bennebroek, 650 M. from the 

Haarlemmermeer polder, 47 M.+> A.P. deep, it contained 99.4 m.G., 

and at a depth of 89 M., 245 m.G. chlorine a Liter; on Bosbeek, 
in the parish of Heemstede, being only 440 M. from that polder, at 

about 30 M.— A.P., 58 m.G. a L. Numerous instances may be 
brought forward of the quantity of salt in the underground water 

growing with its greater depth, and at a higher level, as one draws 

nearer to the deep polders. A well-known fact is, that in consequence 

of the flowing down of the underground water from off the dunes, 

the water of the neighbouring low-lands, up to quite a few kilo- 

meters’ distance, may be fresh. More considerable and noticeable at 

greater distance however, is that down-flow deep in the ground. 

Close to the steam-mill for the draining of the land, in the Meer- 

weiden near Velsen, at full */, K.M. from the dunes, the under- 

ground water, 28 M. below A.P., contained 30.5 m.G. chlorine and 

at 44 M. below A.P. 65.4 m.G.; and even 1 K.M. more east, 

within the precincts of the fort, in the western corner of the Zuid- 

wijkermeer polder (S.L. + 2.40 M.), at 34 M. — A.P., only 60 m.G. ; at 

45 M.— A.P., on the other hand, 603 m.G. chlorine a Liter. In 

the midst of the dunes themselves the ground-water seems to get 

brackish only at about 150 M. below A.P. 

Of special significance is the fact, already stated above, that the 

underground water in the deep polders is growing salter at a much 

higher level. So at Eert-den-Koning, only 300 M. within the Haarlem- 

mermeer polder, at 26 M— A.P., the underground water had 367m.G. 

chlorine a Liter. Similar conditions are generally prevailing there. That, 

generally speaking, the higher percentage of salt cannot be attributed to 

water from the canals (“boezem water”), so cannot have got in from the 

surface, may in the first place, be proved from the fact, that the 

water in shallow polders, in many places, down to considerable 
depths is as perfectly sweet as that in the dunes, although one can 

prove that there is no communication with the dunes; in the second 
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place, that within those polders, just as outside them, but already 

at a higher level, the water deeper down will be found to have a 

higher salt standard. At Hoofddorp the quantity of chlorine, at 

18.5 M.—A.P., was 202 m.G. a Liter; at 28 M.+ A.P. 260 m.G. 

and at 38 M. AP, 993 m.G. With such a rapid increase as in 

the last 10 M., unmixed sea-water may be expected, at little greater 
depth. 

No doubt can be entertained as to underground sea-water and 

fresh water in our sea-provinces balancing each other in a way, as 

indicated by Bapoy GHryBEN and HerzBrre '), very much however 

modified, in general and in special cases, by the general geological 

structure with its local modifications. There is no ground for fear 

of the sea-water coming up from below, in part of the dunes, in 

which the underground water has been lowered down to the sea- 

level; the very fact that there are polders, which already for 

centuries lie below it, and still have fresh water, down to great 

depths, and that even of the deepest polders the upper-soil, several 

scores of metres deep, is much more soaked with fresh than with 

salt water, refutes that fear. 

Remarkable however is that at Hoofddorp, although situated in 

the midst of the Haarlemmermeer polder, the deep underground water is 

less salt than at Hert-den-Koning, near the edge of the polder, and 

less still so than some kilometres north-west of Hoofddorp, e.g. on 

the farm Mentz, where a deep well, presumably equally deep, has 

water containing 653 m.G. chlorine a Liter, i.e. 24 times the 

quantity of that at Hoofddorp. Differences in the condition of the 

sub-soil are evidently the cause of those differences in the salt quantity. 

In the shallow polders, on account of the direction downward of 

the vertical motion, also the water from the canals (“boezemwater”) 

may be the cause of rendering the deep underground water salt, 

when locally the structure of the soil does not prevent it. 

Bearing in mind, for the motion of the underground water, the 

significance of the different heights of the polders, and not forgetting 

the irregularities in the extent, the thickness and the comparative 

pureness of the clayey beds, also irregularities in the vertical distri- 

bution of the water and in the composition of it may be explained. 

1) W. Bapon Guysen in: Tijdschrift van het Kon. Instituut van Ingenieurs 1889, 

p. 21; Herzpere in: Journal fiir Gasbeleuchtung und Wasserversorgung. 1901, 

p. 815 s.g.q. I count myself happy to have pointed out in lectures, conversations 

and letters this forgotten merit of one of our engineering-officers, in consequence 

of which remembrance Mr. C. E. P, RrBBius and Mr, R. p’ANprRimonr have, in 

their publications given due honours to our compatriot, 
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Intermixing with water, richer in salt, both from above and from 

below, may consequently be hindered or furthered by it, also the 

oozing in of fresh water; the different mixtures, as an other conse- 

quence, being able to move horizontally in the one or the other 

direction, or be prevented to move at all, which explains the different 

levels they reach. 

The hypothetie currents can be dispensed with to explain the 

existence of fresh water, between 35 and 50 M. — A.P., in the old 

boring at Sloten, so often urged in proof of powerful subterranean 

water-currents of distant origin. Of the above mentioned wells in 

the Rieker polder, those, most west, are only 800 M. east of the 

boring of 1887. The different levels observed in the wells at Sloten 

can in reality be due only to local motion, in the direction of the 

shallower polders (with their higher upper-pression) to the deeper 

polders, where the pression from above is less powerful. The fresh 

water, everywhere found there at great depths, down to 50 M. — A.P., 

can find its origin only in those shallow polders themselves. The very 

position of the old boring at Sloten, at a corner of the shallow 

Rieker polder, between two deep polders (the H. M. polder and the 

Middelveldschen Akerpolder (S. L. — 4.20 M.)), explains the irregu- 

larities of composition observed there in the vertical distribution of 

water, and thus it is, with the boring near Diemerbrug, outside the 

north corner of the deep Bijlmermeer polder (S.L. — 4.20 M.). At about 

250 M. — A.P. water of a somewhat lower standard of salt (mini- 

mum 1192 m.G. a Liter) was found; no fresh water, as DARAPSKY 

lately held forth. Considering what influences are at work in the 

distribution of the water in our soil, one can but see natural 

phenomena in all those deviations. 

Considering the geological condition of the place itself and of its 

surroundings, the occurrence at Wijk-aan-Zee, both of fresh water down 

to 31 M. — A.P. (47.8 m.G. chlorine) and of its getting brackish, already 

at 50 M. — A.P. (851 m.G. chlorine) may be easily explained; also 

the presence of a layer of fresh water, between the sea-water, in 

the sub-soil of IJmuiden. 
In this discourse on some general features of the movement of 

the underground water in our lowlands the question remains to be 

settled, how it is that some shallow polders, of which the canals 

and the ditches like those of other, deeper polders, are mostly filled 

with brackish water, can furnish fresh underground water. 

In the first place the answer will be that, by no means, all 

surface waters of the polders are brackish. Even in the H. M. polder, 

I found, also at dry seasons, in some places fresh surface water 
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containing only 78, 60, 35.5 mG. of chlorine a Liter. Holes made 
in the midst of deep-polder meadows often fill with fresh water, 
even when a long period of absolute dry weather precedes the 

digging of them; so in the Purmer-polder, near the above mentioned 
deep well, on May 13 1903, the water in such a hole, dug about 
1.80 M. deep, contained only 72.6 m.G. chlorine a Liter, the 
adjacent ditch water having 407 m.G. Near Hoofddorp, in the 
H. M. polder, in the midst of the Slaperdijk, 250 M. southwest of 
the Hoofdvaart, after weeks of dry weather, in a hole, the Corps 
of military engineers had dug, down to 0.40 M. below polder-level, 
water oozed in, which contained not more than 102 m.G. chlorine 

a Liter, still that dike (the summit of which is about = A.P.) 
over all its length stretches between two canals 10 à 15 M. wide, 
only 40 M. apart and always filled with brackish water, 1 or 1.5 M.° 
deep. The water of those canals at that moment contained 511 m.G. 
of chlorine a Liter. The level of the water that had gathered in 
the hole, was 0.11 M. higher than that in the canals and at that 
time they were even considerably higher than they had been the 

last month. But those are deep polders, in which the vertical motion 

of the underground water is from below upward. What to think 

now of the water that penetrates the soil of the shallow polders? 

The extent of the land, in the polders, generally exceeding that of 

the water at least 25 times, and the level of the underground water 

in rainy seasons, being considerably higher than the neighbouring 

ditch water, consequently the fresh water will filter down, in a far 
greater proportion than the brackish, the surface of which forming 

but an insignificant portion of that of the fresh water fallen in the 

meadows. The water of the canals (‘“boezemwater’’) consequently can 

but little add, in those rainy seasons, to the salt-standard of the 

underground water. In the dry season, on the other hand, the land 

drying out, water must be let in; the soil is then absorbing brackish 

water from the canals. In fact, however, even such shallow polders, 

as the Rieker polder and those of Purmerend, which possess fresh 

underground water below the recent more or less impermeable strata, 

have brackish underground water near the surface, all the year round. 

Nevertheless, to my opinion, a great number of phenomena point to 

the supposition of the deep fresh underground water, found in some 

of our shallow polders, which have brackish underground water 
near the surface, being due to rainfall on the spot itself, or at a 
comparative short distance. This question will be the subject of a 
further communication. 

Considering the facts communicated here, in connection with others, 
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concerning the quantities of water which from the rainfall penetrates 

the soil, it need not be further demonstrated that in the sub-soil under 

the dunes, under the adjacent flat elevated area and under some 

shallow polders, drinkable water is and will not be lacking, in the 

main land of the provinces North- and South-Holland, superficially 

judging so little favoured in this respect, and with two fifths of the 

population of our country. That the velocity with which the deep 

underground water can move through the coarse-grained sand, is quite 

sufficient to make it possible to procure it from the sand in large 

quantities, a great number of facts prove it. [ will mention but one, 

that of the paper-manufactory at Velsen, of which the six wells, 

encompassing an area of 0.85 H.A., every 24 hours, on the average, 

furnish at least 2200 M* of fresh water or nearly as much as the 

town of Harlem wants and about a tenth of what Amsterdam 

consumed during these latter years. And those wells furnish water, 

which shows no signs as yet of a too slow horizontal motion ere 

long being likely, by disturbing the natural equilibrium of the under- 

ground fresh and salt-water, to convert the pumped fresh into salt- 

water. On the contrary the water of the oldest well, full six years 

in use, has grown a little sweeter still. 

Physics. — “Investigation of a source of errors in measurements 
of magnetic rotations of the plane of polarisation in absorbing 

solutions.” By Dr. L. H. Simrtsema. (Communication N°. 91 

from the Physical Laboratory of Leiden by Prof. H. KaMERLINGH 

ONNES.) 

(Communicated in the meeting of January 50, 1904). 

In a great number of measurements of the magnetic rotation of 

the plane of polarisation it was found, that this rotation assumes very 

large values in the neighbourhood of an absorption-band. Similar large 

values were found by me in an investigation on the negative mag- 

netic rotation of potassium ferricyanide *) in dilute solutions. These 

resulis agree with the new optical theories which yield for the 

magnetic rotation the dispersion formula: *) 
e 2 dn 

SS. S=_ SSSS|_ 

: m2V d2 

dn 
since the quantity = also assumes a large value near a band. 

di 

1) Arch. Néerl. (2) 5 p. 447; These Proc. 1901/02 p. 339; Comm. Phys. Lab. 

Leiden NO, 62, 76, 

2) These Proc, 1902/03 p. 413; Comm. Phys, Lab. N° 82, 
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Much attention should therefore be paid to the fact that Bares *) 
has made measurements with solutions of cyanine, fuchsine, litmus 

and aniline blue, from which it would follow that these large 

rotations did not exist, whereas Scumauss*) with these very sub- 

stances has found very large rotations. According to Barrs these 
large differences are caused by a source of error which arises from 

the circumstance that for these measurements we make use of light 

of which the intensity varies with the wave length *). He shows 

that both with the half-shadow method, and with that where we 

adjust on a dark or a bright band in the spectrum, great errors may 

be made as soon as we arrive at a region where the intensity-curve 

of the light used shows a considerable decrease, and that this may 

produce apparently large rotations. 

As this source of errors might also occur in my measurements 

with potassium ferricyanide, it seemed important to me to investigate 

in how far this may have had a disturbing influence, and thus in 

how far the large rotations then found would have to be ascribed 

to it. 

With the method involving the use of a dark band in the spectrum, 

the source of above errors comes to this, that as soon as the intensity 

of the light on the iwo sides of the band is not the same, we are 

inclined to wrongly adjust the middle of the band, and to displace 

it too much towards the dark side. For we may suppose that for 

an adjustment we, as a rule, search for two points on the borders 

of the band which are of equal intensity and then adjust between 

them. It must be noted that attention has been repeatedly drawn to 

this source of error *) although, as far as L know, an experimental 

investigation of the errors which may so arise was first made by 

Batrs*). A theoretical solution would be possible in the manner 

indicated by Barrs, but this requires a knowledge of the intensity- 

curve of the spectrum which is seen by the observer in the absence 

of the magnetic rotation. Moreover we ought to know which of 

the intensities on the edges is used by the observer to determine 

the middle of the band, and this especially will partly depend on 

the observer. An experimental determination may easily be made. 

We need only produce a spectrum with a movable dark band and 

1) Bares. Ann. d. Phys. (4) 12 p. 1091. 
2) Scumauss. Ann. d. Phys. (4) 2 p. 280; 8 p. 842; 10 p. 853. 

3) Bares. Ann. de Phys. (4) 12 p. 1080, 

4) Gernez, Ann. éc. norm. 1 p. 12 (1864). 

Van Scuatk. Thesis for the doctorate. Utrecht 1882 p, 30, 

5) Bates |. c. p, 1086, 
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examine it while the light passes or does not pass through an 

absorbent substance. The apparent displacement of the band near 

the limit of absorption must then immediately appear. 

For my measurements with potassium ferricyanide I have made 

use of rotations of 11° and higher. A quartz plate 0.4 m.m. thick, 

cut at right angles to the optical axis was now used and with it a 

similar rotation is obtained near the limit of absorption. This plate 

preceded and followed by a nicol was placed between the collimator 

and the experimental tubes, which moreover were mounted in precisely 

the same way as they were for measurements of the rotation in 

potassium ferricyanide. A large number of adjustments have been 

made by rotating one of the nicols, one set where the experimental 

tube was filled with a */, ®/, solution of potassium ferricyanide, and 

one with water instead of the salt-solution. The calibration of the 

spectrum was made as before with a mercury are lamp. The following 

values have thus been obtained, as means of pairs of adjustments: 

band with 
nicol water solution 

In py 

83°0’ 629° 630 
82°30’ 611 612 
82°0’ 593° 5935 
81°30" 577 577 
81°0’ 562° 963 

80 30’ 549 549 
800’ 008 538 

79°30’ 525 526° 
19°" 515% 516 
78°50’ 5125 
78°45’ 5108 
78°40’ 509 
18°35’ 5088 
78°30/ 505 505% 
18°25’ 504 
78°20’ 502° 
78°15’ 501 
78°10’ 500 
78°5’ 498 
730" 495° 
77°30’ 486° 
cares dae 
(mit of absorption, about 481) 



The annexed figure represents 

graphically a part of these read- 

ings for both sets. The irregular 

differences, may apparently be 

aseribed to errors of observation, 

which near the limit of absorp- 

tion will be somewhat larger 

than at other places, owing to 

the smaller intensity of the light. 

They do not amount to much 

more than duu. A deviation 

of the kind which we might 

expect from the source of errors nicol 

supposed by Bates, would reveal 

itself, near the limit of absorp- 

Az 490 o tion, in a displacement of the 
band towards this limit. Such 

fee PORES SLC WRIST a displacement is not at all 
© ee “3 solution é € ; F 

' indicated by these observations. 

| mit of absorption Let us consider what apparent 
1 displacement must have taken 

place, to account for the anomalous rotations which are found in 

the measurements. This may be found by supposing for a moment 

that the rotation of the sait is normal, and by putting it equal to 

that of water. If for instance we start from the value g.,=7.1 for 

24, = 606") and we call 2, the wave-length, where the band ought 

to have appeared with the solution, if it appeared with water at 
4, = 519, then we find by a simple calculation 4, — 509, while we 

have observed À, = 500. According to what has been said before a 

displacement of the band of 9 ug cannot be apparent. Hence the 

validity of the results obtained before is not affected by the error 

supposed by Barrs. 

1) Comm. NO. 76 p. 4; Proc. Royal Acad. 1901/02 p. 340, 
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Mathematics. — “An equation of reality for real and imaginary 

plane curves with higher singularities’. By Mr. Frep. Scuvn. 

(Communicated by Prof. D. J. KorTEwrG.) 

(Communicated in the meeting of March 19, 1904). 

For a plane algebraic curve having an equation with real coeffi- 

cients only and possessing no higher singularities than the four of 

Prückrr, Kirin’) has deduced (as an extension of relations of reality 

found by ZevrHEN in a C,) the equation 

EEE A ae 
where 

n is the order, / the class of the curve, 

8 the number of real inflexions, 

z the number of real cusps, 

t’ the number of real isolated bitangents and 

J” the number of real isolated double points. 

This equation of Krew can be extended to curves with higher 

singularities and it then becomes most remarkably simpler and 

meariably holds good also for curves in whose equation imaginary 

coefficients appear, Which is not the case with the equation of KLEIN. 

The equation found by me runs as follows : 

Mekel DA cal pata ds = ee een 

Here "7, denotes the sum of the orders of the singularities with 

real point, S'v, the sum of the classes of the singularities with real 
tangent. By an element of the curve IT understand in the following a 

point of the curve together with the tangent belonging to it, exclu- 

sively as forming a part of one branch of the curve, which can 

be represented by one single Puissux-development (with exponents 

fractional or not). The element I call a singularity: 1st if point or 

tangent or both are singular, or 2rd if point or tangent or both 

belong to several elements of the curve, or 3'¢ if the point is real 

and the tangent imaginary or reversely. 

If through the same point more branches pass, we call the point 

a manifold singular point; this is to be regarded so many times as 
a singularity as there are branches passing through it. Correlative 

to this is a manifold singular tangent. 

1) EF, Keer, Eine neue Relation zwischen den Singularitäten einer algebraischen 

Curve. Math, Ann., Bd. 10 (1876), p. 199, 
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With Pricker') we understand by the order t of a single sin- 

gularity the number of the points of intersection coinciding in the 

(singular) point with an arbitrary line of intersection through that 

point. If eventually more branches pass through the singular point, 

we must of course count those points of intersection only, which by 

a slight displacement of the intersecting line are found on the 

branch belonging to the singularity in question. Correlative to the 

order is the class v of the singularity. This class is at the same 

time equal to the number of points of intersection approaching the 

(singular) point along the branch in question with an intersecting 

line passing through that point and about to coincide with the (sin- 

gular) tangent. 

If we regard this last quality as the definition of the class of 

a singularity, then the development in point coordinates with the 

(singular) point as origin and the (singular) tangent as axis of 
itv 

becomes 7 == a2 + ...., after having given all exponents an 

equal denominator though as small as possible (for a small value 

of « gives ¢ small roots y, on the contrary a small value of y 
gives {+ v small roots #). If farthermore X and Y are the line 

coordinates of the straight line + Nr + Y = 0, then the development 
tw 

in line coordinates becomes Y= AN” + ...2), from which ensues 

the correlativeness of ¢ and v. At the same time it is evident from 

this that order and class of a singularity can be read immediately 

from the corresponding development, from those in point coordinates 

as well as from those in line coordinates. 

In (2) 2’, denotes a summation with respect to the singularities 
with real point, &'v, to the singularities with real tangent, where 
a manifold singularity must be taken into consideration as many times 

as it possesses single singularities. Here not only the higher and 

Prücker-singularities must be counted, but also those elements of 

the curve, the counting of which has an influence on the equation 

(2); thus also those elements (f= v—=1) of which the point is real 

and the tangent imaginary or reversely. It is clearly indifferent 

1) J. Prücker. Theorie der algebraischen Curven. Bonn, A. Marcus, 1839, p. 205. 

2) O. Srorz. Ueber die singulären Punkte der algebraischen Functionen und 

Curven. Math. Ann., Bd. 8 (1875), p. 415 (spec. p. 441—442), 

H. G. Zeurnen. Note sur les singularités des courbes planes. Math. Ann. Bd. 
10, p. 210 (spec. p. 211—212). | 

H. J. SrepneN Swit. On the Higher Singularities of Plane Curves. Proc, London 
Math, Soc, Vol. 6 (1874—79), p. 153 (spec. p. 163—164), 
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whether we do or do not include entirely real or entirely imaginary 

non-singular elements among the 2’-signs. 

The equation (2) holds good for curves with üraginary equation 

as well as for curves with real equation. 

Now follow the chief points of the deduction of the equation 

discussed. This will be given more minutely in my dissertation *) 

still to appear. 

To this end we shall treat in $1, 2 and 3 the relation (2) for 

curves with real equation, taking that of Krein as our starting 

point. In $ 4 we shall indicate it for curves with imaginary equation 

too, and in $ 5 we shall transform it to other forms. 

§ 1. Curves with real equation and with no other manifold 
singularities than double points and bitangents. 

For the present we shall take a one-sided point of view where a 

curve is regarded as a locus of points. 

If the curve has higher unifold singularities we dissolve them. 

This means that we bring about such a small vea/ modification in 

the equation in point coordinates with preservation of the order, 

that the higher singularities disappear without PLOcKER-point-singu- 

larities (cusps and double points) taking their place (but of course 

inflexions and bitangents). After this dissolution, where we assumed 

the PrückKer-singularities already present to be remaining, we apply 

the equation of KLEIN. 

To this end we must consider how many isolated bitangents and 

how many real inflexions appear in the dissolution of a higher 

singularity. In two ways isolated bitangents can be formed, namely 

1st in the dissolution of a real singularity, i. e. a singularity 
whose corresponding singular branch is real, 2"¢ in the dissolution 

of two conjugate imaginary singularities; here point as well as 

tangent must be imaginary, as otherwise we should be treating a 

manifold) singularity, which we exclude from this paragraph. Of 

course real inflexions can arise only from the dissolution of rea/ 

singularities. 

By dissolving the singularity the class of the curve undergoes 

an increase d. Here d represents the reduction of class of the singu- 

larity (called by Smrru, Le., p. 155 the discriminantal index) ie. the 

1) Over den invloed van hoogere singulariteiten op aanrakingsproblemen van 

vlakke algebraische krommen. (On the influence of higher singularities on problems 

of contact of plane algebraic curves.) 
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multiplicity of the singular point as point of intersection of the curve 

with the first polar of an arbitrary point. 

INFLUENCE OF A REAL SINGULARITY. Suppose when dissolving a 

real higher singularity with a reduction of class d,, we arrive at 3, 

real inflexions and +t", isolated bitangents. The class then becomes 

he +-d so that ensues from the equation of Kuri, if for simplicity’s 

sake we think the curve to possess but one higher singularity : 

n+p + 2c" 4+ B+ Qe", =k 4d, He + 20". 
What the value is of 3’, and of rt’, separately, depends upon the 

manner of dissolution. If however we apply the above equation to 

curves formed in different manners of dissolution, we find that 

3’, +2r", has always the same value, called by me the reduction of 

reality of the singularity. In my dissertation I shall deduce out ofa 
definite manner of dissolution for that reduction of reality the 

value d, + v,—#,, which causes the latter equation to become 

fe RSE Be" oP eg Se eo Oi eg le ere YR 
INFLUENCE OF TWO CONJUGATE IMAGINARY SINGULARITIES. As we excluded 

1) This equation agrees with the index of reality given by A. Britt (Ueber 

Singularitäten ebener algebraischer Curven und eine neue Curvenspecies. Math. 

Ann., Bd. 16 (1880), p. 348, spec. p. 391) based upon the decomposition of the 

higher singularity in Prteker-singularities. A. Cavey (On the Higher Singularities 

of a Plane Curve. Quart. Journ. of Math., Vol.7 (1866), p. 212, Collected Math. 

papers, Vol. 5, p.520) has namely shown, although in a not entirely satisfactory 

way, that the Prtcker-equations as well as the equation of deficiency keep holding 

good for curves with higher singularities, if we regard such a singularity as equi- 

valent to x* cusps, B* inflexions, 8* double points and #* bitangents. For «* and 6* 

CAYLEY gives 
=f 1 Bil TOR RE 

and he indicates how 3* and z* can be deduced from the Purseux-developments 

in point and line coordinates. 

Later on fuller proofs for the results of Carrey have been furnished, among which 
that of SteeHen Suiru excels for its simplicity and rigorousness (I. ¢., p. 153— 162), 

based upon the line of thoughts of Cay.ey. For the CayLey-numbers of equivalence 

Siro introduces (l.c, p. 161) the names cuspidal index, inflexional index, nodal 

index and bitangential index and among them he finds a simple relation (1. ¢., p. 166). 

Britt has shown that this Cayrey-equivalence does not only completely satisfy the 

Prücker-equations and the equation of deficiency, but that it is possible to deform 

the curve retaining order, class and deficiency in such a way that the higher singu- 

larities are decomposed into the equivalent ones of Prücker. Britt calls this opera- 

tion a deformation of the singularity (l.c. p. 361). Already Carrer (On the Cusp 

of the second kind or Nodecusp. Quart. Journ. of Math., Vol. 6 (1864), p. 74, 

Collected Math. papers, Vol. 5, p. 265) gives for the case of a ramphoid cusp an example 

of a such like deformation although he does not emphatically draw the attention 

to the fact that class and deficiency remain unaltered. 

In an elegant way Brur indicates further algebraically, that for every real defor- 
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from this paragraph the manifold higher singularities, point and 
tangent of conjugate imaginary singularities must both be imaginary. 

If we decompose those singularities into the equivalent ones of 

Prücker in the manner indicated by Britt (see note), thus without 

changing order and class of the curve, then of those PLtcker-singu- 

larities point as well as tangent are imaginary, as was also the case 

with the original singularities. So no PL&cKER-singularities are formed, 

which appear in the equation of Krein, so that that equation inva- 

riably holds good for a curve, possessing only higher singularities 

of which point and tangent are both imaginary. 

Comprising the results of this paragraph, we thus find for a curve 

without manifold higher singularities the equation 

iAP + Oe" 4 Bee kh a Oe Se ee 
where the summations must be extended only to the real higher singu- 

larities. 

$ 2. Curves with real equation and with 

manifold higher singularities. 

If the curve has manifold higher singularities, we can imagine 

that these are driven asunder in the separate singularities in such 

a way by a slight vea/ modification in the equation of the curve 

retaining order and class of the curve, that its singular points and 

tangents all differ, but without the nature of the separate singularities 

having undergone a change. This operation which I shall explain 

more minutely in my dissertation for the case of one manifold 

singularity only, I call the dispersion of the manifold singularity ®). 

mation of a higher singularity x*’ — B“! +2 (3*" — +*") retains the same value, 
which he calls the index of reality of that singularity. Here x*', B*', 3*”, 7*' 

represent the numbers of the real cusps and inflexions and of the isolated double 

points and bitangents, generated at the deformation. How large those numbers are 

separately depends on the manner of deformation. 

This however is not a new result, but an immediate consequence of the equation of 

Kier if after various deformations we apply it to a curve possessing at first but 
one higher singularity. 

Brit (le. p. 391) says he intends to point out elsewhere that the index of 

reality of a singularity (however, this must run: of a real singularity) amounts 

to z*—6*, so according to (4) to ¢— v. In connection with 

n+ B+ 20"-+ BY Det = hf HD HH 3 
the equation (3) follows immediately from it. However I am not aware where 
Britt gives the promised proof. 

2) So here we leave the one-sided point of view of the beginning of § 1, 
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By this dispersion however new isolated double points and isolated 

bitangents are formed, but the higher manifold singularities disappear, 

so that the equation (5) is applicable, provided among d" and Tt” the 

newly generated isolated double points and bitangents are counted. 

These however can be formed only as points of intersection and 

common tangents of two conjugate imaginary branches. 

Here are three cases to be distinguished with respect to the reality 

of the two points and tangents of the manifold singularity consisting 

of two conjugate imaginary branches. The case already discussed, that 
the points and the tangents are both imaginary, does not give rise 
to a manifold singularity, so it does not come into consideration now. 

POINTS OF CONTACT REAL, TANGENTS IMAGINARY. From both branches 

being conjugate imaginary ensues that the points of contact coincide, 
but that the tangenis differ. If the order of each of the singularities 

is ¢, then both branches intersect each other in @ coinciding points, 

which after the dispersion of the singular points cause @ double points 

to be generated. If that dispersion takes place, as we keep assuming, 
in such a way that the equation of the curve remains real, then the 
singular points become conjugate imaginary, whilst the singular 
tangents remain imaginary. So after the dispersion we get singula- 
rities which have no influence on the equation of Kiem. However 
we have got another ¢ double points of which ¢(¢—1) are imaginary 
and ¢ are isolated. The latter is easy to understand by causing the 

¢ coinciding tangents of each of the singularities to diverge a little 
before the dispersion, by which each of the two singularities changes 
into a common ¢-fold point with separated but slightly differing imagi- 
nary tangents. The ¢ tangents originating from the one singularity 
are conjugate to those of the other. With the dispersion the ¢ pair 
of conjugate imaginary tangents give ¢ isolated points, whilst the 

remaining double points become imaginary. 

After the dispersion of the singular points by which the number 

of isolated points has become d”+-¢ and the number of isolated 
bitangents has remained invariable, we find by applying the equation (5) 

nt B Hat + S'o, =k + x! + Ao" +) HEt. 

For this again we may write: 

nek ee LE a ee! 2d Sinat eB) 

if we but extend 2% to those higher singularities of which the point 
is real but the tangent imaginary. 

Points OF CONTACT IMAGINARY, TANGENTS REAL. This case is quite 
correlative to the preceding. Now the points of contact are different, 
whilst the tangents coincide. Out of this common tangent is formed 

51 
Proceedings Royal Acad. Amsterdam. Vol. VI. 
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by the dispersion of the singular tangents v* new bitangents, of which 

v are isolated. So for this case too the equation (5) bolds good if 
we but extend ='v, to those higher singularities of which the point 

is imaginary but the tangent is real. 

POINTS OF CONTACT AND TANGENTS BOTH REAL. Now point and tangent 

of both imaginary singularities coincide. So the two branches touch each 

other. This may be an ordinary contact or a higher one, as the 

Prisgux-developmeuts of both singularities correspond in the first terms 

(which are then real); the unequal terms are conjugate imaginary. 

If ¢ and » denote order and class of each of the singularities and 

ec a number which need not be known more closely, the numbers 

D and 7’ respectively of the coinciding points of intersection and 

of the comeiding common tangents of both branches amount to 

DEL | 6 

T—=vite.| EE 

This ensues from a relation which always exists for two singular 

branches touching each other between the numbers D and 7, namely 

NG a oy, ee ee 

where 8,* and 83,“ denote the inflectional indices, z,* and z,* the 

euspidal indices of both singularities *). This relation was first deduced 

by SrePHeN SmitH (l.c., p. 167). If according to (4)') we express 

the indices in order and class of the singularities, we find 

TD Serv =d tn 

on, as, in our: case 1, == djs 7 and 0, =v, 0, 

T—D=v' — FP, 

from which ensue the two equations (6). 

If therefore we disperse both singularities in such a way that the 

singular points and tangents begin to differ, this causes point and 

tangent to become imaginary, whilst D new double points and 7’ 

new bitangents appear. If among these are J" isolated double points 

and 7" isolated bitangents, then 

Gy — c' 5 

De =o des 

which I shall prove more minutely in my dissertation. 

By the dispersion of the singularities the numbers of the isolated 

double points and bitangents have become d"+-f-+-c' resp. t’+r-+c') 

So the equation (5) gives 

nd HAT Ave) Br, =k xe 4-2(0" +¢t4 ¢)4 Et. 

So before that dispersion 

1) See note p. 767—768. 
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NRE pi Bl hae 2 daer ( 
where the two summations must also be extended to the imaginary 

singularities with real points and tangents. 

$ 3. Proof of equation (2) for a curve with real equation. 

The considerations of the two preceding paragraphs all lead up to 

the equation (5) thus holding good for every curve with real equation 

and with higher singularities. The summations must be extended 

only to the higher singularities, namely 2’ to those with real points, 

Ev, to those with real tangents. 

The equation (5) can be considerably simplified by including also 

the PLickrr-singularities among the 2’-signs. 

INFLEXION. For an inflexion we have é=1, v=2. If we omit 

8’ but extend ’t, and ’v, to the real inflexions then in (5) due 

consideration is taken of the presence of those inflexions. 

Cusp. For this ¢=2, v=1, so that for the cusps the same holds 

good as for the inflexions. 

IsoLaTED POINT. An isolated point is formed by two conjugate 

imaginary elements, of which the points are real, thus coinciding, 

the tangents imaginary, thus differing. For each of those elements 

t=v==l. If we extend the summations to the isolated points, this 

has no influence on Zr, (the tangents being imaginary), whilst on 

the contrary '¢, increases with 2d”. If now in (5) we omit the 

term 2d", but extend 2, to the isolated points, the equation remains 

true. 

ISOLATED BITANGENT. This is formed by two elements (¢= v= 1) 

with real tangents and imaginary points of contact. For this holds 

good the correlative of what was observed for an isolated point. 

So if the summations are extended also to the PLickmr-singularities 

the equation (5) becomes 

fi ee ae ig! Ap Roe TN 

where, if one pleases, every other element of the curve may be 

included among the 2'-signs. 

§ 4. Proof of equation (2) for a curve with imaginary equation. 

To prove the relation (2) for a curve with imaginary equation, 
we write it in the form: 

Ae he nt nd; 

So we must show, that also for a curve with imaginary equation 

J has the value zero. Let g+7y—=O0 be the equation of that 

o1* 
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curve, were g and yw possess but real coefficients. For that curve J 

has of course the same value as for the curve gy —ziw—0O, e.g. 

the value ./,. 

For the curve g? + yw’? = 0, consisting of the two first-mentioned 

curves, J has thus the value 2./,, as / consists only of terms, which 

are formed additively for a degenerated curve out of the corresponding 

terms of the partial curves. The equation of that curve is however 

real, so that the relation (2) is applicable to it. From this ensues 

JSA = Oi por S720! 
This proves, that J has the value zero for the curve pip =O 

too, and that for this the equation (2) also holds good. 

For this deduction we have tacitly made the supposition that @ 

and w have no common divisor, as otherwise the curve g?-+y?—0 

would possess a part counting double and thus an infinite number 

of singularities. If g and w have such a common divisor, that is if 

the curve degenerates into a curve with real equation and into one 

with an imaginary one, the relation (2) still holds good. For, as we 

have seen, this is the case for the two partial curves, from which 

ensues by addition the corresponding equation for the total curve. 

Kirin (le, p. 207) finds by applying his equation to the curve 

gy? + Wp? = 0, for a curve with imaginary equation, of which the p 

real points and the r real tangents are not singular, the relation 

HEE en as ook AP AEN 

This equation can be immediately deduced from (2). 

Farthermore ensues from (2): 

The equation (8) of Kinin for imaginary curves holds good also 

if that curve possesses real singular points or real singular tangents 
if only they count for as many real points or tangents as is indicated 
by the order resp. the class. 

§ 5. Other forms for the equation (2). 

The equation (2) can be reduced to still other forms. The PLicksr- 
equation 3 (/ — n) =d — x becomes namely for a curve with higher 

singularities 3 (4 — n) = 8 — # + = (8,*—~,*), or according to (4) *) 

3(k —n) = B—x+ LY (wv, —t), where the Y-sign must be extended 

to the higher singularities, the real ones as well as the imaginary 

ones. By including the Prücker-singularities, and if one likes also 
the ordinary points of the curve, under the >-sign the equation 

becomes 

1) See note p. 767—768. 
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The equation of reality (2), can thus be written in the following 

form: 

LS on ee (ee EE CY ZOOO 

If farthermore "¢, indicates a summation over the #maginary 

points, Sv, over the imaginary tangents, then Yt,= "t+ ="t,, ete. 

so that (10) becomes 

Site SAN OEREN Qed 

The equations (2), (9) and (10) are of course but different forms 

for the same relation of reality. 

Sneek, March 1904. 

Chemistry. — Professor Losey DE BRUYN presents communication 

N° 7 on intramolecular rearrangements: C. A. LoBry DE BRUYN 

and C. H. Suurrer. “The BeckMann-rearrangement ; transfor- 

mation of acetophenoxime into acetanilide and its velocity.” 

(Communicated in the meeting of Febuary 27, 1904). 

Among the many intramolecular rearrangements known in organic 

chemistry, the one associated. with the name of BECKMANN belongs 

to one of the most important series on account of the extent of its 

region and its scientific significance. As is well known, it consists 

in the transformation of the oximes, under the influence of a certain 

number of reagents, into the isomeric acid amides, for instance : 

R,CNOH — RCONHR. Its extent is obvious if we remember that all 

ketones and aldehydes are capable of yielding oximes and that a 

large number of these, particularly of the ketoximes, can undergo 

the rearrangement. lts scientific importance is chiefly due to the fact 

that its application to the stereoisomeric ketoximes has been the means 

of determining the configuration of those stereoisomers, in this manner : 

CR? RCR’ 
| —» RONHR’ and || — RHNCR’ 
NOH 0 HON O 

The rearrangement generally takes place under the influence of 

different reagents such as sulphuric acid, hydrochloric acid, phos- 

phorus pentachloride and -oxide, acylehlorides, acetic acid with its 

anhydride and HCl, zinechloride, alkalis. As these substances are 

always applied in relatively large quantities, it is thought most pro- 

bable, that the actual rearrangement nearly always relates to inter- 
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mediate products, additive Compounds or derivatives of the oximes, 

which occasionally have been separated *). These intermediate products 

then contain a negative group (or the group OK) attached to the 

nitrogen which changes place with the C-combined alkyl- or arvl- 

group. On subsequent treatment with water the amide is generated. 

We then have; 

RCR’ CR’ RCX + H,O RC = 0 
Eel SSS al er er op ee A 

NOH NX NR’ NHR’ 
That hydroxyl itself can assume the function of the group X which 

changes place with R’ is shown by the interesting observations of 

WernerR and Buss’), Werner and Skipa*), Posner‘) and Auwers 

and Czerny*), who have noticed some cases of the BECKMANN-rearran- 

gement in the absence of any reagent. Dibenzhydroximie acid 

C, H, CO COC, H, obtained from chlorobenzhydroximic acid 

Non 
CH. C.CI by means of silver benzoate, melts at 95°; according to 

6 5 « Le) 

Non 
Werner and Bess it changes after some days spontaneously into its 

isomer C,H,CO.NHOCOC,H, m.p. 161°; on heating this takes 

place more rapidly. Possner observed that o-eyanobenzaldoxime 

changes into its isomer when simply heated above its melting point ; 

it first melts at 175°, then solidifies and finally melts again at 203°. 

Here we consequently have the direct conversion : 

o-NC. C, H, CH NC. C, IL, COH 
‘ieee | 5 NC. C,H, CO Nu, 
NOH NH 

Finally, Auwers and Czerxy have found that 0-oxy-m-methyl- 

benzophenonoxime: HO.H, CC, H‚C-C, H, partly undergoes the 

On 

BECKMANN-rearrangement when submitted to distillation. 

These observations from Werxer and his pupils, of Posner and 

of Auwers and CzerNy are of fundamental importance for the under- 

1) BECKMANN for instance (Ber. 19. 988) obtamed C,H;CCl : NCgH; from (CgH;)2 C:NOH 

and PCI;. It is very probable that (CgH,), CG: NCI is formed first as an intermediate 

product. 

2) Ber. 27, 2198 (1894). 

3) Ber. 82, 1654 (1899). 
+) Ber. 30, 1693 (1897). 

5) Ber. 31, 2692 (1898). 
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standing of the mechanism of the BrCKMANN-rearrangement. They 

prove that this important transformation is most decidedly a real 

intramolecular rearrangement, which may occur in some cases with 

the oxime, but in the majority of cases with derivatives in which, 

instead of the OH-group, another negative group or a halogen has 

been attached to the iitrogen. In that ease the change from IL into 

[IL represents the actual rearrangement. 

Auwers and CzerNy have already pointed out that the above rearran- 

gement caused by distillation deserves the closest attention. They are 

of opinion that this observation leads to the view that the BRCKMANN- 

rearrangement is a catalytical process which is in accord with 

BECKMANN’s own ideas. But is it permissible to speak of a catalytic 

process when the catalyzer is wanting? And do not Auwnrs and 

Czmrxy withdraw their own statement when they say that “es sich 

vielmehr handelt um die directe Ueberfiihrung eines weniger stabilen 

System in ein stabileres?” 

The bBrcokMANy-rearrangement has not, up to the present, been 

subjected to a dynamical investigation, Such a study is not rendered 

less desirable or less important by the fact that, as a rule, the 

rearrangement of the intermediate product and not that of the oximes 

themselves will be investigated. 

The oxime which has been studied in the first place is aceto- 

phenonoxime of which only one form is known and which quantita- 

tively passes into acetanilide. [ts configuration is therefore: 

C,H,—C—CH, — C,H,..HN. COCH,. 
| 

HON 
The rearrangement, which BrckMANn found to take place under 

the influence of concentrated sulphuric acid was studied in the first 

place. Before starting it was necessary to work out an analytical 

method allowing the quantitative determination of the resulting anilid 

in the presence of the unchanged oxime. After several preliminary 

experiments it was found that the anilide formed on adding water 

was completely hydrolyzed by boiling for a few hours and that the 

acetic acid could then be distilled off and titrated; the excess of 

oxime did not interfere. We have in consequence determined the 

velocity with which the anilide was formed, In carrying out the 

experiments 2.5 grams of the oxime were dissolved in 50 or 100 ce. 

of sulphuric acid, previously heated to the temperature at which the 

experiment was made (60° or 65°) and at detinite periods a certain 

quantity was pipetted off from the bottle (which was placed in a 

thermostat) and analysed. 
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The reaction proved to be one of the first order, the velocity constant 

did not change with the concentration; so it is a monomolecular 

one. At 65°, for instance 4; = 0.0019 for a solution of 2.5 erams of 

the oxime in 50 as well as in 100 ee. of 93.6°/, sulphuric acid (time 

in minutes; transformation of */, of the oxime after 160 minutes). 

The transformation velocity increases with the concentration of the 

acid as shown from the following table: 

Temp. 60°. Velocity- Time of */, 

Concentration H,SO,. constant. transformation. 

93.0 0,0011 275) min, 

94.6 13 232 

97.2 08 15 

98.7 70 43 

At 65°, a 86.5°/, sulphuric acid gave a constant of 0.0006 (time 

of */, transformation = 501 minutes). When using 99.2°/, acid at 60°, 

practically all the oxime had been converted after 15 minutes. 

The influence of the temperature is apparent from the following 

figures : 

ab GO", 90.07, HSO rk O0011; JEG NRSO re 00s 

65°, _, OS — 0,0021 23 99 99 

The temperature-coefficient for 10° is therefore about 3. 

A solution of SO, in chloroform did not appear to cause any trans- 
formation of the oxime. 

The results of this research therefore confirm the view that in the 

BECKMANN-transformation we are dealing with a real intramolecular 

rearrangement. Even if the application of sulphuric acid should cause 

the formation of an intermediate compound (which has not yet been 

positively proved, but which is very probable *) ) our experiments 

show that this formation (or the conversion I into II) takes place 

with immeasurably great velocity. The very perceptible development 

of heat which occurs on mixing the oxime with the concentrated 

sulphuric acids also points to this fact. 

Addendum. Of late years, Stinanitz and his coworkers (Amer. 
Chem. J. 1896—1903) have been engaged in the study of the 

BRCKMANN-rearrangement. In my opinion STIRGLITZs ideas cannot be 

accepted in their entirety. Recently this chemist has given a summary 

of his conclusions in a separate article “on the BrcokMANN-rearrange- 

1) If to an ethereal solution of the oxime is added a solution of sulphuric acid 

in ether, a precipitate is obtained the nature of which will be investigated, 
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ment” (Amer. Chem. J. 7, 29.49 (1903) ). He then arrives at the fol- 

lowing views. 

The analogy of the JlormANN-transformation of the amides into 

amines with the BrokMANN-rearrangement (an analogy first pointed 

out by Hooerewerer and van Dorr (Rec. 6.573, 8.173 ete.) ) and 

the fact that the acid azides of Curtius are converted with elimina- 

tion of nitrogen into the same isocyanates which occur as inter- 

mediate products in the Hormann-transformation, induces STIRGLITZ 

to attempt to explain these reactions from a same point of view. 

He believes that in the three above transformations there must be 

formed intermediate molecule-residues containing univalent nitrogen; 

with the azides for instance CH,CO.N.N, > CH,CO.N-+N,; with 

the bromoamides for instance, CH,CONHBr=CH.CO.N + HBr. These 

molecule-residues are then supposed to be converted straight into 

the isocyanate: CH,—CO N= CONCH,. In order to arrive, in the 

transformation of oximes into amides, at such molecules with univalent 

N-atoms, STIRGLITZ assumes that first of all HCl is attached to the 

oxime owing for instance to the action of PCI. R‚C = NOH-+ HCI 

> R,CCI—NHOH, this additive compound under the influence of 

PCI, then loses one mol., of water and gives R,CCI—N which 

molecule-residue is then supposed to be converted into RCCI=NR, 

which on treatment with water yields the amide. 

Now, first of all it is difficult to see where the HCl, which gets 

attached to the oxime, is to come from; it is of course known that 

some oximes yield with PCI, compounds such as R‚C CIN with 

formation of HCl, but this is not the formation which StieGiirz had 

in mind. We also fail to see how sulphuric acid, acting as dehydra- 

ting reagent will, in the rearrangement, cause a mol. of water to 

be first attached and then to be again eliminated; neither do we 

understand how the transformation under the influence of, say, P,O, 

or ZnCl, can be reconciled with the ideas of Srivenirz. Finally, 

Stineiitz himself admits of his own theory that “it does not agree 

so well with the more obscure relations of the theory of stereo- 

isomerism of ketoximes and their influence on the rearrangement 

of these isomers. It is hoped that future work will remove this 

difficulty’. (Am. Ch. J. 7, 29, 67). The difficulty is this, that Strmeenirz 

theory utterly ignores a fact of fundamental importance, namely the 

formation of two different amides from the stereoisomeric ketoximes; 

these according to Stinenitz ought to lead to the same intermediate 

product from which the same amide only could be formed. And 

finally the transformations of an oxime into the isomeric amide 

without any reagent whatever, as observed by Werner and his 
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coworkers, by Possxer and by Avwrrs and Czmrny are directly 
opposed to his representations. 

In his last theoretical paper, Stineiirz attributes the transformation 

of some more hydroxylamino-derivates to the intermediary formation 

of moleeule-residues with wunivalent nitrogen; he ineludes all these 

under the name of “BRCKMANN-arrangement”. 

I think, IT have shown that this classification is not permissible. 

If it were so, the Hormann-transformation might claim priority over 

the “BECKMANN-arrangement’, which is of more recent date. 

In order to avoid confusion 1 think it absolutely necessary to let 

each of the said transformations retain its own name and to treat 

them as separate reactions. In the Curtivs-transformation CH,CON . N, 

— CONCH, + N,, the assumption of the intermediary occurrence of 

a molecule residue CH,CO.N is permissible; in the Hormann-reaction 

CH,CONHBr — CONCH, + HB, such is possible but not necessary, 

Br . C—OK 
|| may also have been formed as an intermediate product 
NCH, 

(Hantzscn); finally we may admit in the Beckmann rearrangement. 

R.C.R’ > R.C— X > RCOH (= RCO.. NHR’ .) 

NX NR’ NR’ 

a same mechanism as in the Hormany-transformation, but according 

to my opinion, not the presence of a moleculeresidue with univalent 

nitrogen. 

The physico-chemical investigation of the BrokMANN-rearrangement 
is being continued. 

LoBry DE Brvyyn. 

Amsterdam, February 1904. Organ. chem. lah. of the Univ. 

1) X = Cl, Br, OH or SO,H [respectively H,SO,], OCOCHsg. 
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Chemistry. — Prof. C. A. Lopry pe Brvyy presents communication 
N°. 8 on intramolecular rearrangements: C. 1. Junerus. “The 

mutual transformation of the two) stereoisomerie pentacetates 

of d-glucose.” 

(Communicated. in the meeting of March 19, 1904). 

1. It is well known that the esterification of aleohols by means 

of acetic anhydride is accelerated in a high degree by the presence 

of catalyzers and this of course also applies to the sugars. But it 

is a remarkable fact that in the ease of these polyhydric alcohols 

we arrive at various isomeric pentacetates according to the nature 

of the catalyzer. The investigations of FRANCHIMONT *) and of HERZPELD *) 

have shown that, when dry sodiumacetate is used as catalyzer, we 

obtain a product melting at 134° (3), whilst according to Erwie and 

Könres *) treatment with ZnCl, yields a product melting at 112° (ee). 

After Francumont had proved that these two compounds were in 

reality isomeric®) [the first was formerly thought to be a diglucose- 

octacetate] this chemist supported the view that they may be best 

represented as derived from the so-called oxide-form of glucose ®). 
The two pentacetates will then be stereoisomers as the oxide-form 

of glucose, which contains one asymmetric carbon atom more than 

the aldehyde-form, must give rise to two isomers. 

As in the case of the two methylglucosides ‘) we arrive, on applying 

TorveNs’ glucose formula, at the following constitution of the 

pentacetates : 

AcO — CH — CHOAe 

| =) 
The existence of two isomers is explained by the fact that the 

terminal C-atom on the left appears as a new asymmetric atom. 

CHOAc — CH — CHOAc — CH,OAc®) 

2. It was known that the g-isomer formed by sodiumacetate is 

1) A few years ago, Tanrer described a third isomeric glucosepentacetate 

m.p. 86) (Bull. 18. 261 (1895). My investigation has led me to the conclusion 

that this isomer does not exist but is a mixture of the other two, 

2) Ber. 12. 1940. 

3) Ber. 13. 265. 

4) Ber. 22. 1464. 

5) Recueil. 11. 106 (1892) Recueil. 12. 310. 

6) These Proc. June 24 1895. 

7) E. Fiscuer B. 26. 2400 (1893). 

8) Ac = CH; — CO. 
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eonverted into the other compound by boiling its solution in acetic 

anhydride for a short time with a little ZnCl,. 

| have made a closer study of this transformation; it is caused by 

an intramolecular migration at the terminal asymmetrie carbon atom. 

One might feel disposed to explain the transformation in an acetic 

anhydride solution by an addition and subsequent elimination of 

a molecule of the solvent, such as Fischer supposed to happen in 

the mutual transformation of the two isomeric methylglucosides *). 

This view, however, becomes untenable as the transformation can 

also take place without the presence of acetic anhydride. Then 

Losry pe Bruyn, by simply melting the g-isomer m.p. 134° with dry 

ZnCl,, at once obtained the other compound m.p. 112°. L also succeeded 

in causing the same transformation in a chloroform solution containing 

SO,. On shaking chloroform with fuming sulphurie acid, a portion 

of the SO, passes into the chloroform. This solution has been found 

to accelerate many reactions by catalytical action. A solution of 

the g-pentacetate in CHCl, which contained 18.8 milligrs. of SO, per 

ec. at first rotated but slightly towards the right; after a short time 

its rotatory power had increased. The SO, was now removed by 

means of dilute alkali and the chloroform distilled off. The residue 

was recrystallised from alcohol and in this way the pure @-isomer 

m.p. 112° was obtained. 

3. As in the case of the two methylglucosides, the final con- 

dition in the transformation between the two stereoisomers is here 

also an equilibrium; the limit however is situated close to the 

form melting at 112°. A solution prepared by dissolving 5 grams 

of g-pentacetate in 100 ce. acetic anhydride (containing 2 grams 

of zinechloride) showed an initial rotation of + 1° (polariscope 

Scumipr and Harxsen ; 10 em. tube). On keeping this solution at 

35°, the rotation increased with measurable velocity and finally arrived 

at +14°.5. In the case of a quite similar solution of the a-isomer, 

having an initial rotation of -+ 16°.3 the final rotation was also 

+ 14°.5. From this we calculate that in the condition of equilibrium 

there exists 88°/, of the « and 12°/, of the 3-compound. The former 

could in fact be isolated in a pure condition: in addition also some 

erystals which melted at 95—98° and contained both isomers. 

4. By determining at definite times the said changes in the rotation 

the velocity of the mutual transformation could be measured. 

It conformed with the formula for the unimolecular reversible 

1) Compare my communication, these Proc. June 27, 1903. 
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transformation ; for 8 la. rics alba ‘) was found a constant value which 
t Ce ba 10 

was the same in the case of either isomer. 

This average value representing the sum of the velocity constants 

of the two contrary reactions is 0.0095 (the time expressed in hours 

and using ordinary logarithms) at 35° and a concentration of 2°/, zine- 

chloride. At 45° and 2°/, ZnCl,, the average constant was 0.028. The 

temperature coefficient of the transformation for every 10° is, there- 

fore, 3.01. Further determinations were also made with 1"/, solutions 

of zinechloride at 45° and the constant was found to be 0.0135. 

This seems therefore to be proportionate to the concentration of 

the catalyzer. 

5. Besides these two isomers, Tanrer (Bull. 1895, 18, 261) ima- 
gined to have found a third glucose-pentacetate. 

On treating glucose with acetic anhydride and a little zinechloride 

and recrystallising the product from alcohol, he obtained from the 

mother-liquor crystals with [el = + 59° at 62°. This substance had 

no sharply defined melting point situated below the melting points 

of the above isomers. As he could not effect a further sepa- 

ration of these crystals by reerystallisation, he took it to be a third 

modification with a melting point of about 86°, but still occluding 

a small quantity of the other two, which it was difficult to get rid 

off. It is however obvious that this so-called third modification is 

only a mixture of the other two, which is deposited from an alco- 

holie solution saturated with both compounds. The following facts 

are in favour of this view. 

Ist. If it were a third isomer. if might be got perfectly free from 

the others by recrystallisation and present a definite melting point. 

2ud, If we make a mixture of the isomers melting at 134° and 

112° so that [@]p = 60° the product will show the same melting- 
traject as that of Tanret?), namely 91—94°. 

Bred, A solution saturated with both isomers, and a saturated 

solution of Tanret’s product appear to contain the same amount of 

pentacetate. I have used 50°/, alcohol as solvent. On shaking at 25° 

with an excess of the two pure isomers a solution was obtained 

containing 3.08—3.10°/, of pentacetate; Tanret’s product similarly 

treated gave a solution containing 3.13—3.14 °/,. 

1) ge is the rotation in the condition of equilibrium, zj the initial rotation, z 

the same at a slated period. 
2) Mr. TanreT had the kindness to forward a specimen of his preparation to 

Prof. Lopry pe Bruyn. With this sample the experiments have been made. 
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It is therefore not a matter of doubt that a third isomer does 

not exist but that it is a mixture of the other two). 

The two stereoisomeric methylglucosides may be converted into the 

corresponding pentacetates and conversely, the latter into the former *). 

The a-glucoside corresponds with the pentacetate m.p. 112°, the 

B-glucoside with the pentacetate m.p. 134°. It is therefore as well 

to indicate the two pentacetates, respectively, with « and 8, as has 

in fact been done in the said article of BEHREND and Rorn. 

6. The mutual transformation of the methylglucosides and pent- 

acetates throws a new light on the phenomenon of the multirotation 

of sugars. We may accept as the most probable explanation of this 

phenomenon a mutual direct transformation of the two stereoisomeric 

modifications which must exist according to ToLLENs’ glucose formula. 

The recently published investigations of FRANKLAND ARMSTRONG *) and 

of Brnrenp and Korn ' 

of this view. 

But it must be remembered that TorLeNs’ formula does not express 

the aldehydic properties of glucose; one is therefore inclined to 

assume that in a glucose solution there must occur also molecules 

in the aldehyde-form, or molecules which contain 1 more H,O with 

the group HC(OH),. One may then also come to the conclusion 

that this hydrated aldehyde-form does not act as an intermediate 

product in the transformation between the two stereoisomeric oxide 

modifications *), but that we have here a complete analogy of what 

takes place with the glucosides, namely that, although a direct trans- 

formation takes place between the stereoisomers, there also occurs 

a quantitatively insignificant, secondary reaction involving addition 

and elimination of the solvent. These reactions will then all be in 

equilibrium with each other. This point, I will also try to elucidate 

) have furnished strong arguments in favour 

experimentally °). 

1) This view is also held in a quite recently published article of BeEHREND 

and Korn Ann. 331, 359. 

2) KE. FrscueR and E. FRANKLAND Amstrone. Ber. 34, 2885. 

5) Journ. Chem. Soc. 83, 1305. 1903. 

4) Ann. 331, 359. 

») Compare Martin Lowry, Journ. Chem. Soc. 75, 212, (1899). 88, 1314. (1903). 

6) Several chemists (v. Lippmann, Chemie d. Zuckerarten II, 130, 990. Ber. 29, 

903, Trev, Z. f. phys. Ch. 18, 193, Smon, C.R. 182, 487), and myself (Ber. 28, 

3081 (1895)) have expressed the opinion that with the three [z|p’s of + 106°, 

+ 53° and --22°,5 known for glucose, correspond three modifications, namely 

two oxide forms and one aldehyde form, After the research of Mr. Juncius on 

the methylglucosides and the pentacelates it-is practically certain that the [@]p of 
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The particulars of this research will be published later on elsewhere. 

Amsterdam, March 1904. Organ. Chem. Lab. of the Univ. 

Mathematics. — ‘Regular projections of regular polytopes.” By 

Prof. P. H. ScHoure. 

We consider for this end the three regular polytopes A,, Bi, C, 

of the space S, with „ dimensions, which correspond respectively 

‘to the tetrahedron, the hexahedron and the octahedron of our 

space and setting aside the polytope B, with its exceedingly simple 

properties we treat some special cases of the following two general 

theorems relating to A, and Cy, of which the proof will be given 

elsewhere. 

Theorem, sl, 

“Let im represent $n” or 4(n-+-1) according to the number of 

dimensions n of SS, being even or odd.” 

“Construe in m planes a,,a@, .- . @ congruent regular polygons 

with nl [or 27) sides; let 9 be the cireumradius of those polygons.” 

“Let us take in each of those planes a vertex of the polygon as 

the origin O and a definite sense, in which distance is counted from 

this origin to any other vertex along the circuit.” 

“Let us place at the remaining vertices the numbers 1, 2... 

in such a way that the number p is put in «j near the vertex which 

is distant from the vertex O in the sense assumed in «7 a number 

pk {or p (2k—1)] sides. In other words: let us place in er moving 

round from O in the indicated sense the numbers 1, 2 in such a 

way that when continuing to a following number we skip 4—1 

[or 2(4—1)] vertices. Here the polygon in « can be reduced as far 
' - ntl rf OM ame 

as the numbering goes to a regular polygon with —— | or — | sides, 
4 q 

each vertex of which bears g numbers, as soon as # and nd 

53° belongs to a condition of equilibrium between the two oxide forms. The 

question put to me by Messrs. BenreNp and Korn in their recent paper (Ann. 

331, 359) has therefore now been answered. My former contention that glucose 

with [elo 106° might erystallise from a solution in which it was not present 

(namely, from glucose with a [z]p-+ 53°) is, of course, no longer tenable. It is, 

as B. and R- observe, a question of the relative solubility of the two or three 

isomers able to be converted into each other. | had already shared this view for 

a considerable time. Lowry and Fr. Arnmsrronc have also expressed the opinion 

that it is a question of equilibrium. As stated above, Mr. Junerus will try to determine 

the precise nature of this equilibrium. Ess BEB. 
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[or 2%—1 and 2u} have the greatest common divisor g. And for 

odd n the polygon is reduced in @, in this respect to a linesegment 

long 29 bearing at one end the even numbers 0, 2, 4, . . . and at 

the other the odd numbers 1, 3, 5 

“Let us replace for odd » the just mentioned linesegment 29 by 

a linesegment e/2 bearing at its ends the same groups of numbers.” 

“Let us place for even » the 7 planes and for odd n the m1 

planes and the linesegment g2 in such a way in the space S, that 

in a common point they are rectangular to one another.” 

“Then the n+1 [or 2] points /; of that space the projections of 

which on these mm elements coincide with the vertices numbered 

with / are the vertices of a regular polytope A, with length of 

edges Mul [or C, with length of edges @ V1.” 

This double theorem where with respect to the continuous bifur- 

cation “this [or that)” we must either always read this placed 

before the brackets or always that placed inside the brackets, 

reminds one of the decomposition of the general motion in 4S, into 

m components for even # in 1 rotations, for odd. in im—l rotations 

and a translation. This remark is important with respect to the 

decomposition of the groups of anallagmatic motions belonging to 

rae Lo ape Oe 

fhe or em IL 

“Let Sa and S, be two spaces rectangular to each other in a 

point and let »Sy,—1 represent the space determined by them.” 

(1) 
“Let us take in Sj a regular polytope A, in 5, a regular 

a 

poly tope Be having both as the index (1) indicates unity as lengtb 

of edges.” 

“Let us number the p vertices of An with the pars of numbers 

(Opp 9: (2,p + 2),... (pd, 2p—1) and let us assign to 

each of the 2p vertices of (, one of the ‘numbers 0,1, 2,... 2p—1 

under the condition that the p diagonals bear at the ends again the 

pairs of numbers (0, p), CL, p + 1), 2(p + 2), .(p—1, 2p 

“Then the 2p points P; of So,—1, whose projections on S,—1and S, 

coincide with the vertices of A, and C, bearing the equal numbers, 

(V2) 
form the vertices of a regular polytope Ag, 1 with length of edges 

(1) 
V2 which projects itself on S,—1 according to two coinciding A, 

(1) 
and on JS, according. to a ©, .” / = / 

By this simple theorem we are enabled to deduce the proof of 
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theorem I for the polytope C, out of the one for the polytope Ay. 

By repeated application we arrive at: 

372 

(V2 ea 
oom: A, of the space SE can project itself on a definite 

system of mutually rectangular spaces Sj, Sy-2,...S,,8,, S, 

q-3 q— (i/o gr) (V2? ‘) 
al a) r 7 € age . ; hd . ’ a . Md 2] respectively according to a Ji , two coincided Ce EE 

V2) (1) 
27-8 coincided Cy  , 27-2 coincided squares C2 and 24! coiricided 

(1) 
linesegments C\ 22 

Mathematics. — “On symmetric transformation of S, in connection 

with S, and S;.? By Mr. L. E. J. Brouwer. (Communicated 

by Prof. D. J. Korrewue). 

Let us for the present occupy ourselves with a particular case of 

symmetrie transformation — the reflection, and let us investigate its 

influence on S, and Sj. As JS, and jS; are independent of the choice 

of a system of axes, we make a suitable choice by selecting the 

X, axis along the axis of reflection. Let us call a, a,, a, @, the 
cosines of direction of a vector before the reflection; 8,, 8,, 8, 3, 

those after it; let us moreover represent a,' a," — a,' a," etc. by 
Beele and BP, — PB ele. by pete ande lek us. call As ete. 
the coefficients of position of a plane with sense of rotation included 

before the reflection and u,, etc. those after it. Then: 

tte 

= By 

Gi Bt 

a, = — B, 

oo, —— Kas eh Kis 

A oe 

ii = Xs1 Sas — TT Kaa 

5 a Le —- a 

Siz — Xie S31 — — Has 

VS +8 or HEt SFS tE rn Vat att vata 

So also: 

aes = U,; NG, = — Uy, 

An = Us: As, dr 

Ars lis Aes — Us4 

Proceedings Royal Acad. Amsterdam. Vol. VI. 
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or: 

Aas 4 Was ts Aas — Ay, = Yas + Ba | 

As, Ag = Mar — May As, — Aggy =U + Has (a) 

haa Aan SS, Ast Aan = Mar le | 

Now however 

Ass + Ay 
Ag, + Ags 

Aig + Jaa 
are the cosines of direction of the representant of the system of 

planes equiangular to the right with 2 with respect to a system 

of coordinates ON, YZ, taken in S,, as that was defined (These 

Proceedings Febr. 1904, page 729). 

And likewise 

Aas Eh: Aaa 

As a Ay, 

Ais a Ass 

are the cosines of direction of the representant of the system of 

planes equiangular to the left with 2 with respect to a system of 

coordinates ON, Y)Z taken in an analogous manner in 5, 

So from the formulae (@) ensues that the effect of a reflection is 

what we might call a reciprocal interchange of S, and Sj, i.e. a 
suchlike interchange that every vector of Sy takes the place of that 

vector of |S, whieh has substituted itself for it. 

But now an arbitrary symmetric transformation of S, can be 

replaced by a reflection preceded or followed by a double rotation; 

which is represented by a reciprocal interchange of S, and Si 

preceded or followed by a rotation of S, and one of Sy; therefore: 

The arbitrary symmetrie transformation of S, is represented by 

an interchange of S, and S: in arbitrary positions. 
Let us now consider that for such an arbitrary interchange of 

S, and S; a system of coordinates « of JS, is placed on a system of 

coordinates 3 of S; whilst that system of coordinates 3 of .S; itself is 

placed on a system y of S,; then we can replace the interchange 

by a “reciprocal interchange” placing @ on 8 and 8 on a, followed 

by a rotation of S,, placing a on 7, or also by a rotation of $,, 

placing « on y, followed by a reciprocal interchange, placing yon B 

and 8 on y. 

Consequently we have proved : 

“An arbitrary symmetric transformation of 5S, can be replaced by 

a reflection preceded or followed by a double rotation equiangular 
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to the right and likewise of course by a reflection preceded or 

followed by a double rotation equiangular to the left.” 

The plane of rotation of the equiangular double rotation passing 

through the axis of reflection remains for both parts of the trans- 

formation in an unaltered position; it undergoes by the double rotation 

a congruent transformation and by the reflection a symmetric one. 

The plane of rotation of the equiangular double rotation situated 

in the space perpendicular to the axis of reflection remains also for 

both parts of the transformation in an unaltered position; it is not 
transformed at the reflection and undergoes by the double rotation 

a congruent transformation. 

Those two planes of rotation are perpendicular to each other, so 

that geometrically the wellknown property is proved: 

“For symmetrie transformation of S, about a fixed point one pair 

of planes remains at its place; and one plane of it is transformed 

congruently, the other symmetrically.” 

Physics. — “On the equations of Craustus and vAN DER WAALS for 

the mean length of path and the number of collisions.” By 

Dr. Pu. Kounstamm. (Communicated by Prof. van per WAALS). 

Several of the methods proposed for the derivation of the equation 

of state, make use of formulae for the mean length of path. It is 

therefore not to be expected that we shall arrive at undoubted results 

as to the former, so long as the results as to the latter quantity are 

not concordant. Now it is generally known that vaN per Waars has 

found for the length of path and the number of collisions in a gas 

with perfectly hard, perfectly elastic spherical molecules: 

v—b u ens, a 
hik — PS 5 Eras, iel) 

ns? r v—b 

It does not seem to be so generally known, that Crausius*) and 

in accordance with him JÄGER* and BortzmannN ®), have obtained 

another result, viz: 

b ib 

pe pe (1 
ns? r ret b v Ee 

8 V v 

1) Kinetische Theorie der Gase, p. 60. 
2) Wien. Sitzungsber. 105, p. 97. 

8, Botrzmann Gastheorie, p. 164. 
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It is clear that at least one of these formulae must be wrong and 

it does not seem doubtful to me that (1) is so. As is known, formula 

(1) has been found by vaN per Waars by applying a correction to 

Ciausius’ original formula *) 

v u PES 
{= ——_- = = — foe Sete: ose on 

rns? 7 Uv 

Now it is easy to show that ts correction has been wrongly 

applied to (3). We can do this without much difficulty either by 

making the original proof of Ciausics for (9) applicable, taking into 

account the reasons which lead to the correction in question, or by 

making use of VAN DER Waars’ reasoning for (1), which leads really 

to (3). For shortness I shall confine myself here to pointing out the 

mistake in the train of thought, which led van DER Waars ®) and 

after him KorrewreG*) to the application of this correction. This 

reasoning is chiefly this. First it is demonstrated that formula (3) 

holds for a gas, the molecules of which are dises of the same diameter 

and nature as the spheres in question, which dises have further the 

property to take a position normal to the direction of their relative 

motion with regard to a molecule, with which they are going to 

collide. Then it is thus demonstrated that formula (3) must hold for 

spheres. (1 derive this passage from the proof of Korrewee *), with 

which that of van DER WAALS agrees perfectly). 

“Now, however, the moment has come, to remove the incorrect 

hypothesis — introduced in § 3 and replace the discs again by 

spheres. The consequence of this will not be that the nature of the 

collisions is changed, for any molecule M, which pursuing its way 

would have reached any disc, will infallibly first reach the surface 

of the sphere, which we now put in its place. All the molecules 

will therefore strike against the same molecules, whose discs we have 

supposed to be cut by their centres; but all these collisions will take 

place somewhat earlier, in other words, the paths will be shortened.” 

From this shortening of the mean path follows the increase of the 

number of collisions, as this number is in inverse ratio to the length 

of path. 

That this reasoning has been able to deceive not only its inven- 

tors, but so many after them, is exclusively due to the ambiguous 

1) Pogg. 105, p. 239. 

2) Verslagen Kon. Ak. Afd. Natuurk. Tweede reeks, X. 321. Continuitét 1899. 
. 45 et seq. 

3) Verslagen Kon. Ak. Afd. Natuurk. Tweede reeks, X. p. 349, 

4) |, ¢., p. 399, 

— 
~ 
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use of the word length of path. If we avoid this, every one will 

see through the mistake; for really the reasoning comes to this: In 

a certain time a number of particles reach a certain surface 1; now 

every particle reaches a surface B somewhat sooner, so more particles 

reach B than A in the same time. In essentially the same way we 

might show that more vertical falling raindrops would strike a pointed 

roof than a flat one of a section of equal area. Nobody will make 

this mistake, because it is clear that the number of raindrops falling 

on the roof depends solely on the quantities, which govern the 

stream of those drops and on the area of the section of the roof. 

The same holds for the molecules; and the quantities which determine 

the strength of the stream of molecules are only the velocity of 

the molecules, the law of the distribution of velocity which is the 

same, whatever the form be of the molecules, and the number of 

molecules per unit of volume. 

I said already, that the opposed opinion derives its force from the 

ambiguous use of the word “length of path.” We might also justly 

say of the raindrops that the path which they describe to get from 

a certain point to the roof, is shortened, when we think the roof 

pointed. In the same way we may say of the molecules, that the 

path from a certain fixed point to the sphere is shorter than that to 
the disc, but this does not hold for the mean path and of course 

the latter only is in inverse ratio to the number of collisions. The 

validity of this reasoning is easy to see by means of any of the 

seemingly different definitions for the length of path. I shall for 
shortness, confine myself to that according to which the mean length 

of path of molecules moving with the velocity c¢, is found by 

examining, how many molecules strike against a certain molecule 
within a certain interval of time, by adding the paths described by 

any of those molecules between this collision and the preceding one, 
and by dividing this sum by the number of those molecules. Let us 

now determine the mean path of the molecules which strike with a 

velocity c from a direction PP’ either against the disc S, or the 

spherical surface B (Fig. 1). We shall call these molecules the 

molecules of the group in question. The fact that a molecule of the 

group in question whose last collision before it reached 4 or S took 
place in a point A‘), will have a shorter path to 5 than to S, does 

not call for discussion. In so far vaN DER Waats and Korrewne are 

1) We shall call such a point henceforth the “last point of collision’. This is 

therefore the point where the collision takes place, which makes a molecule pass 

into the *group in question”. The collision with B or S makes the molecule leave 

this group again. 
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therefore undoubtedly right. But it follows by no means from this 

that also the mean path is smaller in the first case. For it is clear, 

Fig. A: 

that among the molecules of the group in question which in the 

period 7’ reach |S, there are some which have their last point of 
collision close to JS, e.g. in D. These molecules with their very short 

path do not count for the group which reach 4. On the other hand 

there will be others whose last point of collision lies so far from 5, 

eg. in Hy, that they can reach 4, but not S in the interval of time 
7 under consideration; they must therefore be taken into account 

for B, but not for S. That the mean path remains unchanged when 

we take these circumstances into consideration is best seen by thinking 

the space, in which the last points of collision he, divided by planes 

parallel to B or WS. It is clear that all molecules which have their 

last point of collision in parts marked by the same number, (Fig. 2) 

have the same path; also clear that those points of collision are 

regularly distributed over the whole velume and that the volume 

of the parts with the same numbers is the same, so that also the 

mean path must be the same. So 

if the reason of correction given by 

VAN DER Waars were the only one, 

then the formula (8) would strictly 

apply unmodified; this is, however, 

not the case, as there is another 

reason for correction, which we have 

not taken into account as vet, as this 

Wig. 2. influence was expressively excluded 

by van per Waats and Korrewea in their calculation, by VAN DER 
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Waats in the following words’): “This formula — viz. (1) — can 

only hold for the case that the chance that more than two molecules 
come into collision at the same time may be considered as zero 

compared to the chance that only two come into collision.” KoRTEWEG 

has expressed this more pointedly in the following way ®): “For a 

short time after each collision the possibilities of fresh collisions are 

considerably influenced by the proximity of the departing molecule. 

This influence, certainly of very difficult mathematical treatment, is 

disregarded in my calculations.” CLausivs was the first to take this 

influence into account *), through which he came to formula (2). Twill 

discuss his proof here, as it may lead to a closer approximated value 

of the length of path, even in principle to the drawing up of a strictly 

accurate equation, which we shall want for the derivation of the 

equation of state. 

Crausies (loc. cit.) considers the general case of a point moving 

in a volume WW between several surfaces in rest. He calculates the 

chance, that the point will strike against a surface element with the 

velocity d/, by considering the point for a moment as stationary, 
and by giving the surface element the opposite velocity. If @ is the 

angle of the normal to the element with the direction of motion, 

then the chance that the point lies in the cylindre cos 9 ds dl, is 
cos @ ds dl 

equal. to; ————} If we bring this in connection with the chance 

that such an angle 6 occurs, and if we integrate over all the angles, 
dS 

we find for the total chance that the element is struck iW dl, so 

for the total surface — ee IW dl; if the mean velocity is 7, so d/= a dt 

then: 

This derivation appears to be strietly accurate, as long as all 

surface elements have an equal chance of being struck and all 

volume elements have an equal chance of containing the point. If 

there should be elements for which this chance is zero, they must 

not be included in the integration. If we think the surfaces to be 

movable, then it is clear, that we must introduce the mean relative 

velocity in the way known. 

lc. p. 336. 
2) Nature 45 p. 152. 

3) Pogg. Ergbd. 7 p. 244, cf, Kinetische Theorie der Gase 1. c. 
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From this general formula Cravsivs could easily determine Pand / 

also for our case. He has only to take into account that in a 

collision the centre of a molecule must necessarily be on the surface 

of the distance sphere of the other. If we, therefore, want to determine 

the number of collisions of the former, we need only see how great 

the chance is that this molecule will strike against the surface formed 

by the distance spheres. 

We get then: 

Dv U ns — 
= Yi 

rns’? 7 v 
[== ba 

Cravsivs observes, however, that not all surface elements can be 

struck by the moving point, viz. not those which are found within 

distance spheres. In the same way we must subtract from the 

volume v the volume lying within the distance spheres. By deter- 

mining the area of these surface elements by first approximation, 

Crausivs obtains: 

b 11 4 
ey oe ges 

v U l JENS? = 1 
n= PE r tg Nn 
RE uo | ee, 

8 1 v 

b 
1—2 — 7 

It is clear that the fraction ae occurring in these formulae 

Boe 

is only the first approximation of the more general 

available volume 

free 
surface of distance spheres 

tota 

If we wish to determine this fraction more accurately we must 

add to the denominator of this fraction the surface which is found 

within two distance spheres at the same time, as this quantity has 

4 ) 

been twice instead of once subtracted in the term aie when deter- 5 

mining this fraction we have namely assumed that all distance spheres 

fall outside each other. But this is not the whole term of the order 
b? 

v? 
as BOLTZMANN!) has shown, for in the determination of the. 

> 

1) These Proc. I p. 348. 
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quantity ae have made a supposition which only holds when ig 

ie: 
neglecting the terms with —. 

v- 

We must further add to the numerator the volume of the distance 

spheres, lying within other distance spheres, which quantity has been 

twice instead of once subtracted in the term 25. We get then 

the form 

Et b i? : br 

1———+ B—+4+....+N— 
8 v v? pn 

Bos b Ne ea 5 in ae te (4) ) 
ese ees rn RE eh 

2 16 v v yn 

where 7 is a finite number; for a point cannot lie in more than a 

finite number of distance spheres at the same time; as vAN LAAR ?°) 

has made probable, in not more than twelve. We must however 

keep in view, that the quantity v which occurs in 8, does not 

represent the volume v but the avaclable volume and that this quan- 

tity would therefore have to be determined from the equation of 
the nt degree: 

17 4 bp bn 
, —7 Î ee vete if a eT. : GE Tr Di 

Un Un Un 

There is not much to be said about the coefficients, occurring in 

the quantity 8. As BOLTZMANN ®) has shown they need not change 
their signs, on account of the circumstance mentioned by him, as 

we should expect if we did not take this circumstance into account. 

So is e.g. as BoLTzMann has shown, C, not negative, but positive. 

For the present there is not much chance that further coefficients 

will be determined on account of the exceedingly laborious calcula- 

tions, which would have to be carried out. Yet formula (4) may 

already in this form be of use for the question of the derivation 

of the equation of state. 

1) The developments: of Botrzmann’s theory of Gas, p. 148 et seq. further con- 
tinued, lead to the same form. 

2) Arch. Teyrer (2) VII last page. 

8) These Proc. I p. 390. 
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Physics. — “On vaN pur Waats’ equation of state,’ by Dr. Pu. 

KOHNSTAMM. (Communicated by Prof. vaN DER WaA<Ats). 

$ 1. The way, in which we have to take the extension of mole- 

cules into account for the derivation of the equation of state, has been 

repeatedly a subject of discussion. It is known that, in order to avoid 

the introduction of repulsive elastic forces and therefore the apparent 

contradiction with the supposition that only attractive forces act, 

VAN DER WAALS has, in the first derivation of his equation, not allowed 

for this extension by means of the virial, but by quite other means. This 

departure from the path first taken was disapproved of by MaxwerLL!), 

and strongly condemned by Tarr’), who himself from the equation 

of the virial had arriv a an equation of state, as also LORENTZ 

had derived, viz. : 

a RT : 
(» + =)= id a el Ls Ts te En 

More than ten years ago an interesting controversy was carried on 

between Tarr’), Rayneicu") and Kortewre') on the value of this form 

in comparison with the original form : 

a 

(: in ek RTE pre 

Whereas Tair considered an equation of the form (1) as the only 

correct one and the derivation of vaN per Waars as decidedly 

wrong, because it could never lead to this form, KorreweG thought 

that he could prove, that on the contrary the final result ought to 

have form (2), a form which he greatly preferred. This preference, 

which is not to be justified from a purely mathematical point of view 

as the two formulae are identical when we take only the terms of 
h 

the order — into account — and the terms of higher order are 
v i 

neglected in both cases — may be easily understood when we con- 

sider that we have here to do with physical problems. For whereas 

from the form (1) neither the existence of a minimum volume, nor 

1) Nature 10, p. 477. 

2) Nature 44, p. 546, 627; 45, 199. 

3) Nature 44, p. 499, 597; 45, 80. 

4) Nature 45, p. 152, 277. 
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that of a eritical point ean be derived '), it is known that equation 

(2) indicates: both, though not numerically accurate; one of the nume- 

rous cases, where the equation of VAN per Waars is a safe guide 

for the qualitative course of the phenomena, though it is unable to 

represent them quantitatively. Korrmwne derives, therefore, from the 

equation (1), (2)*) by putting as it was deduced by var pER WAALS 

V2ans* … a 
and himself ? = for the value for the number of collisions 

vu—O 

A : Zaans? 
instead of ? = ——, which value was used by Tait and Lorentz. 

v 

This discussion has not led to a perfect agreement, any more than 

a later discussion carried on between bBourzMann*) and VAN DER 

Waats‘) about the corrections, which are to be applied to the value 

of 6, which is put constant in (1) and (2) and equal to the fourfold 

of the volume of the molecules. As is known, JAGER*) and Bo.tzMann ®) 
ab 

found by first approximation 6, = 6, (: th =] for the 4 from (1); 
on, 

17 b 
VAN DER Waals b,=—= bb, (: ran ) for that from (2): afterwards 

ene ce) 

2 ‘ É 3b 
VAN DER Waais Jr.’) has found for the latter 6.=0, eres x 

in a different way, so that his result, as far as the terms of the order 

b b? 3 
and — are concerned, agrees with that of JÄGrr and Bonrzmann. In 

Vv Os 

his publications which have appeared since‘), his father has pro- 

nounced himself “inelined to acknowledge */, as the correct value,” 

but it is not doubtful for an attentive reader, that this ‘“‘inelination”’ 

leaves ample room for doubt, both with regard to the value of the 
3 / 

/ 9? 

on one side as 0.0958, on the other side as 0.0369. 

coefficient and to the following coefficient p, which was given 

1) Evidently Tarr has not seen this, but he thinks that the peculiarity of form 

(2) exists in this, that it is a cubic with respect to 7; evidently on account of 

the part which the three sections of the isotherm with a line parallel to the 
r-axis, play in the theory of van per Waats. But he overlooked, that every valid 

equation of state will have to represent these three volumes. 
2) See also van pek Waats: Continuitiil 1899, p. 60. 

3) These Proc. I, p. 398. 

t) These Proc. I, p. 468. 

5) Wien. Sitzungsber. 105, p. 15. 

6) Gastheorie, p. 152. 

7) These Proc. 5, p. 487. 

8) These Proc. 6, p. 185, 
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Now it has clearly appeared of late, of how preponderating an 

importance the knowledge of these corrections is for an accurate 

equation of state. In the first place BRINKMAN ') has succeeded in 
proving, that the behaviour of air at O° between 1 and 3000 atms. 

can be very accurately represented by means of coefficients which 

do not differ considerably from the values found by BorrzManr; 

then van DER Waals’) has proved as VAN Laar*) had done 

that with the aid of these corrections the critical coefficient before 
J 

becomes (—) = 3.6 and in this way one of the great discrepancies 
pv Je 

between theory and experiment seems to be removed. And this last 

result makes it again clear, how great from a physical point of 

view, the difference is between an equation of form (1) and (2), 

though from a mathematical point of view they may be identical by 

first, second and further approximation. Already a long time ago 

Drrrerier*) proved, as lately Harper”) has also done, that with an 

equation of the form: 

at ON 
(o+5)=— | 1 ae A ea | ee 

the critical coefficient can reach at the utmost the value 38 with the 

theoretical values of the coefficients, and that th's form can therefore 

never represent the experimental data. It seems therefore not devoid 

of interest to me, to examine the different derivations of the equation 

of state, in order to find which form must be taken as the correct 

one. This investigation will at the same time enable us to form an 

opinion about the difference between BorrzMany and VAN DER WAALS. 

§ 2. As is well-known, the proof which vax per Waars originally 

eave for his equation of state, rests on two theorems, the first of 

which is explicitly stated, the other is assumed without argument 

as self-evident. The first theorem states, that the number of collisions 

in a gas with spherical molecules is represented by the before- 

W2ans 

U 
mentioned formula P = Now I have already pointed out 

in a former paper®, that this formula is inaccurate, and must 

1) These Proc. VI, p. 510. 

2) BoLTzMANN-Festschrift, p. 305. 

3) Archives Teyler (2 VIL. 

4) Wied. 69, p. 685 

5) Drude 18, p. 352. 

6) These Proc. p. 787. 
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11 5 

: : ; [20 ns* 8 v 
be changed by first approximation into P = — pp ee or 

D 

1-2 — 

: Da ns? 5b 
neglecting the terms of higher order P = Vv (1 + - ) 

The other theorem says that the pressure on the wall (or an 

imaginary partition) is inversely proportionate to the mean length of 

path. Already KorreweG*) has felt an objection to this theorem, and 

has therefore looked for another way of deriving the equation of 

state; though convinced of the validity of the theorem, vaN per WAALS”) 

has later on given another proof, because he considered this theorem 

as a not to be proved dictum. After the appearance of the already 

cited paper by van DER Waars Jr, however, it is in my opinion 

beyond doubt, that this theorem does not contain an unprovable truth, 
but at least in the terms given here a provable untruth. For 

it says the same thing as the statement, that the pressure exerted 
by the collisions on the distance-spheres per plane unity is equal to 

that on an imaginary or real wall. It seems to me, however, that 

vAN DER Waats Jr. has convincingly proved, that when the terms 
b 

of the order — are taken into account, the relation between these 
()] 

pressures defined in the usual way, is 1 — —-. 

If this result is combined with the just mentioned value for the 

number of collisions, which determine the pressure on the distance- 

spheres, it is seen, that also in this way the fourfold of the volume 

of the molecules is found as first correction, but for the present this 

does not teach us anything about the final form, because in the 

communication of VAN DER Waars Jr. the relation of the pressures 

is not given in its true form, but developed to an infinitely extended 

series with neglect of the higher powers, which are, however, material 

to the determination of the final form. 

In order to derive the final form, we may, if we want to avoid 

speaking of repulsive forces, make use of the method based on the 

increase of the transport of moment brought about by the collisions. 

We start in this from the observation, that the quantity of motion, 

which, bound to the molecules, generally moves on with the velocity 

of them, proceeds in a collision over a certain distance with infinite 

1) Verslagen der Kon, Ak. Afd, Natuurk. Tweede reeks, X, p. 362. 

2) Continuität 1899, p. 60 ef. 
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velocity which is best seen by imagining a central shock, in which 

both molecules pursue their way in the direction from which they 

came, but adopting each others motion. It is therefore just as if 

they have passed through each other with infinite velocity and as 

if further nothing has happened, so also as if the quantity of motion 

— of whose motion the pressure of the gas is a consequence — 

does not move with the velocity of the molecules, but as if with 

every mean path which is described, a distance is saved, which is 

a mean of the distances of the centres of the molecules in collisions. 

If the distance obtained in this way is '/, sV2 for every mean path of 
; 

——_——, then the increase of the pressure is: 
Vans” 

If the mean path. when we take into consideration that the 
r h 

distance spheres cover each other, is ———— , where =p| =| 
V2 ans’ v 

b 
then the factor which we must take into account is 1 + —, and 

Vv 

we get the strictly accurate equation : 

a RT b 

pte ee alee i eee at 

The train of thought which we have sketched here in a few 

words, and from which G. Jäcer (loc. cit.) arrived for the first time 

. Ob 
at the correction term 6, = 6, ERE has already been rigorously sf 

developed by Korrmwna'), but he seems to have come to another 

result. This disagreement is, however, only seeming. KorTEWEG 

says"): “the sum of all the distances saved by collisions is therefore 

4 APr cos edt*). The sum, however, of allthe distances with which the 

P molecules approach the plane 4 in the time dé is evidently 

Pv cos edt.” 

Now it is bevond doubt in my opinion, that if a number of mole- 

cules in the time dt by their own velocity pass over a way Pv cos € dt, 

1) Verslagen der Kon. Ak. Afd. Natuurk. Tweede reeks X p. 362. 

2) 1. c. p. 369. 

3) A — — in our terminology; v represents the velocity of the molecules in es 

KorRtEWEG’s paper. 
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and at the same time a way 4 Av cos «dt is saved by the collisions, 
those molecules seem to move with a velocity Pv cosedt(1 + 4A), 
and so the number of collisions has inereased in the same ratio. 
KorreweG, however, continues: “In order to obtain therefore the 
same number of collisions with the plane AB, the molecules will 
only have to pass over a way Pv cos edt, instead of over a way 
Pv cos € (1 — 4A) dt, in other words, the number of collisions of this 
system increases in the ratio (1 — 44): 1.” Now between the two 

results there is only difference of order as and in so faras we wish 

to neglect the quantities of this order, Korrrwne’s result may cer- 

tainly be accepted. If, however, we wish to solve the problem 

rigorously, the first result alone can be accepted. 

For Korrswea makes it appear, as if — taking into account the part 
of the way being saved — an equally Jong way is described in the 
time (1—4A)dt, as in the time dt without doing so. Now in the 
last case the molecules pass over a way Zr cose dé in the time dt, 
so Pv cos edt (1 —4A) in the time (1 — 4A)d¢. In the time dt there 
is saved 4 APpcosedt, in the time (1 — 4A)d¢ therefore (1 — 44) 
4.4 Pr cosedt; so the distance, passed over in the time (1 — 4A)d¢ 
by saving way and really moving together is somewhat slighter 
(viz. 16 A’ Pecos ¢ dt) than that passed over by the real motion alone 
in the time df). 

) 1) Perhaps Korrewee was led when drawing up the formula mentioned in the 
text by the solution of the problem in one dimension which he has given in 
Nature (loc. cit.) later on. He finds there — perfectly accurately — for the time 
passing between two collisions against the wall of a row of » particles of diameter 
A which can move over a total distance L with a velocity V: 

This formula reminds us more of Korrewee’s result than of ours, really however 
it agrees with the latter, not with the former. For, if we determine the ratio of 

the number of collisions with and without saving way, it is Q = TE Now Lis the 

total distance over which the molecules can move, so the path described by their 
own motion + the path saved; 7A is the path saved. So LZ corresponds with 
(1+ 4A) Pvcose dt, na with 4 A Pvcose dt; so the ratio of the collisions is here 

L—na 

L—-2na 
: : : : NÀ : 

correspond, which agrees with the first as to the terms of the order 7 ‚but which 
4 

again (1 + 4 A): 1. To Korrewee’s result 1 : (1—4 A) would the formula Q = 

is certainly not strictly accurate. 

It is true that with the formula for one dimension, with regard to its physical 

meaning, an equation of state agrees, in which a quantity is subtracted from the 

volume which is a function of b and vy, not a formula of form (1); but we shall 

see that our formula derived in the text, leads also to such a final form. 
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$ 3. So we arrive at equation (4) without making use of the 

equation of the virial and without speaking of repulsive forces. That 

the introduction of these and the determination of the so-called 

“repulsive virial” in the same way as has been done by Lorenvrz, 

Tait and BorrzMarn, leads to the same result, is easy to see, if we 

2 ans” V2 ans’ 
jut everywhere — 3 instead of ———— for the number of Ì « ‘ ( 

2 v 

collisions in the formulae used by them. The expression 8 does not 

depend on any of the integrations and the repulsive virial vields 
b 720 

therefore RT — 3 instead of RT —. This is easy to understand, even 
v v 

without following the proofs of Lorentz and BourzMarN, for it is 

clear that the term which is introduced into the equation of the 

virial through the collisions, must be proportional to the number of 

those collisions, as two collisions can never be of a different kind‘). 

It seems therefore as if theory really leads to the form expected 

by Tarr and Diererici, which conforms so little with the experiment. 

In reality, however, the result is quite different. For as I pointed 

out in my other communication — 3 has by first approximation not 

> b oe . 

the form: 1 + g >” as JAGER and Bo.LtzMaNN generally write, but we 
r (Dj) Es 5 

11 5 
Leen 

a . > . . ~ fe) = . . 

find in the way first indicated by Cravsms a for it, and only 

1—2— 
5) 

by carrying out the division and by neglecting the terms of higher 

ab : 
order, we get the form 1 + ge As I showed, we get, taking the 4 

terms of higher order into account: 

11} b? pr 
VERE NE IE 

3 : a S (5) —— ~ = e ) 

bis dane are _ pn | 
ien = cs ere yv 16 1 1 

where 7 is a finite number. 

Now it is true that the other coefficients of this series, C, and B 

excepted, are unknown, and we might conclude from this, that it 

must therefore be indifferent for the present, whether the equation 
of state is written 

) Korrewee and vay per Waats have also made use of this property in their 
derivation of equation (2) from (1), mentioned on p. 795. 

ee 

nnn ee 
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16 « eae) 

or 

a Ree 5 ba b? 
ee Ie te or Pr oh ee  E 

but this conclusion would be unjustifiable. For it is possible, nay 

even probable, that the coefficients of numerator and denominator in 

(6) decrease rapidly; it is therefore possible, that the true form is 

accurately represented by a quotient of two forms, which have each 

only three or four terms; from this follows by no means, that also 

in the form (7) we should get a close approximation with three or 

four terms, for the coefficients of the higher powers in (7) do not 

depend only on the coefficients of the Aigher powers in numerator 

and denominator of (6), but they are also functions of the coefficients 

of the lower powers 1; *'/,; 2; '’/,,; and in such a way that they 

do not become zero, when the coefficients of the higher powers in 

(6) do so. Now the difference between (6) and (7) vanishes, of course, 

for such large values of v, that the series (7) converges strongly, 

but for the eritical volume and even more so for liquid volumes the 

difference is very pronounced. This appears already from the simple 

fact, that a form as (6) can easily yield a minimum volume; but 
(7) only when an infinite number of terms is taken into account. 

And also the before mentioned difference between the results of 

DikTERICl On one side, and van Laar and van perk Waars on the 

other side, prove how careful we must be with the introduction of 

simplifications which seem perfectly allowable. 

§ 4. Also the other ways proposed for finding the equation of 

state, arrive at similar final results. 

This is easy to see for the most direct way, indicated by BontzMAnn *). 
For it is clear, that his formula (4), which leads to the form: 

a \ v —2b ted 
ELSEN IEEE Ue) 

requires another correction on account of the fact that the distance 

spheres cover each other partially. The numerator of this fraction 

1) Gastheorie p. 9. 

53 
Proceedings Royal Acad. Amsterdam. Vol. VI. 
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becomes then identical with the denominator of the fraction from (5). 

In the denominator we get a correction for the part of the cylindre 

y, which falls within more than one distance sphere, or as we may 

also say, for the part of a surface A, which is found within more 
than one distance sphere, if we define this surface A by the condi- 

tion, that it is found everywhere at a distance s from the outer 

surface. We shall call this surface A henceforth “surface of impact”, 

because the foree which in a collision acts on the centres of the 

molecules, acts in this surface. The determination of the numerical 

value of the further coefficients seems an exceedingly elaborate work, 

at least BOLTZMANN announced already in the Lorentz volume of the 

Arch. Neéerl. that he would have this calculation carried out for the 

next coefficient, but this caleulation has not yet been published. It 

seems, however not doubtful to me, that also the numerical value 

must be the same as the value found in other ways. At all events 

the final form becomes also by this method 

55 17 6? Vv bn 

ae re LEKTEN pil —_ RT 9 
P ri b b? b? hn Sse Vv . . (9) 

Sagat ey hai ge a 

in which 7 represents a finite number. 

Now it is not difficult to show that the only remaining method 

for deriving the equation of state, which led to the correction *‘/,,, 

must lead fo exactly the same equation as (9), when its principles 

are consistently applied. As is known, this method assumes, that 

the pressure is to be integrated not only over the volume v, but 

also over half of that of the distance spheres: 4, because a molecule 

whose centre has got on a distance sphere, is subjected to exactly 

the same force as when if has got on the surface of impact (the 

volume enclosed by the surface of impact may be put =v). The 

volume of the distance spheres, however, is really smaller than 4, 

because some distance spheres coincide, and we get therefore *): 

a 17 = 
(» ae = € —b+ —-— == FU he ee 

Dis . 

Now van DER Waats Jr. (loc. cit.) has already pointed out, that 

it is tacitly assumed here, that the surface of the distance sphere 

which is found within another distance sphere experiences a pressure 

= 0, and that therefore, for the sake of consequence, also the parts of 

the surface of impact falling within distance spheres, must be supposed 

1) Continuität 1899, p. 65. 
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to experience a pressure =0. He has, however, not worked out 

this thought further; as it seems to me, because he has not fully 

appreciated the ideas which led his father to the correction 17/,,. He 

has, therefore, substituted for this view, another, undoubtedly correct 

one, but he has not explained, how the former might be completed in 

order to yield also the true result. If, however, we make use of 

the observation made by him, then it is clear that the pressure 
a 

which seems to be P=p-+-— per unit of surface when we think 
v 

it as working in the usual way on the total area of the surface 

of impact O, must be really larger in the gas, viz. equal to 
O / Pp Sn when this pressure p acts only on the free surface O’. 

' 

0 
Now it is clear that this quantity De which hereby gets into the 

denominator of the first member of the equation of state is identical 

with the quantity introduced by BorrzmanNN in this place. For he, 

too, determines this denominator by examining what part of the 

surface of impact falls within the distance spheres. This shows us 

at the same time another point. In the few words which vaN DER 

Waats') bestows on this derivation of the equation of state, he says, 

that the pressure is not to be integrated over the total volume of 

the distance spheres, as we might expect, but over half of it. Now 

I have been struck with this from the beginning, and I have tried 

to find the reason in vain. Jt appears from what precedes that we 

have really to integrate over the total volume and that vaN DER 

Waats has only introduced the division by two as compensation for 

the circumstance overlooked by him, but which we take here into 
v —2b 

6, instead of — ‚ which evidently does 
CP 

account. So he got v 

not make any difference by first approximation. But already the 

second approximation cannot properly be found in this way. 

It appears now, that we must integrate the pressure p', determined in the 

way above indicated, over the whole outer surface, that of the distance 

spheres included in so far as they fall outside each other?), and that 

1) Continuität 1899, p. 62, 

2) The logical inference from this theorem: that the true equation of state is found 

by assuming that every surface element, lying either on a plane or a curved wall, 

experiences a pressure: p' per unit of surface provided it does not lie within a distance 
sphere, in which case the pressure must be put equal to 0, would involve, that 

we did not integrate the pressure over the available volume (volume diminished 

by the free volume of the distance spheres), but that another correction was applied 
53% 
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the axiom from which vaN DER WAALS started, viz. that we must 

equate the pressure on the distance spheres and that on the outer 

wall, is true, if only we apply it to the pressure p. This result is 

only in apparent contradiction with the result of van DER Waats JR, 

that the pressure ? on a fixed plane wall stands to the pressure P’ 
; 3.6 

on the distance spheres in the ratio of 1: 1 — oi For these pressures 

P and P' have been found by supposing the quantity of moment 

furnished by the wall (and the distance spheres) in the collisions to 

be distributed over the fofa/ surface, so by assuming that every 
surface element contributes an equal amount to the impulse; the 

pressure p' of which there is question here, and which proved to be 

the same for both, is found on the other hand by supposing, that 

only the mean free surface contributes to the quantity of motion, 

and that the rest is therefore subjected to a pressure = 0. 

From this follows: 

fs ee 
total area of surface of impact 

‚free surface of distance spheres __ (2 le ~) 

‚free area of surface of impact i ) 
P 

! 

TP total surface of distance spheres id Bed 

115 

1 8 v Tt ee E 
and so Pp RR 1— en with neglect of the terms of higher 

) (di 

order. 
The importance of the proof completed in this way, lies for me 

in the fact, that it makes use of the idea. of systems of molecules 

whose intra-moleeular forces need not be introduced into the equation 

of the virial, provided we adopt the pressure integrated over the 

whole volume of these systems in the virial. I need not point out 

the great advantages of such a point of view, already cursorily 

mentioned by var DER Waars in his dissertation, and later worked 

out; the communications of VAN DER Waars on the equation of state 

and the theory of cyclic motion are striking evidences of its value. 

Now it is true that there is a difference between our case and 

the cases, to which this view is applied in the communications 

in connection with the volume of the distance spheres, which are cut by the sur- 
face of impact. This correction would come to an increase of the volume to be 

integrated with that part of the distance spheres that is found between the surface 
of impact and the outer wall, but it is clear that this volume may be neglected 

with the same right as the total volume enclosed by those two surfaces. 
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inentioned. For in the latter we suppose the existence of really 

permanent systems of atoms, whereas in our case two molecules 

whose distance spheres cover each other partially, and which are 

therefore thought as a system, remain only together for an exceedingly 

short time. But we see that we get to the right result by assuming, 

that also the part of the surface of impact lying within the distance 

spheres, is part of a “system”, and that therefore the force exerted 

on it, does not count’). This result is a priori by no means improbable, 

for this part of the surface of impact has exactly the same essential 

property as the other parts of “systems” viz. of falling within distance 

spheres, whereas in the communications mentioned this hypothesis 

for the surface of impact was not necessary, because there the 

systems are characterized by other properties which do not distinguish 

the surface of impact viz. that it is part of the same system for a 
comparatively long time. 

§ 5. The result obtained in the preceding §, enables us now to 

use also the first method of reasoning of vaN per Waats for the 

determination of the final form without making use of the virial. 

For we have seen that the pressure P on the wall, when the 

pressure on the distance spheres P' is determined by 

free eine e: 
———; area of surface C ac P TN LOT SULTACe O Ln pac i 

JZ free Be : ; rote iet $ 5 5, 2 ( ) 

———- surface of distance spheres 
total 

Now the pressure on the distance spberes is, as appears from 

Crausius’ formula for the length of path, proportional to: 

free eae. 
—~—- surface of distance spheres , 
total ; 

available volume 

so that we find from this for P: 

free , x 
——— area of the surface of impact 

‚ total 
Pul 

t 

available volume 

1) The real significance of the introduction of these systems may be expressed 

in this way, that we think the situation of one given moment as fixed, and take 

into account the systems of more than one distance sphere formed in this way. 
This removes also what is paradoxal in the supposition (see v. p. Waars Jr. loc. 

cit. p. 644) that the pressure is O in those places which have just experienced a 
collision or will soon experience one, viz. the points in the distance spheres. For 
in this fixed state those points are really exempted from collisions from all other 

molecules than those belonging to their system, and whose pressure may therefore 

be considered as an intra-molecular force. 
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The signification of f we find by equating the volume of the 

molecules to zero; it appears then, that f == RT’, so that the equation 

of state becomes 

available volume ab 
ie MEE 5 ee Th 

P 

free ORE HE f 
total See of surface of impact 

identical with (9). 

Equation (10) shows us at the same time, what is the physical 

significance of the quantities used by van per Waars Jr. in his proof 

with the aid of the virial. For he integrates the pressure / over the 

volume v, the pressure P?’ over the volume 6, so that the equation 

of state becomes: 

free f 
surface distance spheres 

a total ve 
5) + : 0 — b en ——— . —— en == BET oe (11) 

a free v fa 5 io 
——— area of surface of impact 
total 

which is, moreover, at once seen, when we read the cited paper 

attentively. (Specially p. 492). 

Though it is not clear to me, why we must integrate here over 

half the volume of the distance spheres, I must acknowledge that 

the result — to which we can also get without the proof in question 

by simply putting the results (6) and (9) identical — is correct. For 

calculations formula (11) which agrees closest with the original form 

of vaN DER Waats, may be of use. I had hoped that L should be 

able to use the formula obtained in this way for removing the 

remaining discrepancies between experiment and theory, at least 
T dp 

partially, specially the great difference in the value of (= 7) ; 
pe 7 

As yet these efforts have not met with the desired success, and it 

is obvious, that this will not be possible, before we know e.g. the 

numerator of (11) much more accurately than we do now. It is clear 

that this numerator in virtue of its physical signification, can never 

become zero for volumes larger than the minimum volume; now we 
Leh 

know this numerator only in the shape ENT —, an expression 

which becomes zero for very much larger volumes, nay even for 

the ordinary liquid volumes. For these volumes therefore the appli- 
b 

cation of the correction 1 — aie will be injurious, instead of advant- 2 

ageous. Not before the mathematical form of two of the three quan- 
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ns free | free BL 28 
tities : ———- ‘surface distance spheres; ———- area of surface of impact; 

fotal total 

available volume, is more accurately known, we shall be justified 

in expecting better concordance of experiment and theory. 

Physics. — “Note on Sypney Youne’s law of distillation.” By 

Miss J. RerUDrER. (Communicated by Prof. J. D. van DER 

W AALS). 

Some time ago SYDNEY YouNG gave a law of fractional distillation’), 

which seems very strange at first sight. According to this law in 

distillations with an efficient still, the weight of distillate coming over 

below the middle point of the boiling temperatures of the components 

would be almost equal to the weight of the most volatile component, 

also when the separation is far from perfect. This concordance 

would be so close, that Young could even base a general law of 

quantitative analysis on it, at least for substances whose boiling 

points were not too near to each other. Now it seemed, however, 

unlikely, that this law should always hold, quite independent of the 

nature of the Zv-curves and of the composition of the mixture 
from which we start. Therefore I have distilled some mixtures, 

inter alia also with Youne’s evaporator still head. 

I began with some of the examples chosen by Youre, and I found 

really that they confirmed the law. Then I tried to determine the 

limits of its validity by taking a mixture with very steep Tv-line, 

so that IT could closely examine, what happens, when the distillation 

is broken off above or below the mean boiling point. IT took for 

this benzene (boiling point 79°,6) and aniline ‘boiling point 180°) 

and began with such a composition, that the initial boiling point 

lay already above the middle point, thinking that Youne’s law would 

be sure not to hold in this ease. Yet also now the law was confirmed, 

but the process of the distillation revealed also the character of the rule. 

For it appeared that independent of the composition of the mixture, 

even when it consisted of 4 °/, benzene and 96 °/, aniline, and so 

a thermometer, which I had placed in the liquid, pointed to almost 

180° already in the beginning of the distillation, the temperature in 

the still head remained constant at 79° for a long time, and rose 

then suddenly very rapidly to 180°, so that the distillation might 

have been broken off with the same result very far above and 

1) J. Chem. Soc. 81 752. 
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below the middle point 129°,8. It appeared in other words, that 
with Youne’s still head an almost perfect separation was reached 

already in a single distillation. That the law under consideration 

holds in this case, is self-evident. 

I found also there where the 7r-line is less steep, as for benzene 

and toluene, that the thermometer remained in the neighbourhood of 

the boiling point of the most volatile substance during the greater 

part of the distillation, and then suddenly rose rapidly, quickly passing 

through the middle temperature, so that here too the breaking off 

at the middle temperature is not ‘essential. 

Where it is essential as with distillations with less efficient stiil 

head or for mixtures with very flat Pr-line, the law does not 

hold. As an instance I give the three following distillations, the first 

of which, where a mixture with very steep 7v-line is distilled with 

the evaporator, conforms to the law; whereas the second, where the 

same mixture is distilled with an ordinary straight tube and specially 

the third where a mixture with flat Zwr-line is distilled with the 

evaporator, deviate from the law. 

i | 
| | 

| Weight of the | 
: lowes i 3 d Jome over below midde 

Still head. | Component Boiling point components es Gee song 
| temp. in gr. 

| | | in er. 

mn eneen EZ 

Evaporator Benzene O0 | 60,8 | 60,6 

| Toluene 110°,8 | 04,6 

Straio Cas DE Straight VALS “9°.6 =.) 
tube y 

Toluene 110°,8 50,0 | 46,2 

Carbon tetra =e 

chlorate 

Jenzene 79°.6 98,3 

Evaporator 

In accordance with this Youne himself gives his law only for 

mixtures which are not difficult to separate distilled with an efficient 

still head. 

1 think that I am justified in concluding that the law is simply 

based on the separation of the mixture in its components, and that 

we have to include under what Youne calls: a far from perfect 

separation, only those cases, where at the end of the distillation a 

small fraction of the most volatile substance is left in the recipient 
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and a small fraction of the least volatile is present in the distillate. 

That the two quantities will then differ little in weight and therefore 

the deviation from the law is comparatively small, is not strange in 

my opinion. 

I think to have shown in this way, that Youne’s rule is a proof 

of the excellent way in which Youna’s still heads work, but that 

from a point of view of quantitative analysis we must only take 

this rule as an application of the most obvious operation, viz that of 

separating a substance in pure state from a mixture and then weighing 

it separately. 

Physical Lab. of the University. Amsterdam. 

Physics. — “Hlectromagnetic phenomena in a system moving with 

any velocity smaller than that of light.” By Prof. H. A. Lorenz. 

§ 1. The problem of determining the influence exerted on electric 

and optical phenomena by a translation, such as all systems have in 

virtue of the Earth’s annual motion, admits of a comparatively 

simple solution, so long as only those terms need be taken into 

account, which are proportional to the first power of the ratio 

between the velocity of translation w and the velocity of light c. 

Cases in which quantities of the second order, i.e. of the order 

2 
w? 
ea, ec? 

may be perceptible, present more difficulties. The first example of 

this kind is MrienrrsoN’s well known interference-experiment, the 

negative result of which has led Fitz GreRALD and myself to the 

conclusion that the dimensions of solid bodies are slightly altered 

by their motion through the aether. 

Some new experiments in which a second order effect was sought 

for have recently been published. Raynrien ') and Brack *) have 

examined the question whether the Earth’s motion may cause a 

body to become doubly refracting: at first sight this might be 

expected, if the just mentioned change of dimensions is admitted. 

Both physicists have however come to a negative result. 

In the second place Trovron and Nonre *) have endeavoured to 

detect a turning couple acting on a charged condenser, whose plates 

make a certain angle with the direction of translation. The theory 

) Rayreren, Phil. Mag. (6) 4 (1902), p. 678. 

2) Brace, Phil. Mag. (6) 7 (1904), p. 317. 

5) Trouron and Nogrre, London Roy, Soc. Trans. A 202 (1903), p. 165. 
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of electrons, unless it be modified by some new hypothesis, would 
undoubtedly require the existence of such a couple. In order to 

see this, it will suffiee to consider a condenser with aether as 

dieleetrieum. It may be shown that in every electrostatic system, 

moving with a velocity w *), there is a certain amount of “electro- 

magnetic momentum’. Tf we represent this, in direction and magni- 

tude, by a vector &, the conple in question will be determined by 

the veetor product *) 

Pe]? Say tee es Oe ae 

Now, if the axis of z is chosen perpendicular to the condenser 

plates, the velocity w having any direction we like, and if U is 
the energy of the condenser, calculated in the ordinary way, the 

components of © are given’) by the following formulae, which are 

exact up to the first order: 

2U 2U 
Dd el bd = bd 

== ET Wy, 6, = a Wy, Oy = 0: 

Substituting these values in (1), we get for the components of 

the couple, up to terms of the second order, 

2U 2U 
Wy We, — - i, 1020. 

Cc 
a2 

( 

These expressions show that the axis of the couple lies in the 

plane of the plates, perpendicular to the translation. If « is the angle 

between the velocity and the normal to the plates, the moment of the 
oa 
/ 

couple will be — ww? sin 2a; it tends to turn the condenser into such a 

a position that the plates are parallel to the Earth’s motion. 

In the apparatus of Trovron and Nose the condenser was 

fixed to the beam of a torsion-balance, sufficiently delicate to be 

deflected by a couple of the above order of magnitude. No effect 

could however be observed. 

§ 2. The experiments of which L have spoken are not the only 

reason for which a new examination of the problems connected 

with the motion of the Earth is desirable. Porxcaré *) has objected 

A vector will be denoted by a German letter, its magnitude by the corre- 

sponding Latin letter. 

2) See my article: Weiterbildung der Maxwrerr’schen Theorie, Electronentheorie 

in the Mathem. Eneyclopiidie V 14, § 21, a. (This article will be quoted as M.E.) 

5) Me Ete. c. 

4) Poincaré, Rapports du Congrés de physique de 1900, Paris, 1, p. 22, 23. 
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to the existing theory of electrie and optical phenomena in moving 

bodies that, in order to explain Micnenson’s negative result, the 

introduction of a new hypothesis has been required, and that the 

same necessity may occur each time new facts will be brought to light. 

Surely, this course of inventing special hypotheses for each new expe- 

rimental result is somewhat artificial. It would be more satisfactory, 

if it were possible to show, by means of certain fundamental assumptions, 

and without neglecting terms of one order of magnitude or another, 

that many electromagnetic actions are entirely independent of the 

motion of the system. Some years ago, I have already sought to 

frame a theory of this kind‘). I believe now to be able to treat 

the subject with a better result. The only restriction as regards the 

velocity will be that it be smaller than that of light. 

§ 3. I shall start from the fundamental equations of the theory 

of electrons *). Let d be the dielectric displacement in the aether, 
6 the magnetic force, og the volume-density of the charge of an 

electron, » the velocity of a point of such a particle, and f the 

electric force, i.e. the force, reckoned per unit charge, which is 

exerted by the aether on a volume-element of an electron. Then, 

if we use a fixed system of coordinates, 

Cig) =n) Dyn ah == Oa 

| ae 
rot  — — (d+ 0»), 

( 

ita 
rot D= — — bh, 

fd = [v. bl]. 

I shall now suppose that the system as a whole moves in the 

direction of w with a constant velocity 7, and I shall denote bij u 

any velocity a point of an electron may have in addition to this, 

so that 

9, = w+ Uy, vy = Uy, De = U,. 

If the equations (2) are at the same time referred to axes moving 

with the system, they become 

') Lorentz, Ziltingsverslag Akad. v. Wet., 7 (1899), p. 507; Amsterdam Proc., 

1898—99, p. 427. 

2) M. E.,§ 2. 



div) = 9, divh = 0 

dh. Oy, Eerd) d 

Dy Oe rf Teas 4 aL Ege Se gieee 
05, dh. 10 0 

ree rae ce keen 

1 
fe = De + Ei (u, be — U by ), 

ESE an tt 
fy == dy = 0 Ye =e ies (uz be Tak b- ), 

Cc C 

1 1 
fe = db. + — why + — (Ur by — ty Dr ). 

C C 

$ 4. We shall further transform these formulae by a change of 

variables. Putting 

en en eee 

and understanding by / another numerical quantity, to be deter- 

mined further on, I take as new independent variables 

BI eo Ba AR eee ere (4) 

and | define two new vectors d' and fb’ by zn formulae 

1 
Mae aah — bs he P De + — fe 

tN Sel tae ae 
Le == a be, Dy = FE b, + oan, ‚== be — _N 

for which, on account of (8), we may also write 
w 

de =D, dy = ee pee ‘ is | 9 JI 
“= w ks 

be =F Wer g by =k? (vs en = d',
 ) h. =d (9 + 

Pe \ 
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As to the coefficient /, it is to be considered as a function of 2, 

whose value is 1 for w == 0, and which, for small values of w, differs 

from unity no more than by an amount of the second order. 

The variable ¢' may be called the “local time”; indeed, for 4 = 1, 

{= 1 it becomes identical with what I have formerly understood by 
this name. 

If, finally, we put 

1 : 
Ene 8 A Meee te ess. eg a bete 

k? Up == Ww, : k u, = u, ’ k U = u. an ie el (8) 

these latter quantities being considered as the components of a new 

vector u, the equations take the following form: 

Baie, cu ' Ger a, dw bh =| | ——— ]@ , dw'h'= 0, 
c? 

ue 1 /òd' . 
rot’ bh = — EY + ow |, EE ie. ad 

1 òf’ 
rot)’ = — ——, 

‘ c Ot 

I w 
EN NE re (u'y >’. — web) +0. = (u', d', Hud), | 

[? 73 1 2 

st ! ! ! t uo ! ! 

fy = Oy t's We = We) ed da 
L? a! is 1 ! ! ! | Uy iG ! t fz ane + kn (Ue by — wy ba) — glad: 

/ 

The meaning of the symbols div’ and rot’ in (9) is similar to that 

of div and rot in (2): only, the differentations with respect to x, y, 2 
are to be replaced by the corresponding ones with respect to x’, y’, 2’. 

§ 5. The equations (9) lead to the conclusion that the vectors 
db’ and §' may be represented by means of a scalar potential g' and 
a vector potential a’. These potentials satisfy the equations *) 

1 Op! 
L' p' — — Foose Spe EI Vd 

> ber Ging on ead 

daf ] 
PAM a’ = 2 Or? ns ae Q u . e ‘ P e (12) 

and in terms of them 9’ and b’ are given by 

1) M. E., §§ 4 and 10. 



( 814 ) 

; 1 da! On, w el 2 

Wi Dr — grad p + — grad Ax . «+ « . (15) 
(in c 

fy’ = rot! a’. 5 5 5 5 3 5 3 (14) 

EN a 
: | —_ + __ and grad¢ Ou"? | Oxy"? + dz? g (LC fp 

Oy’ Og Op! 

da!’ Oy’? de! 

The symbol £! is an abbreviation for 

denotes a vector whose components are . The expression 

grad a, has a similar meaning. 

In order to obtain the solution of (11) and (12) in a simple form, 

we may take w’,y',2’ as the coordinates of a point /” in a space 

S', and ascribe to this point, for each value of #, the values of 

ou, pal, belonging to the corresponding point P (x, y, 2) of the 

electromagnetic system. For a definite value £ of the fourth independent 

variable, the potentials g' and a’ in the point 7? of the system or in 

the corresponding point P' of the space S', are given by *) 

ot eee ; 
GS rede US tae ES (15) 

An r 

1 . keet 

a’ = — le a DIS Pal a Rete NE 
Ano). r 

Here dS’ is an element of the space JS’, 7’ its distance from 7” 

and the brackets serve to denote the quantity @’ and the vector 
' 

2 ) 

o’ u’, such as they are in the element dS’, for the value ¢’ — — of 
C 

the fourth independent variable. 

Instead of (15) and (16) we may also write, taking into account 

(4) and (7), 

per fe 18. ies 
An J r 

ey ee a’ = — DEE a See cee 
Ame 7 

the integrations now extending over the electromagnetic system itself. 

It should be kept in mind that in these formulae 7’ does not denote 

the distance between the element @S and the point (w, y, 2) for which 

the calculation is to be performed. If the element lies at the point 

(x,, ¥,, 2), we must take 

Zl VIE)? + (y —y,)? + (ez). 
It is also to be remembered that, if we wish to determine g’ and 

1) M. E., SS 5 and 10, 
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a’ for the instant, at which the local time in P is f, we must take 

o and ou’, such as they are in the element JS at the instant at 
had 

' 

. i 

which the local time of that element is ¢’ — 
( 

§ 6. It will suffice for our purpose to consider two special cases. 

The first is that of an electrostatic system, i, e. a system having 

no other motion but the translation with the velocity w. In this case 

u’ = 0, and therefore, by (12), a’ = 0. Also, / is independent of ¢’, 

so that the equations (11), (13) and (14) reduce to 

Poe feed | 
AN P En 0, | p 

! li ! ! : (19) 

d = — grad p‚b = 0.4 

After having determined the vector 0° by means of these equations, 

we know also the electric force acting on electrons that belong to 

the system. For these the formulae (10) become, since u’ = 0, 

[? [? 

ite ile ye fy a d'y, p= E eee: gira 8 Mets: (20) 

The result may be put in a simple form if we compare the moving 

system 2 with which we are concerned, to another electrostatic 

system 2’ which remains at rest and into which 2 is changed, if 

the dimensions parallel to the axis of w are multiplied by #/, and 

the dimensions which have the direction of y or that of z, by /, 

a deformation for which (4/,/,/) is an appropriate symbol. In this 

new system, which we may suppose to be placed in the above 

mentioned space 5’, we shall give to the density the value 9’, 

determined by (7), so that the charges of corresponding elements of 

volume and of corresponding electrons are the same in © and >". 

Then we shall obtain the forces acting on the electrons of the moving 

system 2, if we first determine the corresponding forces in 2’, and 

next multiply their components in the direction of the axis of wv by 
[? 

P, and their components perpendicular to that axis by A This is 

conveniently expressed by the formula 

I? [2 5 id ( ad led ha TT MT 

It is further to be remarked that, after having found d’ by (19), 

we can easily calculate the electromagnetic momentum in the moving 

system, or rather its component in the direction of the motion. 

Indeed, the formula 
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1 

1 . 

& — | (dy h- — Dz i) dS 
C 

Therefore, by (6), since h' = 0 

lw _ Ee 4 SELL fen > ob : i 
OM En rc (d, 2 a De zj) == =| (d, 2 de 2) d Ss’. : (22) 

shows that 

§ 7. Our second special case is that of a particle having an elec- 

trie moment, i. e. a small space 5, with a total charge fg dS =e 

but with such a distribution of density, that the integrals | oad 8, 
a 

fer d S, fozd S have values differing from 0. 

Let X,y,Z be the coordinates, taken relatively to a fixed point A 

of the particle, which may be called its centre, and let the electric 

moment be defined as a vector p whose components are 

pr= | exds, ry =feyas, pe =f ezds > = eZ 

Then 

d Pr p d Py 7 d Pe 
ze TS ne De eS AS == == one Cone 24 fe =feuds, T= fewas =feuds . ey 

Of course, if X, y, Z are treated as infinitely small, u,, u,, u- must 

be so likewise. We shall neglect squares and products of these six 

quantities. 

We shall now apply the equation (17) to the determination of 

the scalar potential g' for an exterior point P (x, y, 2), at finite distance 

from the polarized particle, and for the instant at which the local 

time of this point has some definite value £. In doing so, we shall 

give the symbol el, which, in (17), relates to the instant at which 

: : rai fe Lh : He . eae a sc 
the local time in d Sis ¢——, a slightly different meaning. Distinguishing 

Û 

by 7’, the value of 7’ for the centre A, we shall understand by jol 

the value of the density existing in the element d$ at the point 
U 

1 1 

(x, y, Z), at the instant ¢, at which the local time of A is £——. 
C 

It may be seen from (5) that this instant precedes that for which 

we have to take the numerator in (17) by 



2 w kerr! sh sE kel Or! a Or’ a Or! 
EEM == ie xX XxX —= YA 

bbele oe Lt Ou vay dz 

units of time. In this last expression we may put for the differen- 

tial coefficients their values at the point A. 

In (17) we have now to replace [o] by 

pe do k 1 Or" On" òr\ [do aa 
[el + ox S47 AG - tys tex) 2]. (25) 
do Ree” 

where a relates again to the time ¢,. Now, the value of ¢ for 

which the calculations are to be performed having been chosen, this 

time ¢, will be a function of the coordinates w, y,z of the exterior 

point P. The value of |g] will therefore depend on these coordinates 
in such a way that 

fe] & 1 dr’ [ doe 
SS FS ral kj etc., 

Oe Ledel dE 

by which (25) becomes 

Lol vei | 2 JE (x32 dlel } dn is aie) 

Again, if henceforth we ee by ii what isd above been 
i 

called 7",, the factor — must be replaced by 
U Lr 

Eri!) 2) el) so that after all, in the integral (17), the element dS is multiplied by 

lo] we w X = (2 0 x[o] oF fer 402 lol 

del oo vr oy rf dz or 

This is isha: than the primitive form, because neither 7’, nor 

the time for which the quantities enc!osed in brackets are to be 

taken, depend on w, y, z. Using (23) and remembering that fi odS=0 

we get 

ge eat OP. a a oT Pa | oO [py] Ò [pe] 
— Axe r'| òt An (ov r' Oy x dz x | 

a formula in which all the enclosed quantities are to be taken for 
the instant at which the local time of the centre of the particle is 

t "i 
C ‘ 6 

We shail eonelude these calculations by introducing a new vector 
Pp, whose components are 

54 
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Pe = kbp, PS Dy. 4 he Sab he ee total: ee 

passing at the same time to a’, 7’, 2',? as independent variables. The 
final result is 

ge Aled 1 |D fv] al „Oel, LPs] 
Ager’ òt' Aa lou’ 7 dy’ 7 de Tr 4 

As to the formula (18) for the vector potential, its transformation 

is less complicate, because it contains the infinitely small vector w’. 

Having regard to (8), (24), (26) and (5), I find 

poe ea 
Ager Os 

The field produced by the polarized particle is now wholly deter- 

mined. The formula (13) leads to 

eed (2 [rs], Oley], OL] 
ae = Grad ee 8 

4x0 0 Ae r' + J | Ox a, 0,/' yl == dz’ p' 

and the vector 6’ is given by (14). We may further use the equations 

(20), instead of the original formulae (10, if we wish to consider 

the forces exerted by the polarized particle on a similar one placed 

at some distance. Indeed, in the second particle, as well as in the 

first, the velocities u may be held to be infinitely small. 

It is to be remarked that the formulae for a system without 

translation are implied in what precedes. For such a system the 
quantities with accents become identical to the corresponding ones 

without accents; also /;—=1 and /=1. The components of (27) are 

at the same time those of the electric force which is exerted by one 
polarized particle on another. 

! 

C= oF 

§ 8. Thus far we have only used the fundamental equations 

without any new assumptions. I shall now suppose that the electrons, 
which I take to be spheres of radius R in the state of rest, have 
their dimensions changed by the effect of a translation, the dimensions 
in the direction of motion becoming kl times and those in perpen- 
dicular directions | times smaller. 

Ne 
each element of volume is understood to preserve its charge. 

Our assumption amounts to saying that in an electrostatic system 

XZ, moving with a velocity w, all electrons are flattened ellipsoids 

with their smaller axes in the direction of motion. If now, in order 

to apply the theorem of § 6, we subject the system to the defor- 

mation (#/,/, /), we shall have again spherical electrons of radius /?, 

i te 
In this deformation, which may be represented by (a ~ i. 
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Hence, if we alter the relative position of the centres of the electrons 

in by applying the deformation (4/, /, /), and if, in the points 
thus obtained, we place the centres of electrons that remain at rest, 

we shall get a system, identical to the imaginary system XZ’, of 

which we have spoken in § 6. The forces in this system and those 

in + will bear to each other the relation expressed by (21). 

In the second place I shall suppose that the forces between unchar- 

ged particles, as well as those between such particles and electrons, are 
influenced by a translation in quite the same way as the electric forces 

in an electrostatic system. In other terms, whatever be the nature of 

the particles composing a ponderable body, so long as they do not 

move relatively to each other, we shall have between the forces 

acting in a system (2) without, and the same system (>) with a 

translation, the relation specified in (21), if, as regards the relative 

position of the particles, 2” is got from + by the deformation (4/, /, J), 
: (Rome Set 

or = from =’ by the deformation | —, —, — |. 
(3 i 7) 

We see by this that, as soon as the resulting force is 0 for a 

particle in 2’, the same must be true for the corresponding particle 

in 2. Consequently, if, neglecting the effects of molecular motion, 

we suppose each particle of a solid body to be in equilibrium under 

the action of the attractions and repulsions exerted by its neighbours, 

and if we take for granted that there is but one configuration of 

equilibrium, we may draw the conclusion that the system X', if the 

velocity w is imparted to it, will of dsel/f change into the system 

=. In other terms, the translation will produce the deformation 
es ae 
mA 
The case of molecular motion will be considered in $ 12. 

It will easily be seen that the hypothesis that has formerly been 

made in connexion with MIcHELSoN’s experiment, is implied in what 

has now been said. However, the present hypothesis is more general 

because the only limitation imposed on the motion is that its velocity’ 
be smaller than that of light. 

§ 9. We are now in a position to calculate the electromagnetic 

momentum of a single electron. For simplicity’s sake I shall suppose 

the charge ¢ to be uniformly distributed over the surface, so long 

as the electron remains at rest. Then, a distribution of the same 

kind will exist in the system 2’ with which we are concerned in 

the last integral of (22). Hence 

54% 
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fe 4-02, ) dis’ = fo» is = if 5 Eet DTe 
R 

e? 

fe ee 
NR 

and 

It must be observed that the product #/ is a function of w and 

that, for reasons of symmetry, the vector © has the direction of the 

translation. In general, representing by w the velocity of this motion, 

we have the vector equation 
2 e 

GW ter ree a 
6 zc? R ei 

Now, every change in the motion of a system will entail a cor- 

responding change in the electromagnetic momentum and will there- 

fore require a certain force, which is given in direction and mag- 

nitude by 
d®& 

OS ea ee 

Strictly speaking, the formula (28) may only be applied in the 

case of a uniform rectilinear translation. On account of this cireum- 

stance — though (29) is always true — the theory of rapidly varying 

motions of an electron becomes very complicated, the more so, because 

the hypothesis of § 8 would imply that the direction and amount of 
the deformation are continually changing. It is even hardly probable 

that the form of the electron will be determined solely by the 
velocity existing at the moment considered. 

Nevertheless, provided the changes in the state of motion be suf- 

ficiently slow, we shall get a satisfactory approximation by using (28) 

at every instant. The application of (29) to such a quasi-stationary 

translation, as it has been called by ABRAHAM’), is a very simple 

matter. Let, at a certain instant, j, be the acceleration in the direction 

of the path, and j, the acceleration perpendicular to it. Then the force 
% will consist of two components, having the directions of these acce- 

lerations and which are given by 

Srem, (and & =d 

if 
e d(klw) e 

ME and M= ek 
Gre RR dw bach 

Hence, in phenomena in which there is an acceleration in the 

(30) 

}) Apranam, Wied. Ann, 10 (1903), p. 105, 
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direction of motion, the electron behaves as if it had a mass 77, in 

those in which the acceleration is normal to the path, as if the 

mass were m,. These quantities m, and m, may therefore properly 

be called the “longitudinal” and “transverse” electromagnetic masses 

of the electron. I shall suppose that there is no other, no “true? or 
“material” mass. 

he 

Since k and / differ from unity by quantities of the order —, we 
C 

find for very small velocities 
e? 

bach 

This is the mass with which we are concerned, if there are small 
vibratory motions of the electrons in a system without translation. 

If, on the contrary, motions of this kind are going on in a body 

moving with the velocity w in the direction of the axis of w, we 
shall have to reckon with the mass m,, as given by (30), if we con- 

sider the vibrations parallel to that axis, and with the mass m,, if 
we treat of those that are parallel to OY or OZ. Therefore, in 
short terms, referring by the index 2 to a moving system and by 

XY to one that remains at rest, 

m, == me, == 

"(Eek IJE). RE eit 
aU 

§ 10. We can now proceed to examine the influence of the Earth’s 

motion on optical phenomena in a system of transparent bodies. In 

discussing this problem we shall fix our attention on the variable 
electric moments in the particles or “atoms” of the system. To these 

moments we may apply what has been said in § 7. For the sake 
of simplicity we shall suppose that, in each particle, the charge is 

concentrated in a certain number of separate electrons, and that the 

“elastic” forces that act on one of these and, conjointly with the 

electric forces, determine its motion, have their origin within the 

bounds of the same atom. 
I shall show that, if we start from any given state of motion in 

a system without translation, we may deduce from it a corresponding 

state that can exist in the same system after a translation has been 
imparted to it, the kind of correspondence being as specified in 

what follows. 
a. Let A’,, A’,, A’;, etc. be the centres of the particles in 

the system without translation ( +’); neglecting molecular motions 

we shall take these points to remain at rest. The system of points 
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A, A,, A,, ete, formed by the centres of the particles in the moving 
system 2, is obtained from A’,, A’,, A’,, ete. by means of a deformation 

(z = 7) According to what has been said in § 8, the centres 

will of themselves take these positions A’,, A’',, A’;, ete. if originally, 
before there was a translation, they occupied the positions A,, A,, A,, ete. 

We may conceive any point 7?” in the space of the system 2” to 

be deplaced by the above deformation, so that a definite point ? of 

= corresponds to it. For two corresponding points /” and P we shall 

define corresponding instants, the one belonging to /”, the other to 

P, by stating that the true time at the first instant is equal to the 
local time, as determined by (5) for the point P, at the second instant. 

By corresponding times for two corresponding particles we shall 

understand times that may be said to correspond, if we fix our 

attention on the centres A’ and A of these particles. 
4. As regards the interior state of the atoms, we shall assume that 

the configuration of a particle A in = at a certain time may be 

nl er 
derived by means of the deformation & TT 7) from the confi- 

guration of the corresponding particle in 2’, such as it is at the 

corresponding instant. In so far as this assumption relates to the form 

of the electrons themselves, it is implied in the first hypothesis of § 8. 

Obviously, if we start from a state really existing in the system 

=’, we have now completely defined a state of the moving system 2. 

The question remains however, whether this state will likewise be 

a possible one. 

In order to judge this, we may remark in the first place that 

the electric moments which we have supposed to exist in the moving 

system and which we shall denote by y, will be certain definite 
functions of the coordinates x, y, 2 of the centres A of the particles, 

or, as we shall say, of the coordinates of the particles themselves, 

and of the time ¢. The equations which express the relations between 
p on one hand and z, y, z, ¢ on the other, may be replaced by other 

equations, containing the vectors p’ defined by (26) and the quantities 

wv’ ,y’,2’,U defined by (4) and (5). Now, by the above assumptions 

a and 6, if in a particle A of the moving system, whose coordinates 

are a, y, z, we find an electric moment p at the time ¢, or at the 

local time #’, the vector p’ given by (26) will be the moment which 

exists in the other system at the true time # in a particle whose 

coordinates are wv’, y’, 2’. It appears in this way that the equations 

between p’, 2’, y’, 2’, t’ are the same for both systems, the diffe- 

rence being only this, that for the system +’ without translation 

/ 
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these symbols indicate the moment, the coordinates and the true time, 
Whereas their meaning is different for the moving system, p’, 0’, y’, 2’, U 

being here related to the moment », the coordinates , y, 2 and the 

general time ¢ in the manner expressed by (26), (4) and (5). 

It has already been stated that the equation (27) applies to both 

systems. The vector ’ will therefore be the same in =’ and >, 

provided we always compare corresponding places and times. How- 

ever, this vector has not the same meaning in the two cases. In 2’ 

it represents the electric force, in & it is related to this force in 

the way expressed by (20). We may therefore conclude that the 

electric forces acting, in + and in 2’, on corresponding particles at 

corresponding instants, bear to each other the relation determined by 

(21). In virtue of our assumption 4, taken in connexion with the second 

hypothesis of § 8, the same relation will exist between the “elastic” 

forces ; consequently, the formula (21) may also be regarded as 

indicating the relation between the total forces, acting on corresponding 

electrons, at corresponding instants. 

It is clear that the state we have supposed to exist in the moving 

system will really be possible if, in + and 2’, the products of the 

mass m and the acceleration of an electron are to each other in the 

same relation as the forces, i.e. if 

aj 

mj =(t 7 = ED) se Be EREN 

Now, we have for tbe accelerations 

th 3 Bie Oe is Bes As 
j(=) = FEE Oe En (3) 

as may be deduced from (4) and (5), and combining this with (32), 
we find for the masses 

m (=) = (U, kl, kl). m (3) 

If this is compared to (81), it appears that, whatever be the value 

of /, the condition is always satisfied, as regards the masses with 
which we have to reckon when we consider vibrations perpen- 
dicular to the translation. The only condition we have to impose on 
/ is therefore 

d(klw) eee 

dw 

But, on account of (3), 

d(kw) nas 

dw ; 

so that we must put 
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dl 
===) [ = const. 
dw 

The value of the constant must be unity, because we know already 

that, for #0, let. 

We are therefore led to suppose that the influence of a translation 

on the dimensions (of the separate electrons and of a ponderable body 
as a whole) is confined to those that have the direction of the motion, 
these becoming k times smaller than they are in the state of rest. If 

this hypothesis is added to those we have already made, we may be 

sure that two states, the one in the moving system, the other in the 

same system while at rest, corresponding as stated above, may both be 

possible. Moreover, this correspondence is not limited to the electric 

moments of the particles. In corresponding points that are situated 

either in the aether between the particles, or in that surrounding the 

ponderable bodies, we shall find at corresponding times the same 

vector >’ and, as is easily shown, the same vector b/. We may sum 

up by saying: If, in the system without translation, there is a state 

of motion in which, at a definite place, the components of », > and 

are certain functions of the time, then the same system after it 

has been put in motion (and thereby deformed) can be the seat of 

a state of motion in which, at the corresponding place, the com- 
ponents of yp’, 0’ and 6’ are the same functions of the local time. 

There is one point which requires further consideration. The values 

of the masses m, and m, having been deduced from the theory of 

quasi-stationary motion, the question arises, whether we are justified 

in reckoning with them in the case of the rapid vibrations of light. 

Now it is found on closer examination that the motion of an electron 

may be treated as quasi-stationary if it changes very little during 

the time a light-wave takes to travel over a distance equal to the 

diameter. This condition is fulfilled in optical phenomena, because 

the diameter of an electron is extremely small in comparison with 

the wave-length. 

§ 11. It is easily seen that the proposed theory can account fora 

large number of facts. 

Let us take in the first place the case of a system without trans- 

lation, in some parts of which we have continually p= 0, d = 0, 

f =O. Then, in the corresponding state for the moving system, we 

shall have in corresponding parts (or, as we may say, in the same 

parts of the deformed system) p’ = 0, d' — 0, b’'=0. These equations 

implying »= 0, d=0, 6 =0, as is seen by (26) and (6), it appears 
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that those parts which are dark while the system is at rest, will remain 

so after it has been put in motion. It will therefore be impossible 

to detect an influence of the Earth’s motion on any optical experi- 

ment, made with a terrestrial source of light, in which the geome- 

trical distribution of light and darkness is observed. Many experi- 

ments on interference and diffraction belong to this class. 

In the second place, if in two points of a system, rays of light 

of the same state of polarization are propagated in the same direction, 

the ratio between the amplitudes in these points may be shown not 

to be altered by a translation. The latter remark applies to those 

experiments in which the intensities in adjacent parts of the field 

of view are compared. 

The above conclusions confirm the results I have formerly obtained 
by a similar train of reasoning, in which however the terms of the 
second order were neglected. They also contain an explanation of 

MIcHELSON’s negative result, more general and of somewhat different 

form than the one previously given, and they show why RAYrrIGH 

and Brace could find no signs of double refraction produced by 

the motion of the Earth. 

As to the experiments of TrovroN and Noste, their negative result 

becomes at once clear, if we admit the hypotheses of § 8. It may be 

inferred from these and from our last assumption ($ 10) that the only 

effect of the translation must have been a contraction of the whole 

system of electrons and other particles constituting the charged 

condenser and the beam and thread of the torsion-balanee. Such a 
contraction does not give rise to a sensible change of direction. 

It need hardly be said that the present theory is put forward with 

all due reserve. Though it seems to me that it can account for all 

well established facts, it leads to some consequences that cannot as 

yet be put to the test of experiment. One of these is that the result 
of MicueLsoN’s experiment must remain negative, if the interfering 
rays of light are made to travel through some ponderable transparent 

body. 

Our assumption about the contraction of the electrons cannot in 
itself be pronounced to be either plausible or inadmissible. What 
we know about the nature of electrons is very little and the only 

means of pushing our way farther will be to test such hypotheses 

as | have here made. Of course, there will be difficulties, e.g. as soon 
as we come to consider the rotation of electrons. Perhaps we shall 

have to suppose that in those phenomena in which, if there is no 

translation, spherical electrons rotate about a diameter, the points of 

the electrons in the moving system will describe elliptic paths, 
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corresponding, in the manner specified in § LO, to the circular paths 
deseribed in the other case. 

$ 12. It remains to say some words about molecuiar motion. We 

may conceive that bodies in which this has a sensible influence or 

even predominates, undergo the same deformation as the systems of 

particles of constant relative position of which alone we have spoken 

till now. Indeed, in two systems of molecules 2’ and >, the first 

without and the second with a translation, we may imagine molecular 

motions corresponding to each other in such a way that, if a particle 

in 2’ has a certain position at a definite instant, a particle in 2 

occupies at the corresponding instant the corresponding position. This 

being assumed, we may use the relation (33) between the accelera- 

tions in all those cases in which the velocity of molecular motion 

is very small as compared to w. In these cases the molecular forces 

may be taken to be determined by the relative positions, indepen- 

dently of the velocities of molecular motion. If, finally, we suppose 

these forces to be limited to such small distances that, for particles 
acting on each other, the difference of local times may be neglected, 

one of the particles, together with those which lie in its sphere of 

attraction or repulsion, will form a system which undergoes the 

often mentioned deformation. In virtue of the second hypothesis 

of § 8 we may therefore apply to the resulting molecular force 

acting on a particle, the equation (21). Consequently, the proper 

relation between the forces and the accelerations will exist in the two 

cases, if we suppose that the masses of all particles are influenced 
by a translation to the same degree as the electromagnetie masses of 

the electrons. 

§ 13. The values (30) which I have found for the longitudinal and 

transverse masses of an electron, expressed in terms of its velocity, are 

not the same as those that have been formerly obtained by ABRAHAM. 
The ground for this difference is solely to be sought in the cireum- 

stance that, in his theory, the electrons are treated as spheres of 

invariable dimensions. Now, as regards the transverse mass, the 

results of ABRAHAM have been confirmed in a most remarkable way 

by KAUFMANN’s measurements of the deflexion of radium-rays in 

electric and magnetic fields. Therefore, if there is not to be a most 

serious objection to the theory I have now proposed, it must be 
possible to show that those measurements agree with my values 

nearly as well as with those of ABRAHAM. 

1 shall begin by discussing two of the series of measurements 
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published by Kaurmayy ') in 1902. From each series he has deduced 
two quantities 4 and 6, the “reduced” electric and magnetic deflexions, 

1 w 
which are related as follows to the ratio p= —: 5 

- yj 
im ear » (8) = —— 

Here y (8) is such a function, that the transverse mass is given by 

(34) 

J 2 3 
rn 2 
Ben el Gal 

whereas 4, ank 4, are constant in each series. 
It appears from the second of the formulae (80) that my theory 

leads likewise to an equation of the form (85); only ABRAHAM’s 

function w (8) must be replaced by 

EERE een 
5 aed en) 

Eik 

Hence, my theory requires that, if we substitute this value for 
y (B) in (34), these equations shall still hold. Of course, in seeking 

to obtain a good agreement, we shall be justified in giving to #, and 4, 

other values than those of KAurMANN, and in taking for every measure- 
ment a proper value of the velocity w, or of the ratio 8. Writing 

3 , : 
ro and #' for the new values, we may put (84) in the form 

Ed. et OEREN HE Mg OLD) 
1 ] 

and 

Oe 
KAUFMANN has tested his equations by choosing for #, such a value 

that, calculating 8 and 4, by means of (34), he got values for this 

latter number that remained constant in each series as well as might 

be. This constancy was the proof of a sufficient agreement. 
I have followed a similar method, using however some of the 

numbers calculated by Kavrmann. I have computed for each measure- 

ment the value of the expression 
+ 

ee ees a (BRA it ee (ON 

that may be got from (37) combined with the second of the equations 

(34). The values of we (3) and &, have been taken from KAUFMANN’s 

tables and for 8 I have substituted the value he has found for g, 

multiplied by s, the latter coefficient being chosen with a view to 

'!) Kaurmann, Physik. Zeitschr. 4 (1902), p. 55. 
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obtaining a good constancy of (38). The results are contained in the 

following tables, corresponding to the tables IL] and IV in KavrMann’s 

paper. 

IU. s = 0,933. 

B v(B) | kg | 8' ho’ 
| | HEN 

0.851 aa | 174 | 0.794 | 2.46 

0.766 | 1.86 1.736 0.715 | 2.258 

0.797 1.78 | 1.7% | 0.678 | 2.256 

0.6615 | 41.66 | 1.727 | 0.617 | 2.956 

0.6075 | 4.595 | 4.655 | 0:57 | 2475 

B | UB | ky pu Na 

0.963 | 3-24) 8 12 | 0.919 | 10.36 

0.949 | 2.86 | 7.99 | 0.905 | 9.70 

0.933 | 9.73 | 7.46 O80. 4 9.28 
0.883 | 2.3t | 8.32 | 0.842 | 10.36 
0.860 | 2.195 | 8.09 | 0.820 | 40.15 
0.830 2.06 | 8413 | 0.792 | 10.23 

0.801 1.96 | 8.13 0.704 |_ 10.98 

0.777 | 4.89 | 8.04 0.74 | 10.20 

0.752 | 1.83 | 8,02 0.717 | 10.92 
0.732 | 1.785 | 7.97 | 0,608 40.48 

The constancy of 4’, is seen to come out no less satisfactory than 

that of &,, the more so as in each case the value of s has been 

determined by means of only two measurements. The coefficient has 

been so chosen that for these two observations, which were in Table 

UI the first and the last but one, and in Table IV the first and the 

last, the values of 4’, should be proportional to those of /,. 

I shall next consider two series from a later publication by KAvrMANN’), 

which have been calculated by Runen?) by means of the method of 

1) Kaurmany, Goélt. Nachr. Math. phys. Kl, 1903, p. 90. 

*) Ruxee, ibidem, p. 326. 

[a 
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least squares, the coefficients £, and /, having been determined in 

such a way, that the values of 7, calculated, for each observed &, 

from KAUFMANN’s equations (34), agree as closely as may be with 

the observed values of 7. 

I have determined by the same condition, likewise using the method 

of least squares, the constants @ and 5 in the formula 

n° = aS? + bi, 

which may be deduced from my equations (36) and (37). Knowing 

a and 6, I find 2 for each measurement by means of the relation 

Lf 

For two plates on which Kaurmann had measured the electric and 

magnetic deflexions, the results are as follows, the deflexions being 

given in centimeters. 

I have not found time for calculating the other tables in KAUFMANN's 

paper. As they begin, like the table for Plate 15, with a rather 

large negative difference between the values of 4 which have been 
deduced from the observations and calculated by Rune, we may 
expect a satisfactory agreement with my formulae. 

§ 14. I take this opportunity for mentioning an experiment that 

Plate N°. 15. a = 0,06489, 6 = 0,3039. 

\ 

N B 

: ; Calculated ‚re |Calculated ‘ Calculated by 
Observed. by R. Diff. 5 by L. Duff. zl ze 

0.1495 |, 0.0388 0 0404 — 16 | 0.0400 — 12 0.987 0.951 

0.199 0.0548 0 0550 — 2 0.0552 — 4 0.964 0.918 

0.2475 0.0716 0.0710 + 6 | 0.0715 + 1 0.930 0.881 

0.296 0.0896 0.0887 + 9 | 0.0895 + 1 | 0.889 0.842 

0.3435 0.1080 0.1081 — 1 0.4090 — 10 0 847 0.803 

0.391 0.1290 0.1297 tes 7 | 0.4305 | — 45 0.804 0.763 - 

0.437 0.1524 OLS one o | 0.1532 — 8 0.763 0.727 

0, 4825 0.1788 0.1777 | +11 OAT + 11 0.724 0.692 

0.5265 0.2033 0.2039 — 6] 0.2033 0 0.688 0.660 
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Plate N°. 19. a= 0,05867 be= 02597; 

| 7 | B 

5 | rz IA i | is : | | Calculated by 
| Observed. |E De | 

iene ee a grt i? 

0.4495 | 0.040% | 0.0388 | + 16 | 0.0379 | +95 0.990 | 0.954 

0.199 0.0529 | 0.057 | + 2) 0.0522 | A | 0.969 | 0.923 

0.47 | 0.0678 | 00675 | + 3| 0.0674 | +4 | 0.939 | 0.888 

0.996 | 0.0834 | 0.082 | — 8| 0.0844 | 40 | 0.902 0.849 

0.3435 | 0.1019 0.1022 — 3 | 0.1026 — 7 | 0,862, |) “0.84 

0.391 | 04219 | o192 | — 3! 0.1999 | —7 | 0892 | 0.773 

0.437 0.1429 0.1434 = EET Re 0.736 

0.4995 | 01660 | 04665 | — 5 | 046% | —4 | 0.744 | 0.702 

0.5965 | 0.1916 | 0.1906 | +10 | 0.1902 | H4 | 0.709 | 0.674 

has been made by Trovuron') at the suggestion of Frrz GERALD, and 

in which it was tried to observe the existence of a sudden impulse 

acting on a condenser at the moment of charging or discharging; 

for this purpose the condenser was suspended by a torsion-balance, 

with its plates parallel to the Earth's motion. For forming an 

estimate of the effect that may be expected, it will suffice to consider 

a condenser with aether as dielectricum. Now, if the apparatus is 

charged, there will be ($ 1) an electromagnetic momentum 

2U 
®-= == |e c: 

(Terms of the third and higher orders are here neglected). This 

momentum being produced at the moment of charging, and dis- 

appearing at that of discharging, the condenser must experience in 

the first case an impulse — © and in the second an impulse + 6. 

However Trovuron has not been able to observe these jerks. 

| believe it may be shown (though his calculations have led him 

to a different conclusion) that the sensibility of the apparatus was. 

far from sufficient for the object Trouron had in view. 

Representing, as before, by U the energy of the charged condenser 

!) Trouroy, Dublin Roy. Soc. Trans. (2) 7 (1902), p. 379 (This paper may also 
be found in The scientific writings of Frrz Grrarp, edited by Larmor, Dublin and 

London 1902, p. 557). 



( 831 ) 

in the state of rest, and by U + U’ the energy in the state of motion, 

we have by the formulae of this paper, up to the terms of the 

second order, 

En 

an expression, agreeing in order of magnitude with the value used 

by Trovrox for estimating the effect. 
TI 

The intensity of the sudden jerk or impulse will therefore be —. 
WwW 

Now, supposing the apparatus to be initially at rest, we may 

compare the deflexion «, produced by this impulse, to the deflexion 

a which may be given to the torsion-balance by means of a constant 

couple A, acting during half the vibration time. We may also 
consider the case in which a swinging motion has already been set 

up; then the impulse, applied at the moment in which the apparatus 

passes through the position of equilibrium, will alter the amplitude 

by a certain amount 2 and a similar effect 3’ may be caused by 

letting the couple K act during the swing from one extreme position 

to the other. Let 7 be the period of swinging and / the distance 

from the condenser to the thread of the torsion-balance. Then it is 

easily found that 

According to Trovuroy’s statements U’ amounted to one or two 

ergs, and the smallest couple by which a sensible deflexion could be 

produced was estimated at 7,5 C.G.S.-units. If we substitute this 
value for A’ and take into account that the velocity of the Earth’s 

motion is 3 Xx 10° ¢.M. per see, we immediately see that (39) must 

have been a very small fraction. 

Mathematics. — “Observation on the paper communicated on 

Febr. 27% 1904 by Mr. Brouwer: “On a decomposition of the 
continuous motion about a point O of S, into two continuous 

IN, motions about O of Ss” By Dr. E. JAHNKE. (Communicated 

by Prof. D. J. KorrTeEweG.) 

The above mentioned paper is connected with investigations of 

Ferp. Caspary and with works published by me in the years 

1896—1901. Mr. Brouwer not referring to these, I take the liberty 

to remark the following: Problems of the theory of the thetafane- 

tions on one hand and of mechanics on the other hand have led 
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me to relate the rotation in S, to two rotations in $,. The relations 

between the elements of the four-dimensional rotation and the elements 

of the two threedimensional rotations belonging to it have been 

explicitly pointed out by me in “Sitzungsberichte der Berliner 

Akademie” of July 30% 1896 and in the “Journal für die reine 

und angewandte Mathematik” Vol. 118, p. 215, 1897. I have 

particularly found that the components of the velocity of the first 

rotation are easily deduced from the components of the velocity of 

the two others (compare also my lecture at the ‘“Naturforscher Ver- 

sammlung’” at Hamburg 1901: “On rotations in fourdimensional 

spaces,” (Ueber Drehungen im vierdimensionalen Raum). 

Mr. Brouwer arrives in his paper also at these results though in 

a different way, namely geometrically, whilst I have workéd alge- 

braically. Mr. Brouwer arrives at a decomposition (“Zerlegung’’) of 

the fourdimensional rotation into two threedimensional ones, whilst 

I use the expression coordination (“Zuordnung”’). 

Berlin, March 28%, 1904. 

Mathematics. — “Algebraic deduction of the decomposability of 

the continuous motion about a fixed point of S, into those of 

two Sis’. By Mr. L. E. J. Brouwer. (Communicated by 

Prof. Korrewee). 

As the position of S, is determined with respect to a fixed system 

of axes by siz independent variables and that of S, with respect to 

a fixed system of axes by three independent variables we understand 

at once that in an infinite number of ways two S, motions can be 

coordinated to an S, motion, so that position and velocities of S, are 
determined by position and velocities of the two S,’s. On such a 

coordination Mr. JAHNKE has been engaged in the papers mentioned 

above and has deduced the relations between positions and velocities 

of S, and the two S,’s. Interpreted geometrically his coordination 

amounts to the following: Let us suppose in S, a fixed system of 

axes X, X, X, X,, and a movable one WY, VY, Yj: let us com 
sider the part equiangular to the right of the double rotation, which 

transfers X, A, X, X, into Y, VY, Y, Y,; let us add to tan equal 

equiangular double rotation to the left (namely equal with respect to 

_ X, X, X,; only with respect to a definite 
system of axes can we call an equiangular double rotation to the 

right and one to the left equal); the resulting rotation becomes a single 

3 

the system of axes X 
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rotation parallel to the space \, XY, XN, which would transfer the 
system of axes X, X, X, into an other Z, Z, Z,. Thus to each 

position } with respect to Y, XY, XN, Y, answers a position Z with 

respect to X, X, X,, and by interchanging right and left, in an 

analogous manner a position U with respect to Y, X, X,; and we 

may consider the positions Z and U as coordinated to the position Y. 

Not immediately to be seen are the two following properties of 

the S, motion geometrically deduced in what was communicated in 
the February meeting. 

1st. The continuous motion of S, can be decomposed, that is: 
independent of the choice of a system of axes two definite three- 

foldly infinite motion groups exist in S, in such a way that an 

arbitrary motion can be composed out of two motions each of which 
belongs to one of the groups mentioned. 

2ud, The continuous motion of S, can be decomposed into two 

S, motions, that is, two twodimensional manifoldnesses (namely 

those of the systems of planes equiangular to the right and to 

the left) exist im S, in such a way that each of the motion 

groups mentioned transforms the elements of one of them into 

each other and leaves the other unchanged; to which further- 

more we can allow twodimensional Euclidean stars to answer in 

such a way that to congruent combinations in one of the manifold- 

nesses congruent combinations of the Euclidean stars correspond, 

that to the corresponding motion group of S, answers the motion group 

of the Euclidean star movable as a solid and that to congruent 

combinations in the motion group of S, answer congruent combinations 

in the motion group of the Euclidean star movable as a solid : reason 

why we may call the two twodimensional manifoldnesses tiwodimen- 

sional Huchdean stars and the motion groups of S, transforming them 

Euchdean threedimenstonal motion groups about a fixed point. 

We shall now see how we can arrive algebraically at both results. 

Mr. Jaunkn takes from Caspary the so called “Elementary trans- 

formation” (see a.o. Jahresbericht der Deutschen Mathematiker- 

Vereiniging XI, 4, 1902, p. 180 and F. Caspary, Zur Theorie der 

Thêtafunetionen mit zwer Argumenten, Crviin’s Journal, vol. 94, page 
75), which has the property that an arbitrary congruent transformation 

of S, can be replaced by two successive elementary transformations. 
The name “Elementary rotation” (Elementardrehung) of Mr. Jaunky 

seems to me less fortunate, because it is asymmetric transformation, 

not a rotation. The real meaning of the “Elementary transformation” 

will be made clear furtheron. For the present we remind the readers 

of its determinant type (see Jahresbericht, 1. ¢., page 180). 

55 
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TT, ls Ts TT, 

IT — WT TT 
2 1 4 8 (I) 

rn 4 TT, T, 

TT, Ts TH, TT, 

and we notice that it does not represent a group and does not 

possess any threedimensional properties (it does after composition 

with itself, compare for instance the theorem of Mr. JAHNKE, Jahres- 

bericht, 1. ce page 182: “Jede endliche Drehung im &, lässt sich als 

eine Zusammensetzung aus einer Elementardrehung im f&, mit sich 

selbst auffassen’’'); which operation is for the rest bound to a once 

chosen system of axes). 

We shall now deduce two different determinant types likewise 

determined by a system of cosines of direction %,, rt, %,,~, which 

do represent a group and have threedimensional properties. Those 

will be the determinants of equiangular double rotation to the 

right and to the left. 

Let us solve the a@’s out of the equations (H) (see Proceedings of 

March 19th, 1904, page 721); then we have 

Se LS Py En Ts B, = Ns B, = T, B, \ 

Cy aren B, — A, B, SE TT, B, ELN 8 | (a) 

By Soot aie ee 

a,— 7,8, — 2,8, — 7, 8B, — %, 8, ! 

Thus the determinant type of the equiangular double rotation to 

the right is 
wt, <x zE 

4 2 

— ud ud | 
8 4 1 2 

Vo Raley 2 Se ee 
nN, AN, 2, ae 

AH, A Ms ZE. 

Directly can be verified that this determinant type forms a group. 

Likewise we deduce for the equiangular double rotation to the left 

(x, x, 2, %,), transferring the vector (ea, @, a, a) into (2, 8, 8, 8,), the 

relations : 

a, = — 4,8, AH 7, B, + 7, B, 

Oi ts py ties a oe, Jota 

Uien yt og a eg ne 

Ur Hr 2, Dar ety 

1) “Each finite rotation in Ss; can be regarded as a composition of an elementary 

rotation in S, with itself,” 
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from which ensues the determinant type for equiangular double 
rotation to the left: 

RE, De A, \ 

Jt — Tt — Jt Tt 5 4 1 ot RE ON 
OE ne Ei x, 

Se a tea atl 

and for this too the property of a group can be verified. 

If we call (U) the determinant type formed by interchange of the 

rows and columns of (1), we can remark : 

If we reverse the signs in the bottom row of type (ID) type (1’) 

appears. 

If we reverse the signs in the last column of type (IID) type (1’') 

appears. 

If we ask ourselves whether each arbitrary congruent transformation 

can be replaced by the succession of a transformation (HI) and a 

transformation (LI) the answer must be affirmative; for we shall have 

but to take those transformations (II) and (II) belonging to the 

transformations (1) which when successively applied transfer the 

given initial position into the given final one. (For those two ways 

only the intermediate positions will differ in as far as they will be 

each other’s reflection with regard to their _Y,-axis.) 

This is the algebraic proof of 1°. 

At the same time it has become evident that the meaning of 

the type (I) is an arbitrary equiangular double rotation to the 

right preceded by a reflection according to the X,-axis (that is the 
X,-axis of the initial position) or an arbitrary equiangular double 

rotation to the left followed by a reflection according to the _Y,-axis 

(that is the X,-axis of the final position), and that the meaning of 

the type (1) is an arbitrary equiangular double rotation to the right 

followed by a reflection according to the X,-axis or an arbitrary 

equiangular double rotation to the left preceded by a reflection according 

to the Y,-axis. 

Thus according to a preceding communication made in this meeting 

of the Academy (see page 785) it has been proved that the types (I) 

and (I) represent the most general symmetric transformation of $,, 

of which the determinant type has been simplified only by particular 

choice of the system of coordinates. 

We shall now give a proof for 2’. 

Out of the relations (a) for equiangular double rotation to the 

55 
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" right we deduce, representing for shortness’ sake a’, a’, — a’, a’, etc. 

by 5, etc; Beba bate Ce Uy ge. ee 

En HT NAH (TE HRT Aer HE HT i)N ia (Hy HH aa 

HRT Hast (43%, — 2%) 

En (EEN Ne HA) HAES HNK — JAE Mast 

HET HT) HA) 

Elten FAT) Aid CAT TI ON 
HT HRA (4 HAT Ve 

N= (re HT) Er HH) t+ HH MK: HH) + 
+ (2, %,—%,%,)(K12 A00) 

Yop ARE HR) Ass HA) (A HA )hs1 Fa Fs haat 
+ (9% +0 )A a + Kos) 

E(t, Hr) thi) + (42%. RE) Aa) 
(TL HT) HE HT sar 

from which ensues: 

En HE sr Haar na HA) + 2s HE) t Kaa) + 

Hr, TT) Had 

E HE == 2%, — 25%) hast tit (+47 — Fy — ar Ha) HF 

Hr, TTA a HA) 

5 HE =H) HA) HATE TT) ta) 

Hr dr He Had) 

ar ea 

nt aan 
= =< 

27 Saa — Zia — Has 

Se Mr ao 

i im 

So also if we call 4,, ete. the coefficients of position of a plane 

before the equiangular double rotation to the right and p,, etc. the 

coefficients of position after it: 

Iga HA Frat) ty) et rn Hr) Had) + 
HURT TT) (U Hs 4) 

he HA Madi) HO Hart Yn Ha) 
FAT TT) HH) 

Aran Uri +H (Maa FU) + Tag aM Ta) H 
FHT TH) 

A nn Mae ls 

Ae dl Kn 

A; — As = th; — User 
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In an analogous way we deduee from the relations (4) for an 

equiangular double rotation to the left the following relations between 

the coefficients of position of a plane before and after the rotation: 

As, Tr Ans = Mar HU, 

Ars ay = the Hse 

har Ay gt HAT Ao Cao) + 2( HF HH) — Ua) + 

Aar — ror Ntare) 
4, AZ TTT ICU 3 U) HT +97 —17,7— 2 ,7)(U53,—U a) + 

Far, ar, Hat, Cdo Us) 
Ain Alard, rus U) ATA TT) U Uni) + 

+ (74 9? — 9? — 2,7) (Uy — Ms) 
As now (4,, + 4) = | and & (4,,—4,,)? = 1 and the determinant 

wi tf — 1, — 7,’ TET, Jr.) (TT, — TT) 

UEA, TT) wid Bink nf ee 2(7,%, Hat, ot) (EF) 

2(7,0,-+7,7,) TT, TN) K+ — 7,7 — I," 

represents the general congruent threedimensional transformation 

about a fixed point expressed in the four parameters of homogeneity, 

we can regard the motion group with the determinant type (ID) 

as a congruent motion group of the twodimensional Euclidean 

star of the (4c+4qs)’s and the motion group with the determinant 

type (II) as a congruent motion group of the twodimensional 

Euclidean star of the (4;-¢—Aqs)’s; namely according to the determinant 

type (IV) about an axis with cosines of direction 

X, m5 de 

VIRE VIR VIER 

over an angle equal to 2 are cos ar. 

Let us call the S, of the (4sc+4a4)’s “the representing space to the 

right” or the S, of S, and the S, of the (25 —Aas)'s the “representing 

space to the left” of the S,ofS,, then we find that to two equiangular 
double rotations to the right (left) (r‚ zr, zr, r,) and (2," ar," a," a,") 

of |S, whose angles of rotation are are cos zr, and are cos zr, and whose 

systems of planes of rotation make an angle with each other equal to 
! " | " ! " 

are cos an 2 ae =e (see Proceedings, March, 1904, page 724) 
Tene uA 

correspond two rotations of S, (S)) over angles 2 are cos a’, and 2 are cos x," 
! ij ' " ! " 

T, sk NT, T, +, hi 

Vi—n,” . Vi—w,” Whose axes make an angle equal to are cos 
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with each other. So to congruent combinations in the group of 

the equiangular double rotations to the right (left) in S, correspond 

congruent combinations in the motion group of $S,($S,). As moreover 
the 

Jr == Ay, 

7 =e Ass 

7 aie As4 

of a plane are the cosines of direction of the representant of the 

system equiangular to the right with that plane with respect to the 

system of axes OX, VY. Z, (defined Proceedings March1904, p. 728), 
and likewise 

Ass wat Ai 

7 =a Ans 

41. Fr As, 

the cosines of direction of the representant of the system equiangular 

to the left with that plane with respect to the system of axes 

OX, MZ (defined in the same place) the S, and $, introduced just 

now prove to be identical with those introduced here formerly (see 

Proceedings March, 1904, p. 725) so that they represent not only 
by their motions the equiangular motion groups of S, to: the right 

and to the left, but also by their vectors the systems of planes equi- 

angular to the right and to the left (with direction of rotation) of 

S, and so that the angle of the representing vectors is the angle of 

the systems of planes themselves. 

So also to congruent combinations in the twodimensional mani- 

foldness formed by the equiangular systems of planes to the right 

(left) correspond congruent combinations in JS, (S,). This is an algebraic 
proof for 2°¢. to its full extent. 

This deduction has at the same time made clear the meaning of 

the four parameters of homogeneity for the general congruent three- 

dimensional transformation about a fixed point, namely the cosines 

of direction of the vector indicating the corresponding equiangular 

double rotation to the right (left) of au JS, of which this $, is 

the $,($,) and the system of axes in S, the system OX, Y,Z, 

(OX) Vi: 
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Zoology. — “On the relationship of various invertebrate phyla.” 

By Prof. A. A. W. HuBrrcur. 

In an elaborate paper entitled “Beiträge zu einer Trophocéltheorie,”’ 

published in 1908 in the 88th volume of the “Jenaische Zeitschrift 

für Naturwissenschaft,” Prof. ArNorp Lane of Zürich (p. 68— 77) 

gives a clear exposition of what has been, in his opinion, the phy- 
logenesis of the Annelids. 

In this pedigree he places, beginning with a protocoelenterate, 

a ctenophore-like being, a plathelminth, an intermediate form resem- 

bling a triclade, an animal in the shape of a leech which already 
possesses metameric segmentation and finally a proto-annelid. 

The grounds on which he bases this phylogenesis, compel us to 

acknowledge important relations between these animal groups. But 

whether this kinship testities to a descent in the order given by Lang, 

or whether the order has for the greater part been a reversed one, 
deserves to be examined more closely. 

In my opinion there Ctenophores should not be placed at the 
beginning of the series, nor are they to be considered as links between 

Coelenterates and worms, but they have to be looked upon as animals, 

which form the last offshoots of an evolutionary series, leading from 

the Annelids via the Hirudinia and the Plathelminthes. Of these 

latter there have been some which gradually assumed a pelagic 

mode of life and have become Ctenophora, the external resem- 

blance of which with transparent jelly-fish seemed to justify their 

being placed by the side of the Coelenterates. 

Let us first test the grounds on which that combination has until 

now been defended (see e.g. G. C. Bourse in Ray Lankerster’s 

Treatise on Zoology, 1900). 

The presence of a gastro-vascular system and the absence of an 

independent coelom, as well as the presence of a subepithelial 

nerveplexus are characteristics which can be found not only with 
the Coelenterates, but also to a great extent with the Plathel- 

minths. 

The tentacles of the Ctenophores have quite wrongly been compared 

to those of the medusae, while the analogy of the adhesive cells 

of the Ctenophora with the nematoeysts of the Cnidaria is also 

defective. And if nematocysts should be found in some Ctenophora, 

no conclusions should be based on this, because they also oceur in 

Molluses, Plathelminths and Nemertines. 

The absence of nephridia, the general structural proportions and 
the gelatinous composition of part of the organism are details which 
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by no means interfere with a view which would see in the Cteno- 

phora Plathelminths that have become pelagic. 

That the connection which Harcken intended to establish between 

Coelenterates and Ctenophora, when describing Ctenaria ctenophora, 

is an imaginary one, has already repeatedly been eats so e. g 

by R. Herrwie (“Jen. Zeitschr’. Bd. 14, p. 444), G. C. Bourne 

(l. ce. p. 445) and others. The first-mentioned author says te 

cally (Ll. ce. p. 445): “Die Ctenophoren sind Organismen welche sich 
von den übrigen Coelenteraten sehr weit entfernen.” Also KorscHeLT 

and Hweiper in their excellent handbook on the embryology of the 

invertebrates are inclined (p. 100) to look upon the Ctenophora rather 

as an independent branch of the animal kingdom, the connection of 

which with that of the Coelenterates lies far backward. On the other 

hand they point out unmistakable relations between the phylogenesis 

of the Ctenophora and that of the Bilateria (Annelids, Arthropoda, 

Molluses ete.). They expressly add that the side-branch of the animal 

kingdom on which the Ctenophora are placed cannot be considered 

ws having furnished a starting-point for higher animal forms. 

Ctenoplana and Coeloplana are consequently not considered by 

them as advancing steps of development in the direction of the Plat- 

helminths, but as aberrant, creeping Ctenophora. Lane himself has 

acknowledged on page 72 of his great handbook that the place 

of the Ctenophora among the other Cnidaria is a very problematical 

one and that their embryology distinguishes them from all Cnidaria. 

So there can be no doubt, considering all this, that the tie 

which nowadays keeps together the Ctenophora with the Coelente- 

rates has of late years been considerably slackened. One effort and 

it may be entirely removed *). 

What on the other hand have we to think about bossie ze 

between Ctenophora and Plathelminths? These relations appear espe- 

cially striking to those who have occupied themselves with the 

embryological development of both classes. 

Thus SRLENKA has already in 1881 summarized this analogy under 

twelve heads (zur Entwickelungsgeschichte der Seeplanarien, 5. 283). 

Also Lane in his monograph on Polyclads (1884) has emphatically 

pleaded for that relationship, although in a separate paragraph he 

acknowledges the existence of real difficulties. Also in his most recent 

paper he adheres to the same opinion. 

The discovery of two very PoE genera of animals has still more 

i A paper, published very recently in the Zoologische Anzeiger (Bd. 27, p. 225) 

on a new, much simplified Ctenophore, does not, as ils author Dalmas sug- 

gests, strengthen the bond between Coelenterates and Ctenophora. 
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emphasized the problem of the relationship between Ctenophora and 

Plathelminths, L mean Ctenoplana and Coeloplana. In different degree 

they unite properties of both classes as has already been clearly eluci- 

dated by their discoverers: Kororxerr and KowALewsky. Yet neither 

Bourne who prepared the Ctenophora for Ray LANKRSTER's large 
Textbook of Zoology, nor Korscurerr and Hermer in their handbook 

mentioned above, nor Winey, who lately studied Ctenoplana in a 

living condition, are really convinced of the possibility of a derivation 

of Plathelminths from Ctenophores, in which case these two genera 

should have to be considered as intermediate forms in that direction. 

So Wininy e.g. points out that it is not very probable that littoral 
forms would have sprung from pelagic ones, whereas generally 

the contrary is observed. This would according to him have been 

a reversion of the natural sequence. The future will show, in 

my opinion, that the difficulties mentioned, and raised by such able 

experts, will for the greater part vanish as soon as relationships 

“against the grain”, i.e. in the unnatural order, are no longer 

accepted, but when both genera are considered as gradually mutating 

Plathelminths which are already fairly on the way of assuming 

etenophoran habitus. 

From what precedes we may at any rate infer that whereas the 

Coelenterate relationship of the Ctenophora has faded, their compa- 

rability with the Plathelminths has come to the fore. 

The data for judging in how far a derivation of the Annelids from 

Plathelminths might be possible are given in extenso especially in 

Lane@’s earlier and later publications, more particularly in his well 

known Gundapaper (1881) of which he has given an improved and 

partly modified edition in his most recent essay, quoted in the 

beginning. So I need only refer to this latest paper here. 

I for my part must now try to show that a derivation in the 

opposite direction presents no difficulties. We then should look upon 
Plathelminths and Ctenophores no longer as ancestral forms but as 
modified and in many respects unilaterally modified descendants of 

a more primitive, Annelid-like type. 

Lane has already in his Polyclad-monograph (p. 674) openly 

declared himself against such a view. Yet in the twenty years which 

have since elapsed, various considerations have changed and it seems 

that CaLDWELL’s view (Proc. B. Soc. 1882 no, 222) has become 

more probable again, according to which “there is a presumption... 

that in fact Platyelminths are degenerate Enterocoeles.” 

I should be willing like to undertake the defence of this thesis 

and to see in the Plathelminths degenerate forms in which the 
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coelom has almost entirely disappeared, while the genital apparatus 

has obtained a maximum degree of complication. 

At the outset it seems to me to be less probable that at the base 

of the pedigree of the Annelids such animals should stand like the 

hermaphrodite Plathelminths with their ovaries, testes, vitellaria, so 

greatly varying in size and shape; with their shell-glands, ootype, 

cirrus, penes, uterus, spermatheca, etc, not even to mention the 

vitello-intestinal, the Laurer- and other canals. Does not this very 

complication force us to place such animal forms rather in the 

peripheral branches than near the root of any pedigree ? 

On the other hand we can state that in those Polychaeta which 

have retained archaic characters, such as Polygordius, Protodrilus and 

Saccocirrus, various peculiarities draw our attention which in Plathel- 

minths are further developed. So the phylogenesis of the Plathel- 

minths would not necessarily have to be so long, via Polychaeta, 

Oligochaeta, Hirudinea, but the type of Plathelminths might already 

at an early period have been a deviation of the original coelomatous 

ancestral forms, while in the course of this evolutionary process also 

the present Oligochaeta and Hirudinea might have sprung off laterally. 

Meanwhile the stronges argument for the degeneration of the 

Plathelminths seems to me to be found in their early ontogenesis. 

When we consider this in the light which not long ago especially 

American workers have procured to us, we ought to pay attention 

to the phenomena of cell-lineage : the descent of special groups of 
tissue from certain mothercells. Witson, CoNkKLIN, Mrap and others 

have shown us the way here. 

Of paramount importance is the fact that Annelids (Polychaeta 

Oligochaeta, Hirudinea) and Molluses in those earliest phases of 

development show a striking uniformity and that e.g. in all of them 

the couple of mothercells of the so-called mesoblast-bands, within which 

the coelom and metamerism appear first, originate in a similar 
manner from one cell, the oldest, unpaired, mesodermic mother-cell, 

belonging to the 64-cellular cleavage phase. 
This cell lies in the second quartet of cells reckoned from the vege- 

tative pole and is produced by a plane of division slanting to the left. 

The next cleavage always divides this cell into a right and left 

mesodermic cell; these two develop into the paired mesodermic bands. 

All this is always observed in the animal phyla above-mentioned. Con- 

cerning the Plathelminths Lane provided us already twenty years ago 

with extensive data, which however do not constitute an unbroken 

series such as is necessary for establishing the cell-lineage. Such 

a series was given us a few years ago (1898) for Leptoplana 
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by E. B. Witson (Annals of the New-York Academy of Sciences, 

vol. XI p. 15). From his publication we may conclude as follows: 

1. That a cell-couple as represented by Lane for Discocoelis, is 

also present in Leptoplana, which Mrap has compared to the mother- 

cells of the mesoblastbands of Annelids and Molluses, although from 

this cell-couple no mesoblast develops in either genus of Plathelminths. 
2. That, moreover, with Leptoplana, four cells of the second cell- 

quartet (counted from above) become the mother-cells of “larval mesen- 

chym”’, that they remove to the interior and that by further subdivision 

they gradually furnish the whole mesoblast of Leptoplana. This origin 

of the mesoblast in Plathelminths was also already known to LANG. 

3. That also with Molluses (Unio, Crepidula) and probably also 

with certain Annelids (Aricia), beside the two symmetrical mesoblast 

bands still another source of mesoblastie tissue occurs, which is 

directly comparable to the source of larval mesenchym mentioned 

in 2, and that also these mesenchym mother-cells originate from cells 

belonging to the ectoblast quartet, as with the Plathelminths. 

4. That consequently it may be considered a settled fact that 

with Annelids and Molluses the mesoblast has a twofold origin '). 

Conkuin (Vol. XIII, Journal of Morphology, p. 151) has emphasized 

that thus mesoblast is furnished by each of the four quadrants, 

viz. the mesenchym by the micromeres of the second quartet 

of A, B, and C, the mesoderm-bands by D. 

This latter phenomenon is always connected with lengthening of 

the body and with teloblastic growth, even with animals like Lamel- 

libranchia and Gastropoda, although the latter are not generally 

Jooked upon as longitudinally developed forms. From this CONKLIN 

justly inferred that the radial mesoblast has a still more primitive 

character than the bilateral. 

Whoever considers more closely the correspondence here noticed 

in the development of the Polyclada with that of the Annelids and 

Molluses, will have to acknowledge that only that solution can be 

satisfactory which considers the two cells, mentioned in 1, as the last 

remnant of the no longer fully developing mesoblast-bands with 

the degeneration of which the disappearance of the coelom and of 

a distinct metamerism has gone hand in hand. 

1) 1 may briefly call attention to the fact that I also pleaded for a manyfold 

origin of the mesoblast with mammals, on account of what had been found in 

Tarsius (Verh. Kon. Ak. v. Wet. Amsterdam, vol. VII n°. 6 1902, p.69) and that 

I concluded from it that the mesoderm is not equivalent to the two primary germ- 

layers, but that KreinerBerG was right when he qualified it as a complex of 

originally independently developing organs. 



( 844 ) 

To Jook upon them as potential mother-cells of those mesoblast-bands 
would be against all known laws of heredity, where in all other points 

there is so great a resemblance, also with regard to the mesenchym, 

between this 64-cellular stage and that of Annelids and Molluses and 

where it would be entirely impossible — supposing evolution to have 

followed the line: Coelenterates, Ctenophora, Plathelminths — to 

derive the mesoblast-bands, which must anyhow lie accumulated in 

the cells mentioned, from these preceding ancestral forms. On the 

other hand it can easily be understood that these bands have gradually 

assumed their present form and peculiar characteristics in the long 

(and to us unknown) series of the ancestral forms of Annelids, 

Molluses and Polyelada, and that with these latter and still more 

with the Ctenophora: (which have an ontogenesis so much resembling 

that of the Polyclada,) the part played by these mesoblastic mother-cells 

has again receded to the back-ground. 

We must then, especially on account of what ontogenesis has 

taught us, consider the Plathelminths as degenerate descendants of 

Coelomata and so the strobilation of the Cestoda, which are still 

further degenerated by parasitism, again falls within the reach of an 

explanation which would homologize it with the metameric structure 

of the Annelids. 

How the gradual reduction leading from Polychaeta via Oligochaeta 

and Hirudinea to Plathelminths, has left its traces in all the different 

organs and tissues I will not develop more extensively here; I may 

suppose these points to be generally known. 

It is obvious, after what has preceded, that we ought not to attempt 

to derive the metamerism of the Annelids from the pseudo-metamerism 

of the Turbellaria as Lane does. I prefer to accept the hypothesis 

formulated already in 1881 by Sepewick, according to which a longi- 

tudinally extended, actinia-like being, possessing wormlike free motility, 

formed the starting-point. Gradually cyclomerism was converted into 

bilateral symmetry and linear metamerism, in the same way as now 

already certain Actinia show a tendency to bilateral symmetry. 
Ep. vaN BENEDEN afterwards indicated (1894), though only in an 

oral adress which has never been published, how Srpewick’s view 

might be extended to the Chordates. In 1902 in the “Verhandelingen” 
of this Academy, I have tested the possibility of applying SEDGWICK’s 

theory to the facts that are revealed to us by the development of 

mammals. And the facility with which the explanation of SEDGWICK 

can be extended both to Vertebrates and Invertebrates, is undoubtedly 

an argument in its favour. 

Lane and Harscnek object that a prolonged actinialike being would 
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also have possessed unpaired tentacles and an unpaired gastral division 

in the median line. They forget that such an unpaired medial coelomic 
cavity is already present in Balanoglossus and that LANGERHANS 
(‘Zeitschr. für wiss. Zool.” Vol. 34. 1880) and Goopricn (Q. J. 

Mierosc. Se. Vol. 44, 1901) have also shown the existence of an 

unpaired coelomic cavity in Saccocirrus, while cases of unpaired 

median sensory spots could be enumerated in Coelomata. The well- 

known antithesis of headsegment and pygidium as compared with 

the trunk in the bilaterally metameric Coelomata is an argument 

that goes far to meet LANG’s and HarscueK's contention. 

Neoformation of segments, still pretty equally distributed with the 

cyclomeric Coelenterates, but there also already variable, occurs with 

the Coelomata exclusively at the posterior end and with many of 

them only during embryonic life. 

If we assume in accordance with E. van BENEDEN (see Verh. Kon. 

Akad. v. Wet. Amsterdam. Vol. VII p. 69) that the stomodaeum 

of an actinia-like ancestral form has been the precursor of the chorda 

dorsalis, beside and above which the nerve-ring unites to a spinal 

chord, while under it a connection between the stomodaeal fissure 

(the chordal cavity) and the gastral diverticula (coelomic cavities) 

can be observed, then it follows from this that the ancestral forms 

of the aquatic Chordata are moved about in the water in a position 

different from that of the ancestral Articulates by 180°. The mouth 

of the Chordates would then have arisen later as a new formation, 

as has already repeatedly been asserted. It is an undoubted simpli- 

fication of our phylogenetic speculations if we are entitled to look 

for this difference in orientation already in very early ancestral 

forms and can so avoid Grorrroy St. Himaire’s error who shifted 
the process of reversion to a much later stage of development. 

If thus the phylogenesis is very considerably shortened, | may 

call attention to the fact that even with respect to the mammalian 

foetal envelopes, I showed in the above-mentioned publication the 

possibility of a similar shortening of their phylogenesis, by not 

admitting that these embryonic coverings have originated from those of 

reptiles and birds, as was done until now, but by considering them in 

direct connection with larval envelopes of invertebrate ancestral forms. 

In the grouping of bilaterally symmetrical, coelomatic animals 

(resp. of such as have lost their coelom again) which has here 

been attempted, important phyla (Nemertea, Nematoids‘ Prosopygii, 

Chaetognatha, etc.) have been left out of consideration. 

There are still too many gaps in our knowledge of their anatomy 
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and their development, to enable us to form a correct judgment 

about their exact position. 

With regard to the Nematoda I want to add that to me it seems 

to be an error to look upon the parasitical Nematoda as descended 

from those which are nowadays found living freely in the sea or 

in fresh water or in moist soil. All these latter are far too uniform 

to allow us to look upon them as ancestral forms. This phylum can 

be better understood, when we consider the parasitical forms as the 

older primitive ones and on the other hand derive the free-living 

forms from them, as parasites which have adapted themselves 

secondarily to a free existence. What the origin of the parasitical 

Nematoda in their turn may have been remains an open question 

for the present. 

Of what has been briefly summarised above, I hope to give a 

more elaborate exposition in the current number of the “Jenaische 

Zeitschrift für Naturwissenschaft” which is now going through the 

press, in which periodical also Lane’s paper, which induced me to 

write this article, appeared. To that number I refer for further 

particulars. 

Zoology. — Prof. Max Weger reads a paper: “On some of the 

results of the Siboga- Expedition.” 

(This paper will not be published in these Proceedings). 

Anthropology. — Prof. L. Bork reads a paper on: “The dispersion 

of the blondine and brunette type in our country.” 

(This paper will not be published in these Proceedings). 

Chemistry. — Prof. C. A. Losry pr BRUYN also in the name of 

Dr. R. P. van Catcar presents a paper on: “Changes of 
concentration in and crystallisation from solutions by centri- 

fugal power.” 

(This paper will not be published in these Proceedings). 

Chemistry. — Prof. C. A. Lopry DE Bruyn presents a paper of 
Mr. C. L. Junaius: “ Theoretical consideration concerning boundary 

reactions which decline in two or more successive phases.” 

(This paper will not be published in these Proceedings). 

(May 27, 1904). 
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